
Resonant mode confinement and 
lifetime in equilateral triangular 

dielectric cavities 

Gary M.  Wysin*
Kansas State University

Manhattan, Kansas, U.S.A.
www.phys.ksu.edu/~wysin/

*Sabbatical year visiting
Universidade Federal de Viçosa and

Universidade Federal de Santa Catarina



An interesting problem in theoretical 
and applied physics

• high index dielectric 
cavity of equilateral 
triangular cross 
section, height h

• what are the 2D TIR 
resonant modes?

• what are their 
lifetimes or          
Q-factors?

n=(εμ)½

n'=(ε'μ')½

side=a

a a



Motivation for studies

• mode selection in micro-cavity resonators

• advances in growth of semiconductor 
geometries -- circles, triangles, squares, 
hexagons, pyramids, etc., experimental data

• challenging and fun problem in 
electromagnetism, field matching 
conditions, polarization dependence 

• relation to quantum polygonal billiards



Some previous works on ETRs

• M. G. Lamé (1852).  Analytic soln. for 
elastic waves on a triangular drum, 
Helmholtz eq. with Ψ=0 on boundary 
(scalar Ψ, Dirichlet Boundary Conditions)

• H. C. Chang et al. (2000).  Used Lamé soln. 
for TM modes in dielectric ETR, applying 
DBC.

• Y. Z. Huang et al. (1999-2001).   Approx. 
soln. for TM and TE modes using Maxwell 
eqs. and their boundary conditions in a 
dieletric ETR.  Evanescent exterior waves.
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My ‘simplified analysis’, various assumptions

• Large index ratio N ≡ n/n' » 1,              
⇒ modes’ fields strongly confined by TIR.

• No z-dependence; independent TE and TM modes.

• Initial approx: use DBC on Bz (TE) or Ez (TM)       

but check its range of validity for dielectric cavity.

• ⇒ Apply Lamé soln., composed from 6 plane waves 

related by 120 rotations.  Check TIR confinement...

• The plane waves with smallest angle of incidence can 
lead to exterior evanescent waves and a lifetime.



triangle with DBC
add 3 ‘standing waves’

related by 120o rotations R

TE, Ψ=Bz,  TM, Ψ=Ez

120o

120o

120o

one ray 
produces 

6 
travelling 

waves



Constraints:

1.   m<n

2.   m, n  
   both odd 

or both even 



wavevector is   
(k1,k2)=(2π/3a)(m,n√3)

wave component at smallest 
angle of incidence has

sinθi=k1/(k1² + k2²)½

 TIR confined when 
sinθi > n'/n =1/N

Conditions for confinement by total internal reflection

or,  



(k1,k2)=(2π/3a)(0,2√3)

ground state

(m,n)=(0,2)

Modes with m=0 
can never be 

confined by TIR 
because k1=0 (m=0) 

gives waves at 
zero incident angle 
on all boundaries

min.   sinθi= 0



(m,n)=(1,3)

k=(2π/3a)(1,3√3)
doubly degenerate

min.   sinθi=1/(1² + 3×3²)½

TIR requires N>5.29



(m,n)=(3,5)

k=(2π/3a)(3,5√3)
doubly degenerate

min.   sinθi=3/(3² + 3×5²)½

TIR requires N>3.06



c*=c/(εμ)½



How good is Dirichlet BC approximation?

exterior field at boundary:       Ψext∝(1+e-iα)Ψin
e-iα is reflection amplitude of Fresnel equations.
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N = 4.0n/n'= ⇐ Example.

DBC better for 
modes with 

large m/n (or θi) 
and much better 
for TE than TM 
polarization.θc



Mode lifetime estimates--due to 
escape of evanescent boundary waves 
at the triangle vertices (Wiersig 2003).
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DBC solution has three plane waves 
incident on any boundary.

Wave ① produces evanescent wave 
of greatest power (min. θi) 

lifetime  τ ≈ Ucavity÷ 3P①

power flow  ⇒⇒⇒Ucavity= total cavity energy

P① = power in ①’s evanescent wave



wave ①,   θi= θ0
- 

cos2θc  

when 
μ=μ'

Results from boundary wave power.



some TM mode lifetimes 
vs. index ratio N=n/n' τTM∼(εµ)

½(a/c)



some TE mode lifetimes 
vs. index ratio N=n/n' τTE∼(ε/ε')(εµ)

½(a/c)



mode (5,7) lifetimes vs. index ratio N=n/n'

TE lifetime greater 
for strong TIR 



Conclusions

• Applied analytic soln. of Helmholtz eqn. in an 
equilateral triangle with Ψ=0 on boundary, for 
both TE and TM polarizations.

• Estimated mode frequencies, symmetries, and 
index ratios for TIR confinement.

• Assumed the plane wave component with 
smallest incident angle leaks out of cavity via 
evanescent boundary waves.

• Estimated TE and TM mode lifetimes.


