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were taken in air at ambient temperature. An
MFM image of an array of 3 ! 3 dots of
permalloy 1 "m in diameter and 50 nm thick
is shown in Fig. 2. For a thin film of permal-
loy, the magnetic easy axis typically has an
in-plane orientation. If a permalloy dot has
a single domain structure or shows a do-
main pattern, in MFM a pair of magnetic
poles reflected by a dark and white contrast
should be observed in either case. In fact,
the image shows a clearly contrasted spot at
the center of each dot. It is suggested that
each dot has a curling magnetic structure
and the spots observed at the center of the
dots correspond to the area where the mag-
netization is aligned parallel to the plane
normal. However, the direction of the mag-
netization at the center seems to turn ran-

domly, either up or down, as reflected by
the different contrast of the center spots. This
seems to be reasonable, as up- and down-mag-
netizations are energetically equivalent without
an external applied field and do not depend on
the vortex orientation (clockwise or counter-
clockwise). The image shows simultaneously
that the dot structures are of high quality and
that the anisotropy effective in each dot is neg-
ligibly small, which is a necessary condition to
realize a curling magnetic structure. (The spots
in Fig. 2 around the circumference of each dot
are artifacts caused by the surface profile, main-
ly resulting from unremoved fractions of the
resist layer.)

MFM scans were also taken for an en-
semble of permalloy dots with varying di-
ameters, nominally from 0.1 to 1 "m (Fig.
3). These images were taken after applying
an external field of 1.5 T along an in-plane
direction (Fig. 3A) and parallel to the plane
normal (Fig. 3B). For dots larger than 0.3
"m in diameter, a contrast spot at the center
of each dot can be distinguished, and thus
the existence of vortices with a core of
perpendicular magnetization is confirmed.
Again, the two types of vortex core with
up- and down-magnetization are observed
(Fig. 3A). In contrast, after applying an
external field parallel to the plane normal,
all center spots exhibit the same contrast
(Fig. 3B), indicating that all the vortex core
magnetizations have been oriented into the
field direction.

From the above results, there is no doubt
that the contrast spots observed at the center
of each permalloy dot correspond to the
turned-up magnetization of a vortex core.
Although the vortex core is almost exactly
located at the center of the dot, its real diam-
eter cannot be estimated from the contrast
spot observed by MFM, as this is below the
lateral resolution power of this technique. To
resolve a vortex core by MFM, it is necessary
to pin the position of the core so that it is not
affected by a stray field from the tip. In the
experiments reported above, the vortex cores
apparently have been so stable that a clear
contrast appears in the MFM imaging pro-
cess. Magnetic vortices are novel nanoscale
magnetic systems, and it will be of great
importance in the near future to study the
dynamical behavior of turned-up and turned-
down magnetizations, that is, fluctuations of
the vortex cores.
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Fig. 1. Monte Carlo simulation for a
ferromagnetic Heisenberg spin struc-
ture comprising 32 ! 32 ! 8 spins
[courtesy of Ohshima et al. (2)]. (A) Top
surface layer. (B) Cross-section view
through the center. Beside the center,
the spins are oriented almost perpen-
dicular to the drawing plane, jutting out
of the plane to the right and into the
plane to the left, respectively. These
figures represent snapshots of the fluc-
tuating spin structure and are therefore
not symmetric with respect to the cen-
ter. The structure should become sym-
metric by time averaging.

Fig. 2. MFM image of an array of permalloy
dots 1 "m in diameter and 50 nm thick.

A B

Fig. 3. MFM image of an ensemble of 50-nm-thick permalloy dots with diameters varying from 0.1
to 1 "m after applying an external field of 1.5 T along an in-plane direction (A) and parallel to the
plane normal (B).
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Spin structures of nanoscale magnetic dots are the subject of increasing sci-
entific effort, as the confinement of spins imposed by the geometrical restric-
tions makes these structures comparable to some internal characteristic length
scales of the magnet. For a vortex (a ferromagnetic dot with a curling magnetic
structure), a spot of perpendicular magnetization has been theoretically pre-
dicted to exist at the center of the vortex. Experimental evidence for this
magnetization spot is provided by magnetic force microscopy imaging of cir-
cular dots of permalloy (Ni80Fe20) 0.3 to 1 micrometer in diameter and 50
nanometers thick.

Ferromagnetic materials generally form domain
structures to reduce their magnetostatic energy.
In very small ferromagnetic systems, however,
the formation of domain walls is not energeti-
cally favored. Specifically, in a dot of ferro-
magnetic material of micrometer or submi-
crometer size, a curling spin configuration—
that is, a magnetization vortex (Fig. 1)—has
been proposed to occur in place of domains.
When the dot thickness becomes much smaller
than the dot diameter, usually all spins tend to
align in-plane. In the curling configuration, the
spin directions change gradually in-plane so as
not to lose too much exchange energy, but to
cancel the total dipole energy. In the vicinity of
the dot center, the angle between adjacent spins
then becomes increasingly larger when the spin
directions remain confined in-plane. Therefore,
at the core of the vortex structure, the magne-

tization within a small spot will turn out-of-
plane and parallel to the plane normal. Al-
though the concept of such a magnetic vortex
with a turned-up magnetization core has been
introduced in many textbooks (1), direct exper-
imental evidence for this phenomenon has been
lacking.

Recent model calculations for a Heisenberg
spin system of 32 ! 32 ! 8 spins in size (2)
indicate that a curling spin structure is realized
even for a dot of square shape, where a spot
with turned-up magnetization normal to the
plane exists at the center of the vortex (Fig. 1).
The simulations, which are based on a discrete-
update Monte Carlo method described else-
where (3), take account of exchange and dipole
energies while neglecting anisotropy. Further,
they show that no out-of-plane component
of the magnetization occurs if the dot thick-
ness becomes too small. On the other hand,
when the thickness exceeds a certain limit,
the top and bottom spin layers will tend to
cancel each other, and again no perpendic-
ular magnetization should be observed. A
vortex core with perpendicular magnetiza-
tion is therefore expected to appear if the
shape, size, and thickness of the dot are all

appropriate, and the anisotropy energy may
be neglected.

A number of experiments have been carried
out to study nanoscale magnetic systems. Cow-
burn et al. reported magneto-optical measure-
ments on nanoscale supermalloy (Ni80Fe14-
Mo5) dot arrays (4). From the profiles of the
hysteresis loops, they concluded that a col-
linear-type single-domain phase is stabilized in
dots with diameters smaller than a critical value
(about 100 nm) and that a vortex phase likely
occurs in dots with larger diameters. However,
the authors were not able to obtain direct infor-
mation on the spin structure in each dot. As
suggested by theoretical calculations, the size of
the perpendicular magnetization spot at the vor-
tex core should be fairly small, and hence con-
ventional magnetization measurements should
fail to distinguish a fraction of perpendicular
magnetization from the surrounding vortex
magnetic structure.

In this context, we report magnetic force
microscopy (MFM) measurements on circu-
lar dots of permalloy (Ni80Fe20) that give
clear evidence for the existence of a vortex
spin structure with perpendicular magnetiza-
tion core. Samples of ferromagnetic dots
were prepared by means of electron-beam
lithography and evaporation in an ultrahigh
vacuum using an electron-beam gun. The
desired patterns were defined on thermally
oxidized Si substrates capped by a layer of
resist and subsequently topped by a layer of
permalloy. By a lift-off process, the resist is
removed and permalloy dots with designed
sizes remain on top of the Si surface. The
thickness of the circular dots reported here is
50 nm; the diameter of the dots was varied
from 0.1 to 1 "m. In MFM, the instrument
was operated in ac mode to detect the mag-
netic force acting between the cantilever tip
and the surface of the permalloy dots. A
low-moment ferromagnetic tip of CoCr was
used to minimize the effect of stray fields.
The distance between tip and sample surface
was set to 80 nm on average. Sample scans
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crometer size, a curling spin configuration—
that is, a magnetization vortex (Fig. 1)—has
been proposed to occur in place of domains.
When the dot thickness becomes much smaller
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align in-plane. In the curling configuration, the
spin directions change gradually in-plane so as
not to lose too much exchange energy, but to
cancel the total dipole energy. In the vicinity of
the dot center, the angle between adjacent spins
then becomes increasingly larger when the spin
directions remain confined in-plane. Therefore,
at the core of the vortex structure, the magne-

tization within a small spot will turn out-of-
plane and parallel to the plane normal. Al-
though the concept of such a magnetic vortex
with a turned-up magnetization core has been
introduced in many textbooks (1), direct exper-
imental evidence for this phenomenon has been
lacking.

Recent model calculations for a Heisenberg
spin system of 32 ! 32 ! 8 spins in size (2)
indicate that a curling spin structure is realized
even for a dot of square shape, where a spot
with turned-up magnetization normal to the
plane exists at the center of the vortex (Fig. 1).
The simulations, which are based on a discrete-
update Monte Carlo method described else-
where (3), take account of exchange and dipole
energies while neglecting anisotropy. Further,
they show that no out-of-plane component
of the magnetization occurs if the dot thick-
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ular magnetization should be observed. A
vortex core with perpendicular magnetiza-
tion is therefore expected to appear if the
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Mo5) dot arrays (4). From the profiles of the
hysteresis loops, they concluded that a col-
linear-type single-domain phase is stabilized in
dots with diameters smaller than a critical value
(about 100 nm) and that a vortex phase likely
occurs in dots with larger diameters. However,
the authors were not able to obtain direct infor-
mation on the spin structure in each dot. As
suggested by theoretical calculations, the size of
the perpendicular magnetization spot at the vor-
tex core should be fairly small, and hence con-
ventional magnetization measurements should
fail to distinguish a fraction of perpendicular
magnetization from the surrounding vortex
magnetic structure.

In this context, we report magnetic force
microscopy (MFM) measurements on circu-
lar dots of permalloy (Ni80Fe20) that give
clear evidence for the existence of a vortex
spin structure with perpendicular magnetiza-
tion core. Samples of ferromagnetic dots
were prepared by means of electron-beam
lithography and evaporation in an ultrahigh
vacuum using an electron-beam gun. The
desired patterns were defined on thermally
oxidized Si substrates capped by a layer of
resist and subsequently topped by a layer of
permalloy. By a lift-off process, the resist is
removed and permalloy dots with designed
sizes remain on top of the Si surface. The
thickness of the circular dots reported here is
50 nm; the diameter of the dots was varied
from 0.1 to 1 "m. In MFM, the instrument
was operated in ac mode to detect the mag-
netic force acting between the cantilever tip
and the surface of the permalloy dots. A
low-moment ferromagnetic tip of CoCr was
used to minimize the effect of stray fields.
The distance between tip and sample surface
was set to 80 nm on average. Sample scans
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2

M(r)

Mz ≈ ±Ms in the core

The vortex cores are visible.

We can see up/down Mz =
polarity of the core!



• Consider effects due to an obvious breaking of circular 
symmetry.   Vortex magnetization field will lose its 
perfect circular shape, due to demagnetization effects.

• Ellipticity introduces important changes in many 
classical problems ⇒  Bohr orbits, 2D harmonic 
oscillators, elliptically polarized light & Faraday 
rotation, etc.

• Highly elliptic shape will destabilize a vortex in favor of 
a quasi-single-domain (QSD) state.

Why elliptically shaped nanodots?

3

2

totic rules are found for large disk size and moderate
eccentricity.

The system energetics and calculational techniques are
described in Sec. II. Results for force constants from
quasi-static vortex structures are found in Sec. III. The
modifications to Thiele dynamics, and gyrotropic fre-
quencies for an elliptical disk are discussed in Sec. IV.
Thermally generated vortex gyrotropic motion is consid-
ered in Sec. V, and the main conclusions of these studies
are summaried in Sec. VI.

II. ELLIPTIC NANODISK MAGNETIC SYSTEM

The magnetic system is a thin elliptical disk of mag-
netic material such as Permalloy with saturation mag-
netization Ms, deposited on a nonmagnetic substrate.
The disk has height L (along z-axis) perpendicular to
the substrate. The perimeter of the disk in the xy-plane
is assumed to be an ellipse with semi-major axis a and
semi-minor axis b, defined by the equation

x2

a2
+

y2

b2
= 1. (1)

The volume of magnetic material in the disk is V = πabL.
Instead of the eccentricity

√
1 − b2/a2 to characterize the

shape, we find that the ellipticity or geometric aspect
ratio is more relevant for this problem, defined by

ε = b/a ≤ 1. (2)

The goals of this study include finding how the vortex gy-
rotropic frequency ωG is affected by the elliptical shape
of the nanodisk, as characterized by ellipticity. An im-
portant aspect of this study is to determine the effective
potential U(R) in which a vortex in the nanodisk moves.
This requires a determination of the energy for placing
a vortex with its core at different positions R. The en-
ergy as determined by the local magnetization $M(r) will
be used to describe the magnetization dynamics, and as
well, to find the vortex effective potential U(R).

A. Energetics

The microscopic energetics is assumed to be domi-
nated by exchange energy and demagnetization energy
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Permalloy), $M is the spatially varying magnetization
within the disk, and $m is the magnetization scaled by
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In addition, the Hamiltonian includes the permeability of
free space µ0 on the interactions of the demagnetization
field $HM that is itself generated by $M . There is no
external applied field considered here.

It is assumed that locally the magnetization stays sat-
urated with | $M(r)| = Ms, however, its direction changes
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Equating the exchange energy term (of order A/λ2

ex) with
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Exchange is dominant over lengths less than λex. Any
significant variations in the direction of the magnetiza-
tion take place over distances greater than λex.

While exchange interactions are considered local, the
demagnetization field is determined by the global config-
uration of $M . From Gauss’ Law for magnetism, $∇· $B = 0,
with magnetic induction $B = µ0( $HM + $M), the demag-
netization field satisfies

$∇ · $HM = −$∇ · $M. (6)

This is solved formally by introducing a scalar potential
ΦM such that $HM = −$∇ΦM , which then gives a Poisson
equation for the magnetistatics problem,

−∇2ΦM = ρM , ρM ≡ −$∇ · $M. (7)

Thus, the instanteous magnetization distribution deter-
mines the demagnetization field $HM via an effective mag-
netic charge density ρM .

B. Thin film demagnetization field

For a very thin magnet with L % a and L % b, demag-
netization energy leads to a natural tendency to keep $M
nearly within the plane of the film.23 Further, there is lit-
tle variation in $M through the thickness of the film. For
this situation, an effective two-dimensional (2D) Green’s
function approach can be used,24 leading to a 2D magne-
tostatics problem for $HM . This is done by averaging all
responses over the z-coordinate through the thickness of
the magnetic film. This was implemented in our previ-
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where effective 2D Green’s functions give the demagne-
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I. INTRODUCTION: VORTEX DYNAMICS IN
THIN NANODISKS

The magnetic vortex state in a thin nanodisk is an in-
triguing stable yet dynamic state,1,2 for appropriate disk
radius a and thickness L. It attracts attention for appli-
cation as an oscillator3,4 and for data storage.5 The vor-
tex state has been mostly studied in nanodisks6,7 with a
circular perimeter due to the high symmetry, often made
from Permalloy-79.

Thin film magnetic nanodots of elliptical shape have
been studied for their magnetization reversal properties8

and as elements for artificial spin ice arrays.9 In this ar-
ticle the changes expected for vortex dynamics in a disk
of elliptical perimemter are considered. Especially, it is
important to consider how the deviation from perfect cir-
cular symmetry affects the time dynamics of a vortex. A
second related goal is to determine the limits of stability
of the vortex state when subjected to the non-circular
boundary of an elliptical nanodisk.

A vortex state can be the ground state when centered
in a circular disk, in contrast to either a quasi-single-
domain state or some multi-domain state. A vortex is
characterized by a curling of the nearly planar magneti-
zation around a localized core region centered at point
R, where the magnetization points perpendicular to the
plane of the disk. This structure gives the vortex a topo-
logical charge or gyrovector G that interacts with applied
forces and is essential in determining the dynamics.10,11

If produced away from the disk center, a central force
F = −kF R, where kF is a force constant, acts on the
vortex.12 This force is due to combined effects of ex-
change interactions and demagnetization effects that gen-
erate magnetic pole density on the disk edge. When inter-
acting with the gyrovector, the force leads to a periodic
orbital motion of the vortex core around the disk center
known as gyrotropic motion,13,14 that can be excited by

pulsed magnetic field.15 The motion has been described
in terms of the Thiele equation,10,11 which predicts the
gyrotropic frequency as ωG = kF /G. In circular disks,
different predictions12,16–18 for kF result in ωG roughly
proportional to L/a.13,19

For an elliptical disk, the breaking of the circular sym-
metry can be expected to modify the potential experi-
enced by the vortex into one that has different force con-
stants kx and ky along the two principal axes of the el-
lipse. Of course, for an ellipse of high enough eccentricity,
the quasi-single-domain state will be prefered over a vor-
tex state. The goal here is to study how the gyrotropic
frequency is determined by the eccentricity, and as a part
of that, to determine the changes in the force constants
with ellipse shape. A byproduct is that the stability limit
of the vortex state with ellipse shape will emerge.

A Lagrange-constrained micromagnetics simulation12

is used here to determine quasi-static vortex force con-
stants, as determined naturally from the microscopic ex-
change interactions and the demagnetization field energy.
A constraint is used to hold a vortex with a desired core
position R, from which calculation of the total micro-
scopic energy gives a vortex effective potential U(R).
Knowledge of this effective potential is used in the Thiele
equation for analysis of vortex core motion theoretically.
The vortex motion also is studied by simulations of the
microscopic time dynamics via micromagnetics20,21 ei-
ther for zero temperature, solved by fourth order Runge-
Kutta (RK4) integration, or for finite temperature, us-
ing a Langevin equation for the magnetization dynam-
ics, solved by a second order Heun algorithm. At fi-
nite temperature, the gyrotropic motion is spontaneously
generated22 just due to thermal fluctuations, further an-
alyzed in earlier work.16 The results of these studies pro-
vide support for using the Thiele equation in vortex anal-
ysis in non-circular disks. Further, effects are calculated
as functions of ellipse shape and size, and some asymp-
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(a) tau=2050.00, E=15.65, ex= 9.95, ddx= 4.42, ddz= 1.27

(b) tau=3250.00, E=15.65, ex= 9.33, ddx= 4.99, ddz= 1.33

FIG. 1: Vortex structures at times (a) τ = 2050 and (b)
τ = 3250, for a disk with a = 60 nm, ε = 0.5, and L = 10
nm. The cell size is acell = 2 nm. Arrows show only the
projection of (mx

i , my
i ) on the page. Green line (red open)

arrows indicate positive (negative) values of mz
i . The core

appears as a hole in this projection. Exchange, in-plane and
out-of-plane demagnetization energies are ex, ddx, and ddz,
respectively. The vortex was initiated at (0,16 nm) from the
disk center with Lagrange-constrained relaxation. It has been
evolved forward in time via RK4 with damping α = 0.02
turned off at τ = 1600. The gyrotropic motion is clockwise.

III. RELAXED VORTEX STRUCTURE
CALCULATIONS

Determination of the vortex potential U(R) requires a
precise static solution of the Hamiltonian (3) or equiva-
lently, one with zero time derivatives as determined from
the zero-temperature limit of (23), putting all !bs = 0.
A pure isolated vortex structure is also important for
initiation of dynamics simulations. Here an approach for
generating a pure vortex structure, such as those in Fig.1,
without the presence of spin waves, is summarized.

The magnetization can be described by an in-plane
angle φ(r) and out-of-plane angle θ(r),

m̂(r) = (cos θ(r) cos φ(r), cos θ(r) sin φ(r), sin θ(r)) (28)

For a vortex state whose core is centered at R = (X, Y ),
the in-plane angle is approximately

φ(r) = q tan−1 y − Y

x − X
(29)

where q = +1 is the vorticity. For the numerical studies
here, we start with this in-plane structure and let the
out-of-plane structure develop naturally by a relaxation
procedure with a constraint on the desired vortex core
position.12 In this “spin alignment” relaxation procedure,
each cell’s m̂i is iteratively redirected32 to the direction
of its effective field !bi, until the changes are insignificant.
Once all m̂i are aligned with the corresponding !bi, the
time derivatives will be zero and the configuration will
be static. However, to enforce a desired position, ficti-
tious extra fields are added to !bi in the core region by a
Lagrange undetermined multipliers technique. The de-
tails of the Lagrange relaxation procedure are given in
Ref. 12. The undetermined fields become determined in
the procedure, which requires a similar constraint for unit
length of each m̂i. The fictitious fields in the core region
produce torques that secure the vortex without changing
its internal structure significantly. While this relaxation
proceeds, the out-of-plane structure in θ(r) develops, if
one initiates the configuration with some small random
z-components in the magnetization field.

A. Vortex gyrotropic motion

At the vortex core, the relaxed configuration has
mz(X, Y ) ≈ ±1, and mz diminishes with radius away
from the core. The two signs are energetically equivalent
polarizations p = ±1 of the core, and due to the slight
randomness in initial conditions, either one may result.
The vortex dynamics is then strongly influenced by the
product of qp, which enters into the so-called gyrovector
(a type of topological charge),

G = Gẑ = 2πpq
m0

γ
ẑ. (30)

The factor 2πpq = ±2π is the solid angle of the unit
sphere covered by the magnetization profile, and m0 =
µ/a2

cell = LMs is the magnetic moment per unit area in
the film. The gyrovector is known to be important for
vortex dynamics, because it enters in the Thiele equation
for describing the motion of the core, according to

F + G× V = 0, V = Ṙ, (31)

where the dot on R indicates time derivative, such that
V is the cortex core velocity. The force F is the negative
gradient of the total vortex energy with respect to vortex
core position, i.e.,

F = −!∇U(R). (32)

Here any damping or intrinsic vortex mass is not in-
cluded. Primarily, we are concerned with the determi-
nation of U(R) for the elliptic system and analyzing
whether the vortex motion can be described by a Thiele
equation. This can be fairly generally expected, however,
the Thiele equation dynamics is expected whenever the

Thiele equation analysis. vortex core position =                       
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x − X
(29)

where q = +1 is the vorticity. For the numerical studies
here, we start with this in-plane structure and let the
out-of-plane structure develop naturally by a relaxation
procedure with a constraint on the desired vortex core
position.12 In this “spin alignment” relaxation procedure,
each cell’s m̂i is iteratively redirected32 to the direction
of its effective field !bi, until the changes are insignificant.
Once all m̂i are aligned with the corresponding !bi, the
time derivatives will be zero and the configuration will
be static. However, to enforce a desired position, ficti-
tious extra fields are added to !bi in the core region by a
Lagrange undetermined multipliers technique. The de-
tails of the Lagrange relaxation procedure are given in
Ref. 12. The undetermined fields become determined in
the procedure, which requires a similar constraint for unit
length of each m̂i. The fictitious fields in the core region
produce torques that secure the vortex without changing
its internal structure significantly. While this relaxation
proceeds, the out-of-plane structure in θ(r) develops, if
one initiates the configuration with some small random
z-components in the magnetization field.

A. Vortex gyrotropic motion

At the vortex core, the relaxed configuration has
mz(X, Y ) ≈ ±1, and mz diminishes with radius away
from the core. The two signs are energetically equivalent
polarizations p = ±1 of the core, and due to the slight
randomness in initial conditions, either one may result.
The vortex dynamics is then strongly influenced by the
product of qp, which enters into the so-called gyrovector
(a type of topological charge),

G = Gẑ = 2πpq
m0

γ
ẑ. (30)

The factor 2πpq = ±2π is the solid angle of the unit
sphere covered by the magnetization profile, and m0 =
µ/a2

cell = LMs is the magnetic moment per unit area in
the film. The gyrovector is known to be important for
vortex dynamics, because it enters in the Thiele equation
for describing the motion of the core, according to

F + G× V = 0, V = Ṙ, (31)

where the dot on R indicates time derivative, such that
V is the cortex core velocity. The force F is the negative
gradient of the total vortex energy with respect to vortex
core position, i.e.,

F = −!∇U(R). (32)

Here any damping or intrinsic vortex mass is not in-
cluded. Primarily, we are concerned with the determi-
nation of U(R) for the elliptic system and analyzing
whether the vortex motion can be described by a Thiele
equation. This can be fairly generally expected, however,
the Thiele equation dynamics is expected whenever the

5

(a) tau=2050.00, E=15.65, ex= 9.95, ddx= 4.42, ddz= 1.27

(b) tau=3250.00, E=15.65, ex= 9.33, ddx= 4.99, ddz= 1.33

FIG. 1: Vortex structures at times (a) τ = 2050 and (b)
τ = 3250, for a disk with a = 60 nm, ε = 0.5, and L = 10
nm. The cell size is acell = 2 nm. Arrows show only the
projection of (mx

i , my
i ) on the page. Green line (red open)

arrows indicate positive (negative) values of mz
i . The core

appears as a hole in this projection. Exchange, in-plane and
out-of-plane demagnetization energies are ex, ddx, and ddz,
respectively. The vortex was initiated at (0,16 nm) from the
disk center with Lagrange-constrained relaxation. It has been
evolved forward in time via RK4 with damping α = 0.02
turned off at τ = 1600. The gyrotropic motion is clockwise.

III. RELAXED VORTEX STRUCTURE
CALCULATIONS

Determination of the vortex potential U(R) requires a
precise static solution of the Hamiltonian (3) or equiva-
lently, one with zero time derivatives as determined from
the zero-temperature limit of (23), putting all !bs = 0.
A pure isolated vortex structure is also important for
initiation of dynamics simulations. Here an approach for
generating a pure vortex structure, such as those in Fig.1,
without the presence of spin waves, is summarized.

The magnetization can be described by an in-plane
angle φ(r) and out-of-plane angle θ(r),

m̂(r) = (cos θ(r) cos φ(r), cos θ(r) sin φ(r), sin θ(r)) (28)

For a vortex state whose core is centered at R = (X, Y ),
the in-plane angle is approximately

φ(r) = q tan−1 y − Y

x − X
(29)

where q = +1 is the vorticity. For the numerical studies
here, we start with this in-plane structure and let the
out-of-plane structure develop naturally by a relaxation
procedure with a constraint on the desired vortex core
position.12 In this “spin alignment” relaxation procedure,
each cell’s m̂i is iteratively redirected32 to the direction
of its effective field !bi, until the changes are insignificant.
Once all m̂i are aligned with the corresponding !bi, the
time derivatives will be zero and the configuration will
be static. However, to enforce a desired position, ficti-
tious extra fields are added to !bi in the core region by a
Lagrange undetermined multipliers technique. The de-
tails of the Lagrange relaxation procedure are given in
Ref. 12. The undetermined fields become determined in
the procedure, which requires a similar constraint for unit
length of each m̂i. The fictitious fields in the core region
produce torques that secure the vortex without changing
its internal structure significantly. While this relaxation
proceeds, the out-of-plane structure in θ(r) develops, if
one initiates the configuration with some small random
z-components in the magnetization field.

A. Vortex gyrotropic motion

At the vortex core, the relaxed configuration has
mz(X, Y ) ≈ ±1, and mz diminishes with radius away
from the core. The two signs are energetically equivalent
polarizations p = ±1 of the core, and due to the slight
randomness in initial conditions, either one may result.
The vortex dynamics is then strongly influenced by the
product of qp, which enters into the so-called gyrovector
(a type of topological charge),

G = Gẑ = 2πpq
m0

γ
ẑ. (30)

The factor 2πpq = ±2π is the solid angle of the unit
sphere covered by the magnetization profile, and m0 =
µ/a2

cell = LMs is the magnetic moment per unit area in
the film. The gyrovector is known to be important for
vortex dynamics, because it enters in the Thiele equation
for describing the motion of the core, according to

F + G× V = 0, V = Ṙ, (31)

where the dot on R indicates time derivative, such that
V is the cortex core velocity. The force F is the negative
gradient of the total vortex energy with respect to vortex
core position, i.e.,

F = −!∇U(R). (32)

Here any damping or intrinsic vortex mass is not in-
cluded. Primarily, we are concerned with the determi-
nation of U(R) for the elliptic system and analyzing
whether the vortex motion can be described by a Thiele
equation. This can be fairly generally expected, however,
the Thiele equation dynamics is expected whenever the

core velocity =                       
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vortex structure is nearly fixed in shape while it trans-
lates to different positions.

In the case of a circular nanodisk, the force on a vortex
is essentially a restoring force that points towards the
disk center, with a force constant kF :

F = −kF R. (33)

This then corresponds to a circularly symmetric
parabolic potential (near the center of the disk),

U(R) =
1

2
kF R

2 =
1

2
kF (X2 + Y 2). (34)

The force constant has been estimated by various meth-
ods, including the rigid vortex approximation,18 the two-
vortex model,17,18 and numerical simulations.12,16 Re-
gardless of the method, this potential then predicts a
uniform circular motion of the vortex core, at instanta-
neous velocity

V =
G× F

G2
= !ωG × R. (35)

The rotational angular frequency is

!ωG = −kF

G
ẑ (36)

Thus, a vortex with positive gyrovector (pq = +1, G

pointing along +ẑ) will rotate in the clockwise sense in
the xy-plane, and one with negative gyrovector (pq =
−1) rotates in the counterclokwise sense. It is important
to see how this uniform circular motion is modified for
elliptical nanodisks.

B. Vortex potential in elliptical disks

For an elliptical nanodisk with perimeter from (1), re-
laxed vortex structures were generated by the spin align-
ment algorithm,12 using a Lagrange constraint to enforce
different vortex core locations R = (X, Y ). R near the
origin (the center of the disk) is of most interest. The
results of those studies for different aspect ratios ε and
semi-major axes a indicate that the vortex effective po-
tential is close to quadratic near the disk center, and can
be approximated by

U(R) = U0 +
1

2

(
kxX2 + kyY 2

)
. (37)

The constant U0 is the total energy for the vortex cen-
tered in the disk. Due to the distortion of the disk com-
pared to a circular disk, there are nonequal force con-
stants kx and ky for the two semi-major axis directions.
We restrict the studies to situations with a ≥ b or ε ≤ 1;
the long axis of the ellipse is along the x-axis. Then, there
is a lower energy cost for displacement of the vortex in
the long direction of the ellipse, and kx ≤ ky. The force
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FIG. 3: Vortex force constants versus ellipticity ratio ε =
b/a as in Fig. 2, but for film thickness L = 10.0 nm. Note
that larger thickness leads to higher force constants, roughly
proportional to L2.

constants were estimated by fitting to (37), after find-
ing the total system energy for a centrally located vor-
tex, R = 0, and for small displacements R = (2acell, 0)
and R = (0, 2acell), where acell = 2.0 nm was the cell
size. Calculations were done for two different film thick-
nesses, L = 5.0 nm and L = 10 nm. Generally, the force
constants increase approximately as L2, similar to the
L-dependence for circular nanodisks.

The energies of relaxed vortex configurations were cal-
culated in units of J = 2AL, and with displacements
in units of cell size acell, in earlier work16 values of kF

for circular disks were initially calculated in units of
A/acell. That unit depends on cell size. Instead, results
for force constants are quoted here in a more natural

Force on core: 

force on vortex:
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vortex structure is nearly fixed in shape while it trans-
lates to different positions.

In the case of a circular nanodisk, the force on a vortex
is essentially a restoring force that points towards the
disk center, with a force constant kF :

F = −kF R. (33)

This then corresponds to a circularly symmetric
parabolic potential (near the center of the disk),

U(R) =
1

2
kF R

2 =
1

2
kF (X2 + Y 2). (34)

The force constant has been estimated by various meth-
ods, including the rigid vortex approximation,18 the two-
vortex model,17,18 and numerical simulations.12,16 Re-
gardless of the method, this potential then predicts a
uniform circular motion of the vortex core, at instanta-
neous velocity

V =
G× F

G2
= !ωG × R. (35)

The rotational angular frequency is

!ωG = −kF

G
ẑ (36)

Thus, a vortex with positive gyrovector (pq = +1, G

pointing along +ẑ) will rotate in the clockwise sense in
the xy-plane, and one with negative gyrovector (pq =
−1) rotates in the counterclokwise sense. It is important
to see how this uniform circular motion is modified for
elliptical nanodisks.

B. Vortex potential in elliptical disks

For an elliptical nanodisk with perimeter from (1), re-
laxed vortex structures were generated by the spin align-
ment algorithm,12 using a Lagrange constraint to enforce
different vortex core locations R = (X, Y ). R near the
origin (the center of the disk) is of most interest. The
results of those studies for different aspect ratios ε and
semi-major axes a indicate that the vortex effective po-
tential is close to quadratic near the disk center, and can
be approximated by

U(R) = U0 +
1

2

(
kxX2 + kyY 2

)
. (37)

The constant U0 is the total energy for the vortex cen-
tered in the disk. Due to the distortion of the disk com-
pared to a circular disk, there are nonequal force con-
stants kx and ky for the two semi-major axis directions.
We restrict the studies to situations with a ≥ b or ε ≤ 1;
the long axis of the ellipse is along the x-axis. Then, there
is a lower energy cost for displacement of the vortex in
the long direction of the ellipse, and kx ≤ ky. The force
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constants were estimated by fitting to (37), after find-
ing the total system energy for a centrally located vor-
tex, R = 0, and for small displacements R = (2acell, 0)
and R = (0, 2acell), where acell = 2.0 nm was the cell
size. Calculations were done for two different film thick-
nesses, L = 5.0 nm and L = 10 nm. Generally, the force
constants increase approximately as L2, similar to the
L-dependence for circular nanodisks.

The energies of relaxed vortex configurations were cal-
culated in units of J = 2AL, and with displacements
in units of cell size acell, in earlier work16 values of kF

for circular disks were initially calculated in units of
A/acell. That unit depends on cell size. Instead, results
for force constants are quoted here in a more natural
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(a) tau=2050.00, E=15.65, ex= 9.95, ddx= 4.42, ddz= 1.27

(b) tau=3250.00, E=15.65, ex= 9.33, ddx= 4.99, ddz= 1.33

FIG. 1: Vortex structures at times (a) τ = 2050 and (b)
τ = 3250, for a disk with a = 60 nm, ε = 0.5, and L = 10
nm. The cell size is acell = 2 nm. Arrows show only the
projection of (mx

i , my
i ) on the page. Green line (red open)

arrows indicate positive (negative) values of mz
i . The core

appears as a hole in this projection. Exchange, in-plane and
out-of-plane demagnetization energies are ex, ddx, and ddz,
respectively. The vortex was initiated at (0,16 nm) from the
disk center with Lagrange-constrained relaxation. It has been
evolved forward in time via RK4 with damping α = 0.02
turned off at τ = 1600. The gyrotropic motion is clockwise.

III. RELAXED VORTEX STRUCTURE
CALCULATIONS

Determination of the vortex potential U(R) requires a
precise static solution of the Hamiltonian (3) or equiva-
lently, one with zero time derivatives as determined from
the zero-temperature limit of (23), putting all !bs = 0.
A pure isolated vortex structure is also important for
initiation of dynamics simulations. Here an approach for
generating a pure vortex structure, such as those in Fig.1,
without the presence of spin waves, is summarized.

The magnetization can be described by an in-plane
angle φ(r) and out-of-plane angle θ(r),

m̂(r) = (cos θ(r) cos φ(r), cos θ(r) sin φ(r), sin θ(r)) (28)

For a vortex state whose core is centered at R = (X, Y ),
the in-plane angle is approximately

φ(r) = q tan−1 y − Y

x − X
(29)

where q = +1 is the vorticity. For the numerical studies
here, we start with this in-plane structure and let the
out-of-plane structure develop naturally by a relaxation
procedure with a constraint on the desired vortex core
position.12 In this “spin alignment” relaxation procedure,
each cell’s m̂i is iteratively redirected32 to the direction
of its effective field !bi, until the changes are insignificant.
Once all m̂i are aligned with the corresponding !bi, the
time derivatives will be zero and the configuration will
be static. However, to enforce a desired position, ficti-
tious extra fields are added to !bi in the core region by a
Lagrange undetermined multipliers technique. The de-
tails of the Lagrange relaxation procedure are given in
Ref. 12. The undetermined fields become determined in
the procedure, which requires a similar constraint for unit
length of each m̂i. The fictitious fields in the core region
produce torques that secure the vortex without changing
its internal structure significantly. While this relaxation
proceeds, the out-of-plane structure in θ(r) develops, if
one initiates the configuration with some small random
z-components in the magnetization field.

A. Vortex gyrotropic motion

At the vortex core, the relaxed configuration has
mz(X, Y ) ≈ ±1, and mz diminishes with radius away
from the core. The two signs are energetically equivalent
polarizations p = ±1 of the core, and due to the slight
randomness in initial conditions, either one may result.
The vortex dynamics is then strongly influenced by the
product of qp, which enters into the so-called gyrovector
(a type of topological charge),

G = Gẑ = 2πpq
m0

γ
ẑ. (30)

The factor 2πpq = ±2π is the solid angle of the unit
sphere covered by the magnetization profile, and m0 =
µ/a2

cell = LMs is the magnetic moment per unit area in
the film. The gyrovector is known to be important for
vortex dynamics, because it enters in the Thiele equation
for describing the motion of the core, according to

F + G× V = 0, V = Ṙ, (31)

where the dot on R indicates time derivative, such that
V is the cortex core velocity. The force F is the negative
gradient of the total vortex energy with respect to vortex
core position, i.e.,

F = −!∇U(R). (32)

Here any damping or intrinsic vortex mass is not in-
cluded. Primarily, we are concerned with the determi-
nation of U(R) for the elliptic system and analyzing
whether the vortex motion can be described by a Thiele
equation. This can be fairly generally expected, however,
the Thiele equation dynamics is expected whenever the

Gyrovector due to polarization p=±1, q=1:
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vortex structure is nearly fixed in shape while it trans-
lates to different positions.

In the case of a circular nanodisk, the force on a vortex
is essentially a restoring force that points towards the
disk center, with a force constant kF :

F = −kF R. (33)

This then corresponds to a circularly symmetric
parabolic potential (near the center of the disk),

U(R) =
1

2
kF R

2 =
1

2
kF (X2 + Y 2). (34)

The force constant has been estimated by various meth-
ods, including the rigid vortex approximation,18 the two-
vortex model,17,18 and numerical simulations.12,16 Re-
gardless of the method, this potential then predicts a
uniform circular motion of the vortex core, at instanta-
neous velocity

V =
G× F

G2
= !ωG × R. (35)

The rotational angular frequency is

!ωG = −kF

G
ẑ (36)

Thus, a vortex with positive gyrovector (pq = +1, G

pointing along +ẑ) will rotate in the clockwise sense in
the xy-plane, and one with negative gyrovector (pq =
−1) rotates in the counterclokwise sense. It is important
to see how this uniform circular motion is modified for
elliptical nanodisks.

B. Vortex potential in elliptical disks

For an elliptical nanodisk with perimeter from (1), re-
laxed vortex structures were generated by the spin align-
ment algorithm,12 using a Lagrange constraint to enforce
different vortex core locations R = (X, Y ). R near the
origin (the center of the disk) is of most interest. The
results of those studies for different aspect ratios ε and
semi-major axes a indicate that the vortex effective po-
tential is close to quadratic near the disk center, and can
be approximated by

U(R) = U0 +
1

2

(
kxX2 + kyY 2

)
. (37)

The constant U0 is the total energy for the vortex cen-
tered in the disk. Due to the distortion of the disk com-
pared to a circular disk, there are nonequal force con-
stants kx and ky for the two semi-major axis directions.
We restrict the studies to situations with a ≥ b or ε ≤ 1;
the long axis of the ellipse is along the x-axis. Then, there
is a lower energy cost for displacement of the vortex in
the long direction of the ellipse, and kx ≤ ky. The force
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constants were estimated by fitting to (37), after find-
ing the total system energy for a centrally located vor-
tex, R = 0, and for small displacements R = (2acell, 0)
and R = (0, 2acell), where acell = 2.0 nm was the cell
size. Calculations were done for two different film thick-
nesses, L = 5.0 nm and L = 10 nm. Generally, the force
constants increase approximately as L2, similar to the
L-dependence for circular nanodisks.

The energies of relaxed vortex configurations were cal-
culated in units of J = 2AL, and with displacements
in units of cell size acell, in earlier work16 values of kF

for circular disks were initially calculated in units of
A/acell. That unit depends on cell size. Instead, results
for force constants are quoted here in a more natural

circular motion results:

6

vortex structure is nearly fixed in shape while it trans-
lates to different positions.

In the case of a circular nanodisk, the force on a vortex
is essentially a restoring force that points towards the
disk center, with a force constant kF :

F = −kF R. (33)

This then corresponds to a circularly symmetric
parabolic potential (near the center of the disk),

U(R) =
1

2
kF R

2 =
1

2
kF (X2 + Y 2). (34)

The force constant has been estimated by various meth-
ods, including the rigid vortex approximation,18 the two-
vortex model,17,18 and numerical simulations.12,16 Re-
gardless of the method, this potential then predicts a
uniform circular motion of the vortex core, at instanta-
neous velocity

V =
G× F

G2
= !ωG × R. (35)

The rotational angular frequency is

!ωG = −kF

G
ẑ (36)

Thus, a vortex with positive gyrovector (pq = +1, G

pointing along +ẑ) will rotate in the clockwise sense in
the xy-plane, and one with negative gyrovector (pq =
−1) rotates in the counterclokwise sense. It is important
to see how this uniform circular motion is modified for
elliptical nanodisks.

B. Vortex potential in elliptical disks

For an elliptical nanodisk with perimeter from (1), re-
laxed vortex structures were generated by the spin align-
ment algorithm,12 using a Lagrange constraint to enforce
different vortex core locations R = (X, Y ). R near the
origin (the center of the disk) is of most interest. The
results of those studies for different aspect ratios ε and
semi-major axes a indicate that the vortex effective po-
tential is close to quadratic near the disk center, and can
be approximated by

U(R) = U0 +
1

2

(
kxX2 + kyY 2

)
. (37)

The constant U0 is the total energy for the vortex cen-
tered in the disk. Due to the distortion of the disk com-
pared to a circular disk, there are nonequal force con-
stants kx and ky for the two semi-major axis directions.
We restrict the studies to situations with a ≥ b or ε ≤ 1;
the long axis of the ellipse is along the x-axis. Then, there
is a lower energy cost for displacement of the vortex in
the long direction of the ellipse, and kx ≤ ky. The force
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constants were estimated by fitting to (37), after find-
ing the total system energy for a centrally located vor-
tex, R = 0, and for small displacements R = (2acell, 0)
and R = (0, 2acell), where acell = 2.0 nm was the cell
size. Calculations were done for two different film thick-
nesses, L = 5.0 nm and L = 10 nm. Generally, the force
constants increase approximately as L2, similar to the
L-dependence for circular nanodisks.

The energies of relaxed vortex configurations were cal-
culated in units of J = 2AL, and with displacements
in units of cell size acell, in earlier work16 values of kF

for circular disks were initially calculated in units of
A/acell. That unit depends on cell size. Instead, results
for force constants are quoted here in a more natural
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FIG. 1: Vortex structures at times (a) τ = 2050 and (b)
τ = 3250, for a disk with a = 60 nm, ε = 0.5, and L = 10
nm. The cell size is acell = 2 nm. Arrows show only the
projection of (mx

i , my
i ) on the page. Green line (red open)

arrows indicate positive (negative) values of mz
i . The core

appears as a hole in this projection. Exchange, in-plane and
out-of-plane demagnetization energies are ex, ddx, and ddz,
respectively. The vortex was initiated at (0,16 nm) from the
disk center with Lagrange-constrained relaxation. It has been
evolved forward in time via RK4 with damping α = 0.02
turned off at τ = 1600. The gyrotropic motion is clockwise.

III. RELAXED VORTEX STRUCTURE
CALCULATIONS

Determination of the vortex potential U(R) requires a
precise static solution of the Hamiltonian (3) or equiva-
lently, one with zero time derivatives as determined from
the zero-temperature limit of (23), putting all !bs = 0.
A pure isolated vortex structure is also important for
initiation of dynamics simulations. Here an approach for
generating a pure vortex structure, such as those in Fig.1,
without the presence of spin waves, is summarized.

The magnetization can be described by an in-plane
angle φ(r) and out-of-plane angle θ(r),

m̂(r) = (cos θ(r) cos φ(r), cos θ(r) sin φ(r), sin θ(r)) (28)

For a vortex state whose core is centered at R = (X, Y ),
the in-plane angle is approximately

φ(r) = q tan−1 y − Y

x − X
(29)

where q = +1 is the vorticity. For the numerical studies
here, we start with this in-plane structure and let the
out-of-plane structure develop naturally by a relaxation
procedure with a constraint on the desired vortex core
position.12 In this “spin alignment” relaxation procedure,
each cell’s m̂i is iteratively redirected32 to the direction
of its effective field !bi, until the changes are insignificant.
Once all m̂i are aligned with the corresponding !bi, the
time derivatives will be zero and the configuration will
be static. However, to enforce a desired position, ficti-
tious extra fields are added to !bi in the core region by a
Lagrange undetermined multipliers technique. The de-
tails of the Lagrange relaxation procedure are given in
Ref. 12. The undetermined fields become determined in
the procedure, which requires a similar constraint for unit
length of each m̂i. The fictitious fields in the core region
produce torques that secure the vortex without changing
its internal structure significantly. While this relaxation
proceeds, the out-of-plane structure in θ(r) develops, if
one initiates the configuration with some small random
z-components in the magnetization field.

A. Vortex gyrotropic motion

At the vortex core, the relaxed configuration has
mz(X, Y ) ≈ ±1, and mz diminishes with radius away
from the core. The two signs are energetically equivalent
polarizations p = ±1 of the core, and due to the slight
randomness in initial conditions, either one may result.
The vortex dynamics is then strongly influenced by the
product of qp, which enters into the so-called gyrovector
(a type of topological charge),

G = Gẑ = 2πpq
m0

γ
ẑ. (30)

The factor 2πpq = ±2π is the solid angle of the unit
sphere covered by the magnetization profile, and m0 =
µ/a2

cell = LMs is the magnetic moment per unit area in
the film. The gyrovector is known to be important for
vortex dynamics, because it enters in the Thiele equation
for describing the motion of the core, according to

F + G× V = 0, V = Ṙ, (31)

where the dot on R indicates time derivative, such that
V is the cortex core velocity. The force F is the negative
gradient of the total vortex energy with respect to vortex
core position, i.e.,

F = −!∇U(R). (32)

Here any damping or intrinsic vortex mass is not in-
cluded. Primarily, we are concerned with the determi-
nation of U(R) for the elliptic system and analyzing
whether the vortex motion can be described by a Thiele
equation. This can be fairly generally expected, however,
the Thiele equation dynamics is expected whenever the
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FIG. 1: Vortex structures at times (a) τ = 2050 and (b)
τ = 3250, for a disk with a = 60 nm, ε = 0.5, and L = 10
nm. The cell size is acell = 2 nm. Arrows show only the
projection of (mx

i , my
i ) on the page. Green line (red open)

arrows indicate positive (negative) values of mz
i . The core

appears as a hole in this projection. Exchange, in-plane and
out-of-plane demagnetization energies are ex, ddx, and ddz,
respectively. The vortex was initiated at (0,16 nm) from the
disk center with Lagrange-constrained relaxation. It has been
evolved forward in time via RK4 with damping α = 0.02
turned off at τ = 1600. The gyrotropic motion is clockwise.
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Determination of the vortex potential U(R) requires a
precise static solution of the Hamiltonian (3) or equiva-
lently, one with zero time derivatives as determined from
the zero-temperature limit of (23), putting all !bs = 0.
A pure isolated vortex structure is also important for
initiation of dynamics simulations. Here an approach for
generating a pure vortex structure, such as those in Fig.1,
without the presence of spin waves, is summarized.

The magnetization can be described by an in-plane
angle φ(r) and out-of-plane angle θ(r),

m̂(r) = (cos θ(r) cos φ(r), cos θ(r) sin φ(r), sin θ(r)) (28)

For a vortex state whose core is centered at R = (X, Y ),
the in-plane angle is approximately

φ(r) = q tan−1 y − Y

x − X
(29)

where q = +1 is the vorticity. For the numerical studies
here, we start with this in-plane structure and let the
out-of-plane structure develop naturally by a relaxation
procedure with a constraint on the desired vortex core
position.12 In this “spin alignment” relaxation procedure,
each cell’s m̂i is iteratively redirected32 to the direction
of its effective field !bi, until the changes are insignificant.
Once all m̂i are aligned with the corresponding !bi, the
time derivatives will be zero and the configuration will
be static. However, to enforce a desired position, ficti-
tious extra fields are added to !bi in the core region by a
Lagrange undetermined multipliers technique. The de-
tails of the Lagrange relaxation procedure are given in
Ref. 12. The undetermined fields become determined in
the procedure, which requires a similar constraint for unit
length of each m̂i. The fictitious fields in the core region
produce torques that secure the vortex without changing
its internal structure significantly. While this relaxation
proceeds, the out-of-plane structure in θ(r) develops, if
one initiates the configuration with some small random
z-components in the magnetization field.

A. Vortex gyrotropic motion

At the vortex core, the relaxed configuration has
mz(X, Y ) ≈ ±1, and mz diminishes with radius away
from the core. The two signs are energetically equivalent
polarizations p = ±1 of the core, and due to the slight
randomness in initial conditions, either one may result.
The vortex dynamics is then strongly influenced by the
product of qp, which enters into the so-called gyrovector
(a type of topological charge),

G = Gẑ = 2πpq
m0

γ
ẑ. (30)

The factor 2πpq = ±2π is the solid angle of the unit
sphere covered by the magnetization profile, and m0 =
µ/a2

cell = LMs is the magnetic moment per unit area in
the film. The gyrovector is known to be important for
vortex dynamics, because it enters in the Thiele equation
for describing the motion of the core, according to

F + G× V = 0, V = Ṙ, (31)

where the dot on R indicates time derivative, such that
V is the cortex core velocity. The force F is the negative
gradient of the total vortex energy with respect to vortex
core position, i.e.,

F = −!∇U(R). (32)

Here any damping or intrinsic vortex mass is not in-
cluded. Primarily, we are concerned with the determi-
nation of U(R) for the elliptic system and analyzing
whether the vortex motion can be described by a Thiele
equation. This can be fairly generally expected, however,
the Thiele equation dynamics is expected whenever the

6



For an elliptic system:

5

(a) tau=2050.00, E=15.65, ex= 9.95, ddx= 4.42, ddz= 1.27

(b) tau=3250.00, E=15.65, ex= 9.33, ddx= 4.99, ddz= 1.33

FIG. 1: Vortex structures at times (a) τ = 2050 and (b)
τ = 3250, for a disk with a = 60 nm, ε = 0.5, and L = 10
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respectively. The vortex was initiated at (0,16 nm) from the
disk center with Lagrange-constrained relaxation. It has been
evolved forward in time via RK4 with damping α = 0.02
turned off at τ = 1600. The gyrotropic motion is clockwise.
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Determination of the vortex potential U(R) requires a
precise static solution of the Hamiltonian (3) or equiva-
lently, one with zero time derivatives as determined from
the zero-temperature limit of (23), putting all !bs = 0.
A pure isolated vortex structure is also important for
initiation of dynamics simulations. Here an approach for
generating a pure vortex structure, such as those in Fig.1,
without the presence of spin waves, is summarized.

The magnetization can be described by an in-plane
angle φ(r) and out-of-plane angle θ(r),

m̂(r) = (cos θ(r) cos φ(r), cos θ(r) sin φ(r), sin θ(r)) (28)

For a vortex state whose core is centered at R = (X, Y ),
the in-plane angle is approximately

φ(r) = q tan−1 y − Y

x − X
(29)

where q = +1 is the vorticity. For the numerical studies
here, we start with this in-plane structure and let the
out-of-plane structure develop naturally by a relaxation
procedure with a constraint on the desired vortex core
position.12 In this “spin alignment” relaxation procedure,
each cell’s m̂i is iteratively redirected32 to the direction
of its effective field !bi, until the changes are insignificant.
Once all m̂i are aligned with the corresponding !bi, the
time derivatives will be zero and the configuration will
be static. However, to enforce a desired position, ficti-
tious extra fields are added to !bi in the core region by a
Lagrange undetermined multipliers technique. The de-
tails of the Lagrange relaxation procedure are given in
Ref. 12. The undetermined fields become determined in
the procedure, which requires a similar constraint for unit
length of each m̂i. The fictitious fields in the core region
produce torques that secure the vortex without changing
its internal structure significantly. While this relaxation
proceeds, the out-of-plane structure in θ(r) develops, if
one initiates the configuration with some small random
z-components in the magnetization field.

A. Vortex gyrotropic motion

At the vortex core, the relaxed configuration has
mz(X, Y ) ≈ ±1, and mz diminishes with radius away
from the core. The two signs are energetically equivalent
polarizations p = ±1 of the core, and due to the slight
randomness in initial conditions, either one may result.
The vortex dynamics is then strongly influenced by the
product of qp, which enters into the so-called gyrovector
(a type of topological charge),

G = Gẑ = 2πpq
m0

γ
ẑ. (30)

The factor 2πpq = ±2π is the solid angle of the unit
sphere covered by the magnetization profile, and m0 =
µ/a2

cell = LMs is the magnetic moment per unit area in
the film. The gyrovector is known to be important for
vortex dynamics, because it enters in the Thiele equation
for describing the motion of the core, according to

F + G× V = 0, V = Ṙ, (31)

where the dot on R indicates time derivative, such that
V is the cortex core velocity. The force F is the negative
gradient of the total vortex energy with respect to vortex
core position, i.e.,

F = −!∇U(R). (32)

Here any damping or intrinsic vortex mass is not in-
cluded. Primarily, we are concerned with the determi-
nation of U(R) for the elliptic system and analyzing
whether the vortex motion can be described by a Thiele
equation. This can be fairly generally expected, however,
the Thiele equation dynamics is expected whenever the
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respectively. The vortex was initiated at (0,16 nm) from the
disk center with Lagrange-constrained relaxation. It has been
evolved forward in time via RK4 with damping α = 0.02
turned off at τ = 1600. The gyrotropic motion is clockwise.
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Determination of the vortex potential U(R) requires a
precise static solution of the Hamiltonian (3) or equiva-
lently, one with zero time derivatives as determined from
the zero-temperature limit of (23), putting all !bs = 0.
A pure isolated vortex structure is also important for
initiation of dynamics simulations. Here an approach for
generating a pure vortex structure, such as those in Fig.1,
without the presence of spin waves, is summarized.

The magnetization can be described by an in-plane
angle φ(r) and out-of-plane angle θ(r),

m̂(r) = (cos θ(r) cos φ(r), cos θ(r) sin φ(r), sin θ(r)) (28)

For a vortex state whose core is centered at R = (X, Y ),
the in-plane angle is approximately

φ(r) = q tan−1 y − Y

x − X
(29)

where q = +1 is the vorticity. For the numerical studies
here, we start with this in-plane structure and let the
out-of-plane structure develop naturally by a relaxation
procedure with a constraint on the desired vortex core
position.12 In this “spin alignment” relaxation procedure,
each cell’s m̂i is iteratively redirected32 to the direction
of its effective field !bi, until the changes are insignificant.
Once all m̂i are aligned with the corresponding !bi, the
time derivatives will be zero and the configuration will
be static. However, to enforce a desired position, ficti-
tious extra fields are added to !bi in the core region by a
Lagrange undetermined multipliers technique. The de-
tails of the Lagrange relaxation procedure are given in
Ref. 12. The undetermined fields become determined in
the procedure, which requires a similar constraint for unit
length of each m̂i. The fictitious fields in the core region
produce torques that secure the vortex without changing
its internal structure significantly. While this relaxation
proceeds, the out-of-plane structure in θ(r) develops, if
one initiates the configuration with some small random
z-components in the magnetization field.

A. Vortex gyrotropic motion

At the vortex core, the relaxed configuration has
mz(X, Y ) ≈ ±1, and mz diminishes with radius away
from the core. The two signs are energetically equivalent
polarizations p = ±1 of the core, and due to the slight
randomness in initial conditions, either one may result.
The vortex dynamics is then strongly influenced by the
product of qp, which enters into the so-called gyrovector
(a type of topological charge),

G = Gẑ = 2πpq
m0

γ
ẑ. (30)

The factor 2πpq = ±2π is the solid angle of the unit
sphere covered by the magnetization profile, and m0 =
µ/a2

cell = LMs is the magnetic moment per unit area in
the film. The gyrovector is known to be important for
vortex dynamics, because it enters in the Thiele equation
for describing the motion of the core, according to

F + G× V = 0, V = Ṙ, (31)

where the dot on R indicates time derivative, such that
V is the cortex core velocity. The force F is the negative
gradient of the total vortex energy with respect to vortex
core position, i.e.,

F = −!∇U(R). (32)

Here any damping or intrinsic vortex mass is not in-
cluded. Primarily, we are concerned with the determi-
nation of U(R) for the elliptic system and analyzing
whether the vortex motion can be described by a Thiele
equation. This can be fairly generally expected, however,
the Thiele equation dynamics is expected whenever the
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respectively. The vortex was initiated at (0,16 nm) from the
disk center with Lagrange-constrained relaxation. It has been
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Determination of the vortex potential U(R) requires a
precise static solution of the Hamiltonian (3) or equiva-
lently, one with zero time derivatives as determined from
the zero-temperature limit of (23), putting all !bs = 0.
A pure isolated vortex structure is also important for
initiation of dynamics simulations. Here an approach for
generating a pure vortex structure, such as those in Fig.1,
without the presence of spin waves, is summarized.

The magnetization can be described by an in-plane
angle φ(r) and out-of-plane angle θ(r),

m̂(r) = (cos θ(r) cos φ(r), cos θ(r) sin φ(r), sin θ(r)) (28)

For a vortex state whose core is centered at R = (X, Y ),
the in-plane angle is approximately

φ(r) = q tan−1 y − Y

x − X
(29)

where q = +1 is the vorticity. For the numerical studies
here, we start with this in-plane structure and let the
out-of-plane structure develop naturally by a relaxation
procedure with a constraint on the desired vortex core
position.12 In this “spin alignment” relaxation procedure,
each cell’s m̂i is iteratively redirected32 to the direction
of its effective field !bi, until the changes are insignificant.
Once all m̂i are aligned with the corresponding !bi, the
time derivatives will be zero and the configuration will
be static. However, to enforce a desired position, ficti-
tious extra fields are added to !bi in the core region by a
Lagrange undetermined multipliers technique. The de-
tails of the Lagrange relaxation procedure are given in
Ref. 12. The undetermined fields become determined in
the procedure, which requires a similar constraint for unit
length of each m̂i. The fictitious fields in the core region
produce torques that secure the vortex without changing
its internal structure significantly. While this relaxation
proceeds, the out-of-plane structure in θ(r) develops, if
one initiates the configuration with some small random
z-components in the magnetization field.

A. Vortex gyrotropic motion

At the vortex core, the relaxed configuration has
mz(X, Y ) ≈ ±1, and mz diminishes with radius away
from the core. The two signs are energetically equivalent
polarizations p = ±1 of the core, and due to the slight
randomness in initial conditions, either one may result.
The vortex dynamics is then strongly influenced by the
product of qp, which enters into the so-called gyrovector
(a type of topological charge),

G = Gẑ = 2πpq
m0

γ
ẑ. (30)

The factor 2πpq = ±2π is the solid angle of the unit
sphere covered by the magnetization profile, and m0 =
µ/a2

cell = LMs is the magnetic moment per unit area in
the film. The gyrovector is known to be important for
vortex dynamics, because it enters in the Thiele equation
for describing the motion of the core, according to

F + G× V = 0, V = Ṙ, (31)

where the dot on R indicates time derivative, such that
V is the cortex core velocity. The force F is the negative
gradient of the total vortex energy with respect to vortex
core position, i.e.,

F = −!∇U(R). (32)

Here any damping or intrinsic vortex mass is not in-
cluded. Primarily, we are concerned with the determi-
nation of U(R) for the elliptic system and analyzing
whether the vortex motion can be described by a Thiele
equation. This can be fairly generally expected, however,
the Thiele equation dynamics is expected whenever the

core velocity =                       

Force on core: 
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vortex structure is nearly fixed in shape while it trans-
lates to different positions.

In the case of a circular nanodisk, the force on a vortex
is essentially a restoring force that points towards the
disk center, with a force constant kF :

F = −kF R. (33)

This then corresponds to a circularly symmetric
parabolic potential (near the center of the disk),

U(R) =
1

2
kF R

2 =
1

2
kF (X2 + Y 2). (34)

The force constant has been estimated by various meth-
ods, including the rigid vortex approximation,18 the two-
vortex model,17,18 and numerical simulations.12,16 Re-
gardless of the method, this potential then predicts a
uniform circular motion of the vortex core, at instanta-
neous velocity

V =
G× F

G2
= !ωG × R. (35)

The rotational angular frequency is

!ωG = −kF

G
ẑ (36)

Thus, a vortex with positive gyrovector (pq = +1, G

pointing along +ẑ) will rotate in the clockwise sense in
the xy-plane, and one with negative gyrovector (pq =
−1) rotates in the counterclokwise sense. It is important
to see how this uniform circular motion is modified for
elliptical nanodisks.

B. Vortex potential in elliptical disks

For an elliptical nanodisk with perimeter from (1), re-
laxed vortex structures were generated by the spin align-
ment algorithm,12 using a Lagrange constraint to enforce
different vortex core locations R = (X, Y ). R near the
origin (the center of the disk) is of most interest. The
results of those studies for different aspect ratios ε and
semi-major axes a indicate that the vortex effective po-
tential is close to quadratic near the disk center, and can
be approximated by

U(R) = U0 +
1

2

(
kxX2 + kyY 2

)
. (37)

The constant U0 is the total energy for the vortex cen-
tered in the disk. Due to the distortion of the disk com-
pared to a circular disk, there are nonequal force con-
stants kx and ky for the two semi-major axis directions.
We restrict the studies to situations with a ≥ b or ε ≤ 1;
the long axis of the ellipse is along the x-axis. Then, there
is a lower energy cost for displacement of the vortex in
the long direction of the ellipse, and kx ≤ ky. The force
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FIG. 2: Vortex force constants along the semi-major axis (kx,
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for different sized ellipses with thickness L = 5.0 nm, orga-
nized by semi-major axis a, plotted versus ellipticity ratio
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0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
b/a

0

0.2

0.4

0.6

0.8

1

1.2

k
F
 (

A
/!

ex
)

k
y

k
x

a=30 nm

a=60 nm

a=120 nm

a=180 nm

L=10.0 nm

FIG. 3: Vortex force constants versus ellipticity ratio ε =
b/a as in Fig. 2, but for film thickness L = 10.0 nm. Note
that larger thickness leads to higher force constants, roughly
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constants were estimated by fitting to (37), after find-
ing the total system energy for a centrally located vor-
tex, R = 0, and for small displacements R = (2acell, 0)
and R = (0, 2acell), where acell = 2.0 nm was the cell
size. Calculations were done for two different film thick-
nesses, L = 5.0 nm and L = 10 nm. Generally, the force
constants increase approximately as L2, similar to the
L-dependence for circular nanodisks.

The energies of relaxed vortex configurations were cal-
culated in units of J = 2AL, and with displacements
in units of cell size acell, in earlier work16 values of kF

for circular disks were initially calculated in units of
A/acell. That unit depends on cell size. Instead, results
for force constants are quoted here in a more natural
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appears as a hole in this projection. Exchange, in-plane and
out-of-plane demagnetization energies are ex, ddx, and ddz,
respectively. The vortex was initiated at (0,16 nm) from the
disk center with Lagrange-constrained relaxation. It has been
evolved forward in time via RK4 with damping α = 0.02
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Determination of the vortex potential U(R) requires a
precise static solution of the Hamiltonian (3) or equiva-
lently, one with zero time derivatives as determined from
the zero-temperature limit of (23), putting all !bs = 0.
A pure isolated vortex structure is also important for
initiation of dynamics simulations. Here an approach for
generating a pure vortex structure, such as those in Fig.1,
without the presence of spin waves, is summarized.

The magnetization can be described by an in-plane
angle φ(r) and out-of-plane angle θ(r),

m̂(r) = (cos θ(r) cos φ(r), cos θ(r) sin φ(r), sin θ(r)) (28)

For a vortex state whose core is centered at R = (X, Y ),
the in-plane angle is approximately

φ(r) = q tan−1 y − Y

x − X
(29)

where q = +1 is the vorticity. For the numerical studies
here, we start with this in-plane structure and let the
out-of-plane structure develop naturally by a relaxation
procedure with a constraint on the desired vortex core
position.12 In this “spin alignment” relaxation procedure,
each cell’s m̂i is iteratively redirected32 to the direction
of its effective field !bi, until the changes are insignificant.
Once all m̂i are aligned with the corresponding !bi, the
time derivatives will be zero and the configuration will
be static. However, to enforce a desired position, ficti-
tious extra fields are added to !bi in the core region by a
Lagrange undetermined multipliers technique. The de-
tails of the Lagrange relaxation procedure are given in
Ref. 12. The undetermined fields become determined in
the procedure, which requires a similar constraint for unit
length of each m̂i. The fictitious fields in the core region
produce torques that secure the vortex without changing
its internal structure significantly. While this relaxation
proceeds, the out-of-plane structure in θ(r) develops, if
one initiates the configuration with some small random
z-components in the magnetization field.

A. Vortex gyrotropic motion

At the vortex core, the relaxed configuration has
mz(X, Y ) ≈ ±1, and mz diminishes with radius away
from the core. The two signs are energetically equivalent
polarizations p = ±1 of the core, and due to the slight
randomness in initial conditions, either one may result.
The vortex dynamics is then strongly influenced by the
product of qp, which enters into the so-called gyrovector
(a type of topological charge),

G = Gẑ = 2πpq
m0

γ
ẑ. (30)

The factor 2πpq = ±2π is the solid angle of the unit
sphere covered by the magnetization profile, and m0 =
µ/a2

cell = LMs is the magnetic moment per unit area in
the film. The gyrovector is known to be important for
vortex dynamics, because it enters in the Thiele equation
for describing the motion of the core, according to

F + G× V = 0, V = Ṙ, (31)

where the dot on R indicates time derivative, such that
V is the cortex core velocity. The force F is the negative
gradient of the total vortex energy with respect to vortex
core position, i.e.,

F = −!∇U(R). (32)

Here any damping or intrinsic vortex mass is not in-
cluded. Primarily, we are concerned with the determi-
nation of U(R) for the elliptic system and analyzing
whether the vortex motion can be described by a Thiele
equation. This can be fairly generally expected, however,
the Thiele equation dynamics is expected whenever the

Gyrovector due to polarization p=±1, q=1:

force on vortex:

elliptic motion results:

asymmetric potential:

gyrotropic frequency:
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vortex structure is nearly fixed in shape while it trans-
lates to different positions.

In the case of a circular nanodisk, the force on a vortex
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disk center, with a force constant kF :

F = −kF R. (33)

This then corresponds to a circularly symmetric
parabolic potential (near the center of the disk),

U(R) =
1

2
kF R

2 =
1

2
kF (X2 + Y 2). (34)

The force constant has been estimated by various meth-
ods, including the rigid vortex approximation,18 the two-
vortex model,17,18 and numerical simulations.12,16 Re-
gardless of the method, this potential then predicts a
uniform circular motion of the vortex core, at instanta-
neous velocity

V =
G× F

G2
= !ωG × R. (35)

The rotational angular frequency is

!ωG = −kF

G
ẑ (36)

Thus, a vortex with positive gyrovector (pq = +1, G

pointing along +ẑ) will rotate in the clockwise sense in
the xy-plane, and one with negative gyrovector (pq =
−1) rotates in the counterclokwise sense. It is important
to see how this uniform circular motion is modified for
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B. Vortex potential in elliptical disks

For an elliptical nanodisk with perimeter from (1), re-
laxed vortex structures were generated by the spin align-
ment algorithm,12 using a Lagrange constraint to enforce
different vortex core locations R = (X, Y ). R near the
origin (the center of the disk) is of most interest. The
results of those studies for different aspect ratios ε and
semi-major axes a indicate that the vortex effective po-
tential is close to quadratic near the disk center, and can
be approximated by

U(R) = U0 +
1

2

(
kxX2 + kyY 2

)
. (37)

The constant U0 is the total energy for the vortex cen-
tered in the disk. Due to the distortion of the disk com-
pared to a circular disk, there are nonequal force con-
stants kx and ky for the two semi-major axis directions.
We restrict the studies to situations with a ≥ b or ε ≤ 1;
the long axis of the ellipse is along the x-axis. Then, there
is a lower energy cost for displacement of the vortex in
the long direction of the ellipse, and kx ≤ ky. The force
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FIG. 2: Vortex force constants along the semi-major axis (kx,
solid circles) and along the semi-minor axis (ky, open circles)
for different sized ellipses with thickness L = 5.0 nm, orga-
nized by semi-major axis a, plotted versus ellipticity ratio
ε = b/a.
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FIG. 3: Vortex force constants versus ellipticity ratio ε =
b/a as in Fig. 2, but for film thickness L = 10.0 nm. Note
that larger thickness leads to higher force constants, roughly
proportional to L2.

constants were estimated by fitting to (37), after find-
ing the total system energy for a centrally located vor-
tex, R = 0, and for small displacements R = (2acell, 0)
and R = (0, 2acell), where acell = 2.0 nm was the cell
size. Calculations were done for two different film thick-
nesses, L = 5.0 nm and L = 10 nm. Generally, the force
constants increase approximately as L2, similar to the
L-dependence for circular nanodisks.

The energies of relaxed vortex configurations were cal-
culated in units of J = 2AL, and with displacements
in units of cell size acell, in earlier work16 values of kF

for circular disks were initially calculated in units of
A/acell. That unit depends on cell size. Instead, results
for force constants are quoted here in a more natural
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unit of A/λex = 1
2µ0M2

s λex, which combines both the
exchange and demagnetization energy scales.

Force constant results for L = 5.0 nm and various a,
as functions of the ellipticity or aspect ratio ε = b/a, are
shown in Fig. 2. Further results at twice the thickness,
L = 10.0 nm, are displayed in Fig. 3. The shapes of the
curves are very similar to those for L = 5.0 nm, however,
the force constants are larger, approximately in propor-
tion to L2. At the circular limit ε = 1, one has kx = ky

and these values decrease with increasing nanoparticle
radius, approximately as a−1. As ε becomes less than
1, the longitudinal force constant kx decreases while the
transverse force constant ky increases. However, once ε
reaches some lower limit, depending on a, the vortex state
becomes unstable, as would be the case even for circular
disks of very small size. Obviously, the limit as ε → 0
will lead to a needle-like nanodisk, whose ground state
will be a quasi-single-domain state, once the aspect ratio
is high enough. In the region where the vortex state is
destabilized, ky reaches either a maximum value, or even
turns over and in the case of smaller disks (especially
a = 30 nm), it is possible for ky to become less than kx.

The fact that ky is greater than kx is understandable
in terms of the energetics of magnetic pole density gener-
ated on the perimeter of the ellipse. When the vortex is
displaced along the semi-major axis (x axis), extra pole
density σM = n̂ · $M primarily appears along the long
edges at y ≈ ±b. The pole strength is weak, because
$M will be able to align parallel to these long edges. In
the opposite case of vortex displacement along the semi-
minor axis (y axis), the pole density will appear primarily
at the pointed ends at x ≈ ±a. Because there is a larger
curvature there, it is more difficult for $M to remain par-
allel to the perimeter at these ends, leading to a larger
pole density. Also, the greater proximity of the vortex to
the edges at y ≈ ±b leads to greater energy effects for a
displacement in the y direction. In either case, the energy
should be proportional to the demagnetization field inte-
grated over nanodisk volume, however, the weaker poles
for displacement of the vortex along the long axis makes
kx less than ky . In the plots, one sees that kx appears to
extrapolate towards a value of zero as ε → 0, consistent
with these arguments.

The dependence of kx and ky on ellipticity can be fur-
ther analyzed by first looking at how these force constants
influence the vortex gyrotropic motion. This is done ini-
tially from the theoretical view of applying the Thiele
equation to the vortex dynamics.

IV. THIELE EQUATION DYNAMICS FOR
ELLIPTIC NANODISKS

Here it is assumed that the vortex motion obeys the
Thiele equation, using the potential (37) as determined
from kx and ky. The orbital frequency, trajectory, and
other basic properties are of most interest.

First, it is interesting to note that the motion is not

the same as for a 2D harmonic oscillator with nonequal
force constants, because the x and y motions are not
independent. With gyrovector G = Gẑ, the components
of the Thiele equation (31), using the force from potential
(37) give

Fx = −kxX = −(G × V)x = GẎ

Fy = −kyY = −(G× V)y = −GẊ (38)

The components can be easily separated, and each follows
the same second order differential equation, namely,

Ẍ = −kxky

G2
X, Ÿ = −kxky

G2
Y. (39)

One can see that the geometric mean of the force con-
stants will determine the gyrotropic frequency. However,
it is best to maintain the coupling of comoponents and
express the first order equations in matrix form,

d

dt

(
X
Y

)
=

(
0 ky/G

−kx/G 0

) (
X
Y

)
. (40)

Then letting the 2 × 2 matrix on the RHS be called A,
the solution is written formally as(

X(t)
Y (t)

)
= eAt

(
X0

Y0

)
(41)

where the initial position is R(0) = (X0, Y0). Expansion
of the exponential is simple because the square of A is

A2 = −kxky

G2
I, (42)

where I is the 2 × 2 identity matrix. At this point one
can define the gyrotropic frequency,

ωG = −
√

kxky

G
. (43)

The negative square root has been used, such that a vor-
tex with G in the positive ẑ direction has a negative
frequency, corresponding to its clockwise movement in
the xy-plane. Then the time development proceeds from

eAt = I cosωGt +
A

ωG
sin ωGt. (44)

Thus, the vortex motion is found to be elliptical,

X(t) = X0 cosωGt + Y0
ky

GωG
sin ωGt

Y (t) = Y0 cosωGt − X0
kx

GωG
sin ωGt (45)

Differentiation gives the vortex core velocity,

Ẋ(t) = −ωGX0 sin ωGt +
kyY0

G
cosωGt

Ẏ (t) = −ωGY0 sinωGt − kxX0

G
sin ωGt (46)
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unit of A/λex = 1
2µ0M2

s λex, which combines both the
exchange and demagnetization energy scales.
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Ẍ = −kxky

G2
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tex with G in the positive ẑ direction has a negative
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Differentiation gives the vortex core velocity,
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(a) tau=2050.00, E=15.65, ex= 9.95, ddx= 4.42, ddz= 1.27

(b) tau=3250.00, E=15.65, ex= 9.33, ddx= 4.99, ddz= 1.33

FIG. 1: Vortex structures at times (a) τ = 2050 and (b)
τ = 3250, for a disk with a = 60 nm, ε = 0.5, and L = 10
nm. The cell size is acell = 2 nm. Arrows show only the
projection of (mx

i , my
i ) on the page. Green line (red open)

arrows indicate positive (negative) values of mz
i . The core

appears as a hole in this projection. Exchange, in-plane and
out-of-plane demagnetization energies are ex, ddx, and ddz,
respectively. The vortex was initiated at (0,16 nm) from the
disk center with Lagrange-constrained relaxation. It has been
evolved forward in time via RK4 with damping α = 0.02
turned off at τ = 1600. The gyrotropic motion is clockwise.

III. RELAXED VORTEX STRUCTURE
CALCULATIONS

Determination of the vortex potential U(R) requires a
precise static solution of the Hamiltonian (3) or equiva-
lently, one with zero time derivatives as determined from
the zero-temperature limit of (23), putting all !bs = 0.
A pure isolated vortex structure is also important for
initiation of dynamics simulations. Here an approach for
generating a pure vortex structure, such as those in Fig.1,
without the presence of spin waves, is summarized.

The magnetization can be described by an in-plane
angle φ(r) and out-of-plane angle θ(r),

m̂(r) = (cos θ(r) cos φ(r), cos θ(r) sin φ(r), sin θ(r)) (28)

For a vortex state whose core is centered at R = (X, Y ),
the in-plane angle is approximately

φ(r) = q tan−1 y − Y

x − X
(29)

where q = +1 is the vorticity. For the numerical studies
here, we start with this in-plane structure and let the
out-of-plane structure develop naturally by a relaxation
procedure with a constraint on the desired vortex core
position.12 In this “spin alignment” relaxation procedure,
each cell’s m̂i is iteratively redirected32 to the direction
of its effective field !bi, until the changes are insignificant.
Once all m̂i are aligned with the corresponding !bi, the
time derivatives will be zero and the configuration will
be static. However, to enforce a desired position, ficti-
tious extra fields are added to !bi in the core region by a
Lagrange undetermined multipliers technique. The de-
tails of the Lagrange relaxation procedure are given in
Ref. 12. The undetermined fields become determined in
the procedure, which requires a similar constraint for unit
length of each m̂i. The fictitious fields in the core region
produce torques that secure the vortex without changing
its internal structure significantly. While this relaxation
proceeds, the out-of-plane structure in θ(r) develops, if
one initiates the configuration with some small random
z-components in the magnetization field.

A. Vortex gyrotropic motion

At the vortex core, the relaxed configuration has
mz(X, Y ) ≈ ±1, and mz diminishes with radius away
from the core. The two signs are energetically equivalent
polarizations p = ±1 of the core, and due to the slight
randomness in initial conditions, either one may result.
The vortex dynamics is then strongly influenced by the
product of qp, which enters into the so-called gyrovector
(a type of topological charge),

G = Gẑ = 2πpq
m0

γ
ẑ. (30)

The factor 2πpq = ±2π is the solid angle of the unit
sphere covered by the magnetization profile, and m0 =
µ/a2

cell = LMs is the magnetic moment per unit area in
the film. The gyrovector is known to be important for
vortex dynamics, because it enters in the Thiele equation
for describing the motion of the core, according to

F + G× V = 0, V = Ṙ, (31)

where the dot on R indicates time derivative, such that
V is the cortex core velocity. The force F is the negative
gradient of the total vortex energy with respect to vortex
core position, i.e.,

F = −!∇U(R). (32)

Here any damping or intrinsic vortex mass is not in-
cluded. Primarily, we are concerned with the determi-
nation of U(R) for the elliptic system and analyzing
whether the vortex motion can be described by a Thiele
equation. This can be fairly generally expected, however,
the Thiele equation dynamics is expected whenever the
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mz(X, Y ) ≈ ±1, and mz diminishes with radius away
from the core. The two signs are energetically equivalent
polarizations p = ±1 of the core, and due to the slight
randomness in initial conditions, either one may result.
The vortex dynamics is then strongly influenced by the
product of qp, which enters into the so-called gyrovector
(a type of topological charge),

G = Gẑ = 2πpq
m0

γ
ẑ. (30)

The factor 2πpq = ±2π is the solid angle of the unit
sphere covered by the magnetization profile, and m0 =
µ/a2

cell = LMs is the magnetic moment per unit area in
the film. The gyrovector is known to be important for
vortex dynamics, because it enters in the Thiele equation
for describing the motion of the core, according to

F + G× V = 0, V = Ṙ, (31)

where the dot on R indicates time derivative, such that
V is the cortex core velocity. The force F is the negative
gradient of the total vortex energy with respect to vortex
core position, i.e.,

F = −!∇U(R). (32)

Here any damping or intrinsic vortex mass is not in-
cluded. Primarily, we are concerned with the determi-
nation of U(R) for the elliptic system and analyzing
whether the vortex motion can be described by a Thiele
equation. This can be fairly generally expected, however,
the Thiele equation dynamics is expected whenever the
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One can then verify that the motion follows the equation
(35) just as for circular nanodisks, namely,

Vx =
1

G2
(G × F)x =

ky

G
Y,

Vy =
1

G2
(G × F)y = −kx

G
X. (47)

A. Transforming to circular coordinates

The last results might be expected, especially since
the elliptical system can be thought of as a distortion
of a circular system by rescaling the axes. Conversely,
consider the distortion of the elliptical system back to an
equivalent circular system.

The potential can be symmetrized with respect to
semi-major and semi-minor axes in the sense that

U(R) =
1

2

[(√
kxX

)2
+

(√
kyY

)2
]

=
1

2

√
kxky

(√
kx

ky
X2 +

√
ky

kx
Y 2

)
. (48)

This suggests the definition of the energetic ellipticity e,

e ≡
√

kx

ky
, (49)

as well as the geometric average of the force constants,

k̄ ≡ √
kxky. (50)

Then the potential is

U(R) =
1

2
k̄

(
eX2 +

1

e
Y 2

)
. (51)

One can see that e also relates to the ellipticity of the
vortex core motion, from the solution obtained above,
for example, with Y0 = 0,

Ymax

Xmax
=

kx

G|ωG| =

√
kx

ky
= e. (52)

The solution for vortex core position can be expressed in
a similar symmetrized way, first scaling X by

√
kx and

Y by
√

ky:√
kxX(t) =

√
kxX0 cosωGt − √

kyY0 sin ωGt√
kyY (t) =

√
kyY0 cosωGt +

√
kxX0 sin ωGt (53)

Note that the change in sign on the second terms (com-
pared to Eq. 45) is due to using equation (43) for gy-
rotropic frequency. However, the potential in the form
(51) can be expressed in a circular coordinate "ρ defined
as follows,

U("ρ ) =
1

2
k̄"ρ 2, "ρ ≡

(√
eX,

1√
e
Y

)
. (54)

Thus, this shows the scaling needed on X and Y . Then
the solution (45) can be expressed in these circular coor-
dinates as a uniform circular motion, e.g.,

√
eX(t) =

√
eX0 cosωGt − 1√

e
Y0 sinωGt

1√
e
Y (t) =

1√
e
Y0 cosωGt +

√
eX0 sinωGt. (55)

With initial position "ρ0 = (ρx0, ρy0) = (
√

eX0, Y0/
√

e),
this is

ρx(t) = ρx0 cosωGt − ρy0 sin ωGt = ρ cos(φ0 + ωGt)

ρy(t) = ρy0 cosωGt + ρx0 sin ωGt = ρ sin(φ0 + ωGt)

(56)

The radius is conserved at ρ =
√

ρ2
x0 + ρ2

y0, while φ0 is

the initial angle to the x-axis,

tan φ0 =
ρy0

ρx0
=

1

e

Y0

X0
. (57)

Then the time-dependent angle to the x-axis simply in-
creases linearly in time,

φ(t) = φ0 + ωGt. (58)

Note that the angular position of the vortex core in the
original coordinates, θ = tan−1(Y/X), is related to φ also
by the energetic ellipticity,

tan θ(t) =
Y

X
=

√
eρy

1√
e
ρx

= e tanφ(t). (59)

For the core velocity V = (Ẋ, Ẏ ), one finds for the
gyrotropic motion

V = ωG

(
−1

e
Y, eX

)
= ωG

(
− 1√

e
ρy,

√
eρx

)
. (60)

The corresponding expression for the time derivative of
"ρ carries a greater simplicity,

ρ̇x =
√

eẊ = −ωGρy

ρ̇y =
1√
e
Ẏ = ωGρx (61)

which is equivalent to the expected expression for uni-
form circular motion,

"̇ρ = (ρ̇x, ρ̇y) = "ωG × "ρ. (62)

This is based on the assumption that the vector angular
velocity is "ωG = ωGẑ. Therefore the motion is equiva-
lent to that for circular nanodisks, once transformed into
these circular coordinates.

7
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One can then verify that the motion follows the equation
(35) just as for circular nanodisks, namely,

Vx =
1

G2
(G × F)x =

ky

G
Y,

Vy =
1

G2
(G × F)y = −kx

G
X. (47)

A. Transforming to circular coordinates

The last results might be expected, especially since
the elliptical system can be thought of as a distortion
of a circular system by rescaling the axes. Conversely,
consider the distortion of the elliptical system back to an
equivalent circular system.

The potential can be symmetrized with respect to
semi-major and semi-minor axes in the sense that

U(R) =
1

2

[(√
kxX

)2
+

(√
kyY

)2
]

=
1

2

√
kxky

(√
kx

ky
X2 +

√
ky

kx
Y 2

)
. (48)

This suggests the definition of the energetic ellipticity e,

e ≡
√

kx

ky
, (49)

as well as the geometric average of the force constants,

k̄ ≡ √
kxky. (50)

Then the potential is

U(R) =
1

2
k̄

(
eX2 +

1

e
Y 2

)
. (51)

One can see that e also relates to the ellipticity of the
vortex core motion, from the solution obtained above,
for example, with Y0 = 0,

Ymax

Xmax
=

kx

G|ωG| =

√
kx

ky
= e. (52)

The solution for vortex core position can be expressed in
a similar symmetrized way, first scaling X by

√
kx and

Y by
√

ky:√
kxX(t) =

√
kxX0 cosωGt − √

kyY0 sin ωGt√
kyY (t) =

√
kyY0 cosωGt +

√
kxX0 sin ωGt (53)

Note that the change in sign on the second terms (com-
pared to Eq. 45) is due to using equation (43) for gy-
rotropic frequency. However, the potential in the form
(51) can be expressed in a circular coordinate "ρ defined
as follows,

U("ρ ) =
1

2
k̄"ρ 2, "ρ ≡

(√
eX,

1√
e
Y

)
. (54)

Thus, this shows the scaling needed on X and Y . Then
the solution (45) can be expressed in these circular coor-
dinates as a uniform circular motion, e.g.,

√
eX(t) =

√
eX0 cosωGt − 1√

e
Y0 sinωGt

1√
e
Y (t) =

1√
e
Y0 cosωGt +

√
eX0 sinωGt. (55)

With initial position "ρ0 = (ρx0, ρy0) = (
√

eX0, Y0/
√

e),
this is

ρx(t) = ρx0 cosωGt − ρy0 sin ωGt = ρ cos(φ0 + ωGt)

ρy(t) = ρy0 cosωGt + ρx0 sin ωGt = ρ sin(φ0 + ωGt)

(56)

The radius is conserved at ρ =
√

ρ2
x0 + ρ2

y0, while φ0 is

the initial angle to the x-axis,

tan φ0 =
ρy0

ρx0
=

1

e

Y0

X0
. (57)

Then the time-dependent angle to the x-axis simply in-
creases linearly in time,

φ(t) = φ0 + ωGt. (58)

Note that the angular position of the vortex core in the
original coordinates, θ = tan−1(Y/X), is related to φ also
by the energetic ellipticity,

tan θ(t) =
Y

X
=

√
eρy

1√
e
ρx

= e tanφ(t). (59)

For the core velocity V = (Ẋ, Ẏ ), one finds for the
gyrotropic motion

V = ωG

(
−1

e
Y, eX

)
= ωG

(
− 1√

e
ρy,

√
eρx

)
. (60)

The corresponding expression for the time derivative of
"ρ carries a greater simplicity,

ρ̇x =
√

eẊ = −ωGρy

ρ̇y =
1√
e
Ẏ = ωGρx (61)

which is equivalent to the expected expression for uni-
form circular motion,

"̇ρ = (ρ̇x, ρ̇y) = "ωG × "ρ. (62)

This is based on the assumption that the vector angular
velocity is "ωG = ωGẑ. Therefore the motion is equiva-
lent to that for circular nanodisks, once transformed into
these circular coordinates.
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One can then verify that the motion follows the equation
(35) just as for circular nanodisks, namely,

Vx =
1

G2
(G × F)x =

ky

G
Y,

Vy =
1

G2
(G × F)y = −kx

G
X. (47)

A. Transforming to circular coordinates

The last results might be expected, especially since
the elliptical system can be thought of as a distortion
of a circular system by rescaling the axes. Conversely,
consider the distortion of the elliptical system back to an
equivalent circular system.

The potential can be symmetrized with respect to
semi-major and semi-minor axes in the sense that

U(R) =
1

2

[(√
kxX

)2
+

(√
kyY

)2
]

=
1

2

√
kxky

(√
kx

ky
X2 +

√
ky

kx
Y 2

)
. (48)

This suggests the definition of the energetic ellipticity e,

e ≡
√

kx

ky
, (49)

as well as the geometric average of the force constants,

k̄ ≡ √
kxky. (50)

Then the potential is

U(R) =
1

2
k̄

(
eX2 +

1

e
Y 2

)
. (51)

One can see that e also relates to the ellipticity of the
vortex core motion, from the solution obtained above,
for example, with Y0 = 0,

Ymax

Xmax
=

kx

G|ωG| =

√
kx

ky
= e. (52)

The solution for vortex core position can be expressed in
a similar symmetrized way, first scaling X by

√
kx and

Y by
√

ky:√
kxX(t) =

√
kxX0 cosωGt − √

kyY0 sin ωGt√
kyY (t) =

√
kyY0 cosωGt +

√
kxX0 sin ωGt (53)

Note that the change in sign on the second terms (com-
pared to Eq. 45) is due to using equation (43) for gy-
rotropic frequency. However, the potential in the form
(51) can be expressed in a circular coordinate "ρ defined
as follows,

U("ρ ) =
1

2
k̄"ρ 2, "ρ ≡

(√
eX,

1√
e
Y

)
. (54)

Thus, this shows the scaling needed on X and Y . Then
the solution (45) can be expressed in these circular coor-
dinates as a uniform circular motion, e.g.,

√
eX(t) =

√
eX0 cosωGt − 1√

e
Y0 sinωGt

1√
e
Y (t) =

1√
e
Y0 cosωGt +

√
eX0 sinωGt. (55)

With initial position "ρ0 = (ρx0, ρy0) = (
√

eX0, Y0/
√

e),
this is

ρx(t) = ρx0 cosωGt − ρy0 sin ωGt = ρ cos(φ0 + ωGt)

ρy(t) = ρy0 cosωGt + ρx0 sin ωGt = ρ sin(φ0 + ωGt)

(56)

The radius is conserved at ρ =
√

ρ2
x0 + ρ2

y0, while φ0 is

the initial angle to the x-axis,

tan φ0 =
ρy0

ρx0
=

1

e

Y0

X0
. (57)

Then the time-dependent angle to the x-axis simply in-
creases linearly in time,

φ(t) = φ0 + ωGt. (58)

Note that the angular position of the vortex core in the
original coordinates, θ = tan−1(Y/X), is related to φ also
by the energetic ellipticity,

tan θ(t) =
Y

X
=

√
eρy

1√
e
ρx

= e tanφ(t). (59)

For the core velocity V = (Ẋ, Ẏ ), one finds for the
gyrotropic motion

V = ωG

(
−1

e
Y, eX

)
= ωG

(
− 1√

e
ρy,

√
eρx

)
. (60)

The corresponding expression for the time derivative of
"ρ carries a greater simplicity,

ρ̇x =
√

eẊ = −ωGρy

ρ̇y =
1√
e
Ẏ = ωGρx (61)

which is equivalent to the expected expression for uni-
form circular motion,

"̇ρ = (ρ̇x, ρ̇y) = "ωG × "ρ. (62)

This is based on the assumption that the vector angular
velocity is "ωG = ωGẑ. Therefore the motion is equiva-
lent to that for circular nanodisks, once transformed into
these circular coordinates.
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One can then verify that the motion follows the equation
(35) just as for circular nanodisks, namely,

Vx =
1

G2
(G × F)x =

ky

G
Y,

Vy =
1

G2
(G × F)y = −kx

G
X. (47)

A. Transforming to circular coordinates

The last results might be expected, especially since
the elliptical system can be thought of as a distortion
of a circular system by rescaling the axes. Conversely,
consider the distortion of the elliptical system back to an
equivalent circular system.

The potential can be symmetrized with respect to
semi-major and semi-minor axes in the sense that

U(R) =
1

2

[(√
kxX

)2
+

(√
kyY

)2
]

=
1

2

√
kxky

(√
kx

ky
X2 +

√
ky

kx
Y 2

)
. (48)

This suggests the definition of the energetic ellipticity e,

e ≡
√

kx

ky
, (49)

as well as the geometric average of the force constants,

k̄ ≡ √
kxky. (50)

Then the potential is

U(R) =
1

2
k̄

(
eX2 +

1

e
Y 2

)
. (51)

One can see that e also relates to the ellipticity of the
vortex core motion, from the solution obtained above,
for example, with Y0 = 0,

Ymax

Xmax
=

kx

G|ωG| =

√
kx

ky
= e. (52)

The solution for vortex core position can be expressed in
a similar symmetrized way, first scaling X by

√
kx and

Y by
√

ky:√
kxX(t) =

√
kxX0 cosωGt − √

kyY0 sin ωGt√
kyY (t) =

√
kyY0 cosωGt +

√
kxX0 sin ωGt (53)

Note that the change in sign on the second terms (com-
pared to Eq. 45) is due to using equation (43) for gy-
rotropic frequency. However, the potential in the form
(51) can be expressed in a circular coordinate "ρ defined
as follows,

U("ρ ) =
1

2
k̄"ρ 2, "ρ ≡

(√
eX,

1√
e
Y

)
. (54)

Thus, this shows the scaling needed on X and Y . Then
the solution (45) can be expressed in these circular coor-
dinates as a uniform circular motion, e.g.,

√
eX(t) =

√
eX0 cosωGt − 1√

e
Y0 sinωGt

1√
e
Y (t) =

1√
e
Y0 cosωGt +

√
eX0 sinωGt. (55)

With initial position "ρ0 = (ρx0, ρy0) = (
√

eX0, Y0/
√

e),
this is

ρx(t) = ρx0 cosωGt − ρy0 sin ωGt = ρ cos(φ0 + ωGt)

ρy(t) = ρy0 cosωGt + ρx0 sin ωGt = ρ sin(φ0 + ωGt)

(56)

The radius is conserved at ρ =
√

ρ2
x0 + ρ2

y0, while φ0 is

the initial angle to the x-axis,

tan φ0 =
ρy0

ρx0
=

1

e

Y0

X0
. (57)

Then the time-dependent angle to the x-axis simply in-
creases linearly in time,

φ(t) = φ0 + ωGt. (58)

Note that the angular position of the vortex core in the
original coordinates, θ = tan−1(Y/X), is related to φ also
by the energetic ellipticity,

tan θ(t) =
Y

X
=

√
eρy

1√
e
ρx

= e tanφ(t). (59)

For the core velocity V = (Ẋ, Ẏ ), one finds for the
gyrotropic motion

V = ωG

(
−1

e
Y, eX

)
= ωG

(
− 1√

e
ρy,

√
eρx

)
. (60)

The corresponding expression for the time derivative of
"ρ carries a greater simplicity,

ρ̇x =
√

eẊ = −ωGρy

ρ̇y =
1√
e
Ẏ = ωGρx (61)

which is equivalent to the expected expression for uni-
form circular motion,

"̇ρ = (ρ̇x, ρ̇y) = "ωG × "ρ. (62)

This is based on the assumption that the vector angular
velocity is "ωG = ωGẑ. Therefore the motion is equiva-
lent to that for circular nanodisks, once transformed into
these circular coordinates.
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One can then verify that the motion follows the equation
(35) just as for circular nanodisks, namely,

Vx =
1

G2
(G × F)x =

ky

G
Y,

Vy =
1

G2
(G × F)y = −kx

G
X. (47)

A. Transforming to circular coordinates

The last results might be expected, especially since
the elliptical system can be thought of as a distortion
of a circular system by rescaling the axes. Conversely,
consider the distortion of the elliptical system back to an
equivalent circular system.

The potential can be symmetrized with respect to
semi-major and semi-minor axes in the sense that

U(R) =
1

2

[(√
kxX

)2
+

(√
kyY

)2
]

=
1

2

√
kxky

(√
kx

ky
X2 +

√
ky

kx
Y 2

)
. (48)

This suggests the definition of the energetic ellipticity e,

e ≡
√

kx

ky
, (49)

as well as the geometric average of the force constants,

k̄ ≡ √
kxky. (50)

Then the potential is

U(R) =
1

2
k̄

(
eX2 +

1

e
Y 2

)
. (51)

One can see that e also relates to the ellipticity of the
vortex core motion, from the solution obtained above,
for example, with Y0 = 0,

Ymax

Xmax
=

kx

G|ωG| =

√
kx

ky
= e. (52)

The solution for vortex core position can be expressed in
a similar symmetrized way, first scaling X by

√
kx and

Y by
√

ky:√
kxX(t) =

√
kxX0 cosωGt − √

kyY0 sin ωGt√
kyY (t) =

√
kyY0 cosωGt +

√
kxX0 sin ωGt (53)

Note that the change in sign on the second terms (com-
pared to Eq. 45) is due to using equation (43) for gy-
rotropic frequency. However, the potential in the form
(51) can be expressed in a circular coordinate "ρ defined
as follows,

U("ρ ) =
1

2
k̄"ρ 2, "ρ ≡

(√
eX,

1√
e
Y

)
. (54)

Thus, this shows the scaling needed on X and Y . Then
the solution (45) can be expressed in these circular coor-
dinates as a uniform circular motion, e.g.,

√
eX(t) =

√
eX0 cosωGt − 1√

e
Y0 sinωGt

1√
e
Y (t) =

1√
e
Y0 cosωGt +

√
eX0 sinωGt. (55)

With initial position "ρ0 = (ρx0, ρy0) = (
√

eX0, Y0/
√

e),
this is

ρx(t) = ρx0 cosωGt − ρy0 sin ωGt = ρ cos(φ0 + ωGt)

ρy(t) = ρy0 cosωGt + ρx0 sin ωGt = ρ sin(φ0 + ωGt)

(56)

The radius is conserved at ρ =
√

ρ2
x0 + ρ2

y0, while φ0 is

the initial angle to the x-axis,

tan φ0 =
ρy0

ρx0
=

1

e

Y0

X0
. (57)

Then the time-dependent angle to the x-axis simply in-
creases linearly in time,

φ(t) = φ0 + ωGt. (58)

Note that the angular position of the vortex core in the
original coordinates, θ = tan−1(Y/X), is related to φ also
by the energetic ellipticity,

tan θ(t) =
Y

X
=

√
eρy

1√
e
ρx

= e tanφ(t). (59)

For the core velocity V = (Ẋ, Ẏ ), one finds for the
gyrotropic motion

V = ωG

(
−1

e
Y, eX

)
= ωG

(
− 1√

e
ρy,

√
eρx

)
. (60)

The corresponding expression for the time derivative of
"ρ carries a greater simplicity,

ρ̇x =
√

eẊ = −ωGρy

ρ̇y =
1√
e
Ẏ = ωGρx (61)

which is equivalent to the expected expression for uni-
form circular motion,

"̇ρ = (ρ̇x, ρ̇y) = "ωG × "ρ. (62)

This is based on the assumption that the vector angular
velocity is "ωG = ωGẑ. Therefore the motion is equiva-
lent to that for circular nanodisks, once transformed into
these circular coordinates.

ave. force constant = energetic ellipticity =

1/e
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One can then verify that the motion follows the equation
(35) just as for circular nanodisks, namely,

Vx =
1

G2
(G × F)x =

ky

G
Y,

Vy =
1

G2
(G × F)y = −kx

G
X. (47)

A. Transforming to circular coordinates

The last results might be expected, especially since
the elliptical system can be thought of as a distortion
of a circular system by rescaling the axes. Conversely,
consider the distortion of the elliptical system back to an
equivalent circular system.

The potential can be symmetrized with respect to
semi-major and semi-minor axes in the sense that

U(R) =
1

2

[(√
kxX

)2
+

(√
kyY

)2
]

=
1

2

√
kxky

(√
kx

ky
X2 +

√
ky

kx
Y 2

)
. (48)

This suggests the definition of the energetic ellipticity e,

e ≡
√

kx

ky
, (49)

as well as the geometric average of the force constants,

k̄ ≡ √
kxky. (50)

Then the potential is

U(R) =
1

2
k̄

(
eX2 +

1

e
Y 2

)
. (51)

One can see that e also relates to the ellipticity of the
vortex core motion, from the solution obtained above,
for example, with Y0 = 0,

Ymax

Xmax
=

kx

G|ωG| =

√
kx

ky
= e. (52)

The solution for vortex core position can be expressed in
a similar symmetrized way, first scaling X by

√
kx and

Y by
√

ky:√
kxX(t) =

√
kxX0 cosωGt − √

kyY0 sin ωGt√
kyY (t) =

√
kyY0 cosωGt +

√
kxX0 sin ωGt (53)

Note that the change in sign on the second terms (com-
pared to Eq. 45) is due to using equation (43) for gy-
rotropic frequency. However, the potential in the form
(51) can be expressed in a circular coordinate "ρ defined
as follows,

U("ρ ) =
1

2
k̄"ρ 2, "ρ ≡

(√
eX,

1√
e
Y

)
. (54)

Thus, this shows the scaling needed on X and Y . Then
the solution (45) can be expressed in these circular coor-
dinates as a uniform circular motion, e.g.,

√
eX(t) =

√
eX0 cosωGt − 1√

e
Y0 sinωGt

1√
e
Y (t) =

1√
e
Y0 cosωGt +

√
eX0 sinωGt. (55)

With initial position "ρ0 = (ρx0, ρy0) = (
√

eX0, Y0/
√

e),
this is

ρx(t) = ρx0 cosωGt − ρy0 sin ωGt = ρ cos(φ0 + ωGt)

ρy(t) = ρy0 cosωGt + ρx0 sin ωGt = ρ sin(φ0 + ωGt)

(56)

The radius is conserved at ρ =
√

ρ2
x0 + ρ2

y0, while φ0 is

the initial angle to the x-axis,

tan φ0 =
ρy0

ρx0
=

1

e

Y0

X0
. (57)

Then the time-dependent angle to the x-axis simply in-
creases linearly in time,

φ(t) = φ0 + ωGt. (58)

Note that the angular position of the vortex core in the
original coordinates, θ = tan−1(Y/X), is related to φ also
by the energetic ellipticity,

tan θ(t) =
Y

X
=

√
eρy

1√
e
ρx

= e tanφ(t). (59)

For the core velocity V = (Ẋ, Ẏ ), one finds for the
gyrotropic motion

V = ωG

(
−1

e
Y, eX

)
= ωG

(
− 1√

e
ρy,

√
eρx

)
. (60)

The corresponding expression for the time derivative of
"ρ carries a greater simplicity,

ρ̇x =
√

eẊ = −ωGρy

ρ̇y =
1√
e
Ẏ = ωGρx (61)

which is equivalent to the expected expression for uni-
form circular motion,

"̇ρ = (ρ̇x, ρ̇y) = "ωG × "ρ. (62)

This is based on the assumption that the vector angular
velocity is "ωG = ωGẑ. Therefore the motion is equiva-
lent to that for circular nanodisks, once transformed into
these circular coordinates.

From  the vortex elliptic motion:

Define a new coordinate that symmetrizes the potential:
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One can then verify that the motion follows the equation
(35) just as for circular nanodisks, namely,

Vx =
1

G2
(G × F)x =

ky

G
Y,

Vy =
1

G2
(G × F)y = −kx

G
X. (47)

A. Transforming to circular coordinates

The last results might be expected, especially since
the elliptical system can be thought of as a distortion
of a circular system by rescaling the axes. Conversely,
consider the distortion of the elliptical system back to an
equivalent circular system.

The potential can be symmetrized with respect to
semi-major and semi-minor axes in the sense that

U(R) =
1

2

[(√
kxX

)2
+

(√
kyY

)2
]

=
1

2

√
kxky

(√
kx

ky
X2 +

√
ky

kx
Y 2

)
. (48)

This suggests the definition of the energetic ellipticity e,

e ≡
√

kx

ky
, (49)

as well as the geometric average of the force constants,

k̄ ≡ √
kxky. (50)

Then the potential is

U(R) =
1

2
k̄

(
eX2 +

1

e
Y 2

)
. (51)

One can see that e also relates to the ellipticity of the
vortex core motion, from the solution obtained above,
for example, with Y0 = 0,

Ymax

Xmax
=

kx

G|ωG| =

√
kx

ky
= e. (52)

The solution for vortex core position can be expressed in
a similar symmetrized way, first scaling X by

√
kx and

Y by
√

ky:√
kxX(t) =

√
kxX0 cosωGt − √

kyY0 sin ωGt√
kyY (t) =

√
kyY0 cosωGt +

√
kxX0 sin ωGt (53)

Note that the change in sign on the second terms (com-
pared to Eq. 45) is due to using equation (43) for gy-
rotropic frequency. However, the potential in the form
(51) can be expressed in a circular coordinate "ρ defined
as follows,

U("ρ ) =
1

2
k̄"ρ 2, "ρ ≡

(√
eX,

1√
e
Y

)
. (54)

Thus, this shows the scaling needed on X and Y . Then
the solution (45) can be expressed in these circular coor-
dinates as a uniform circular motion, e.g.,

√
eX(t) =

√
eX0 cosωGt − 1√

e
Y0 sinωGt

1√
e
Y (t) =

1√
e
Y0 cosωGt +

√
eX0 sinωGt. (55)

With initial position "ρ0 = (ρx0, ρy0) = (
√

eX0, Y0/
√

e),
this is

ρx(t) = ρx0 cosωGt − ρy0 sin ωGt = ρ cos(φ0 + ωGt)

ρy(t) = ρy0 cosωGt + ρx0 sin ωGt = ρ sin(φ0 + ωGt)

(56)

The radius is conserved at ρ =
√

ρ2
x0 + ρ2

y0, while φ0 is

the initial angle to the x-axis,

tan φ0 =
ρy0

ρx0
=

1

e

Y0

X0
. (57)

Then the time-dependent angle to the x-axis simply in-
creases linearly in time,

φ(t) = φ0 + ωGt. (58)

Note that the angular position of the vortex core in the
original coordinates, θ = tan−1(Y/X), is related to φ also
by the energetic ellipticity,

tan θ(t) =
Y

X
=

√
eρy

1√
e
ρx

= e tanφ(t). (59)

For the core velocity V = (Ẋ, Ẏ ), one finds for the
gyrotropic motion

V = ωG

(
−1

e
Y, eX

)
= ωG

(
− 1√

e
ρy,

√
eρx

)
. (60)

The corresponding expression for the time derivative of
"ρ carries a greater simplicity,

ρ̇x =
√

eẊ = −ωGρy

ρ̇y =
1√
e
Ẏ = ωGρx (61)

which is equivalent to the expected expression for uni-
form circular motion,

"̇ρ = (ρ̇x, ρ̇y) = "ωG × "ρ. (62)

This is based on the assumption that the vector angular
velocity is "ωG = ωGẑ. Therefore the motion is equiva-
lent to that for circular nanodisks, once transformed into
these circular coordinates.
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One can then verify that the motion follows the equation
(35) just as for circular nanodisks, namely,

Vx =
1

G2
(G × F)x =

ky

G
Y,

Vy =
1

G2
(G × F)y = −kx

G
X. (47)

A. Transforming to circular coordinates

The last results might be expected, especially since
the elliptical system can be thought of as a distortion
of a circular system by rescaling the axes. Conversely,
consider the distortion of the elliptical system back to an
equivalent circular system.

The potential can be symmetrized with respect to
semi-major and semi-minor axes in the sense that

U(R) =
1

2

[(√
kxX

)2
+

(√
kyY

)2
]

=
1

2

√
kxky

(√
kx

ky
X2 +

√
ky

kx
Y 2

)
. (48)

This suggests the definition of the energetic ellipticity e,

e ≡
√

kx

ky
, (49)

as well as the geometric average of the force constants,

k̄ ≡ √
kxky. (50)

Then the potential is

U(R) =
1

2
k̄

(
eX2 +

1

e
Y 2

)
. (51)

One can see that e also relates to the ellipticity of the
vortex core motion, from the solution obtained above,
for example, with Y0 = 0,

Ymax

Xmax
=

kx

G|ωG| =

√
kx

ky
= e. (52)

The solution for vortex core position can be expressed in
a similar symmetrized way, first scaling X by

√
kx and

Y by
√

ky:√
kxX(t) =

√
kxX0 cosωGt − √

kyY0 sin ωGt√
kyY (t) =

√
kyY0 cosωGt +

√
kxX0 sin ωGt (53)

Note that the change in sign on the second terms (com-
pared to Eq. 45) is due to using equation (43) for gy-
rotropic frequency. However, the potential in the form
(51) can be expressed in a circular coordinate "ρ defined
as follows,

U("ρ ) =
1

2
k̄"ρ 2, "ρ ≡

(√
eX,

1√
e
Y

)
. (54)

Thus, this shows the scaling needed on X and Y . Then
the solution (45) can be expressed in these circular coor-
dinates as a uniform circular motion, e.g.,

√
eX(t) =

√
eX0 cosωGt − 1√

e
Y0 sinωGt

1√
e
Y (t) =

1√
e
Y0 cosωGt +

√
eX0 sinωGt. (55)

With initial position "ρ0 = (ρx0, ρy0) = (
√

eX0, Y0/
√

e),
this is

ρx(t) = ρx0 cosωGt − ρy0 sin ωGt = ρ cos(φ0 + ωGt)

ρy(t) = ρy0 cosωGt + ρx0 sin ωGt = ρ sin(φ0 + ωGt)

(56)

The radius is conserved at ρ =
√

ρ2
x0 + ρ2

y0, while φ0 is

the initial angle to the x-axis,

tan φ0 =
ρy0

ρx0
=

1

e

Y0

X0
. (57)

Then the time-dependent angle to the x-axis simply in-
creases linearly in time,

φ(t) = φ0 + ωGt. (58)

Note that the angular position of the vortex core in the
original coordinates, θ = tan−1(Y/X), is related to φ also
by the energetic ellipticity,

tan θ(t) =
Y

X
=

√
eρy

1√
e
ρx

= e tanφ(t). (59)

For the core velocity V = (Ẋ, Ẏ ), one finds for the
gyrotropic motion

V = ωG

(
−1

e
Y, eX

)
= ωG

(
− 1√

e
ρy,

√
eρx

)
. (60)

The corresponding expression for the time derivative of
"ρ carries a greater simplicity,

ρ̇x =
√

eẊ = −ωGρy

ρ̇y =
1√
e
Ẏ = ωGρx (61)

which is equivalent to the expected expression for uni-
form circular motion,

"̇ρ = (ρ̇x, ρ̇y) = "ωG × "ρ. (62)

This is based on the assumption that the vector angular
velocity is "ωG = ωGẑ. Therefore the motion is equiva-
lent to that for circular nanodisks, once transformed into
these circular coordinates.⇒
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One can then verify that the motion follows the equation
(35) just as for circular nanodisks, namely,

Vx =
1

G2
(G × F)x =

ky

G
Y,

Vy =
1

G2
(G × F)y = −kx

G
X. (47)

A. Transforming to circular coordinates

The last results might be expected, especially since
the elliptical system can be thought of as a distortion
of a circular system by rescaling the axes. Conversely,
consider the distortion of the elliptical system back to an
equivalent circular system.

The potential can be symmetrized with respect to
semi-major and semi-minor axes in the sense that

U(R) =
1

2

[(√
kxX

)2
+

(√
kyY

)2
]

=
1

2

√
kxky

(√
kx

ky
X2 +

√
ky

kx
Y 2

)
. (48)

This suggests the definition of the energetic ellipticity e,

e ≡
√

kx

ky
, (49)

as well as the geometric average of the force constants,

k̄ ≡ √
kxky. (50)

Then the potential is

U(R) =
1

2
k̄

(
eX2 +

1

e
Y 2

)
. (51)

One can see that e also relates to the ellipticity of the
vortex core motion, from the solution obtained above,
for example, with Y0 = 0,

Ymax

Xmax
=

kx

G|ωG| =

√
kx

ky
= e. (52)

The solution for vortex core position can be expressed in
a similar symmetrized way, first scaling X by

√
kx and

Y by
√

ky:√
kxX(t) =

√
kxX0 cosωGt − √

kyY0 sin ωGt√
kyY (t) =

√
kyY0 cosωGt +

√
kxX0 sin ωGt (53)

Note that the change in sign on the second terms (com-
pared to Eq. 45) is due to using equation (43) for gy-
rotropic frequency. However, the potential in the form
(51) can be expressed in a circular coordinate "ρ defined
as follows,

U("ρ ) =
1

2
k̄"ρ 2, "ρ ≡

(√
eX,

1√
e
Y

)
. (54)

Thus, this shows the scaling needed on X and Y . Then
the solution (45) can be expressed in these circular coor-
dinates as a uniform circular motion, e.g.,

√
eX(t) =

√
eX0 cosωGt − 1√

e
Y0 sinωGt

1√
e
Y (t) =

1√
e
Y0 cosωGt +

√
eX0 sinωGt. (55)

With initial position "ρ0 = (ρx0, ρy0) = (
√

eX0, Y0/
√

e),
this is

ρx(t) = ρx0 cosωGt − ρy0 sin ωGt = ρ cos(φ0 + ωGt)

ρy(t) = ρy0 cosωGt + ρx0 sin ωGt = ρ sin(φ0 + ωGt)

(56)

The radius is conserved at ρ =
√

ρ2
x0 + ρ2

y0, while φ0 is

the initial angle to the x-axis,

tan φ0 =
ρy0

ρx0
=

1

e

Y0

X0
. (57)

Then the time-dependent angle to the x-axis simply in-
creases linearly in time,

φ(t) = φ0 + ωGt. (58)

Note that the angular position of the vortex core in the
original coordinates, θ = tan−1(Y/X), is related to φ also
by the energetic ellipticity,

tan θ(t) =
Y

X
=

√
eρy

1√
e
ρx

= e tanφ(t). (59)

For the core velocity V = (Ẋ, Ẏ ), one finds for the
gyrotropic motion

V = ωG

(
−1

e
Y, eX

)
= ωG

(
− 1√

e
ρy,

√
eρx

)
. (60)

The corresponding expression for the time derivative of
"ρ carries a greater simplicity,

ρ̇x =
√

eẊ = −ωGρy

ρ̇y =
1√
e
Ẏ = ωGρx (61)

which is equivalent to the expected expression for uni-
form circular motion,

"̇ρ = (ρ̇x, ρ̇y) = "ωG × "ρ. (62)

This is based on the assumption that the vector angular
velocity is "ωG = ωGẑ. Therefore the motion is equiva-
lent to that for circular nanodisks, once transformed into
these circular coordinates.

Get an equivalent circular motion:

⇒
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One can then verify that the motion follows the equation
(35) just as for circular nanodisks, namely,

Vx =
1

G2
(G × F)x =

ky

G
Y,

Vy =
1

G2
(G × F)y = −kx

G
X. (47)

A. Transforming to circular coordinates

The last results might be expected, especially since
the elliptical system can be thought of as a distortion
of a circular system by rescaling the axes. Conversely,
consider the distortion of the elliptical system back to an
equivalent circular system.

The potential can be symmetrized with respect to
semi-major and semi-minor axes in the sense that

U(R) =
1

2

[(√
kxX

)2
+

(√
kyY

)2
]

=
1

2

√
kxky

(√
kx

ky
X2 +

√
ky

kx
Y 2

)
. (48)

This suggests the definition of the energetic ellipticity e,

e ≡
√

kx

ky
, (49)

as well as the geometric average of the force constants,

k̄ ≡ √
kxky. (50)

Then the potential is

U(R) =
1

2
k̄

(
eX2 +

1

e
Y 2

)
. (51)

One can see that e also relates to the ellipticity of the
vortex core motion, from the solution obtained above,
for example, with Y0 = 0,

Ymax

Xmax
=

kx

G|ωG| =

√
kx

ky
= e. (52)

The solution for vortex core position can be expressed in
a similar symmetrized way, first scaling X by

√
kx and

Y by
√

ky:√
kxX(t) =

√
kxX0 cosωGt − √

kyY0 sin ωGt√
kyY (t) =

√
kyY0 cosωGt +

√
kxX0 sin ωGt (53)

Note that the change in sign on the second terms (com-
pared to Eq. 45) is due to using equation (43) for gy-
rotropic frequency. However, the potential in the form
(51) can be expressed in a circular coordinate "ρ defined
as follows,

U("ρ ) =
1

2
k̄"ρ 2, "ρ ≡

(√
eX,

1√
e
Y

)
. (54)

Thus, this shows the scaling needed on X and Y . Then
the solution (45) can be expressed in these circular coor-
dinates as a uniform circular motion, e.g.,

√
eX(t) =

√
eX0 cosωGt − 1√

e
Y0 sinωGt

1√
e
Y (t) =

1√
e
Y0 cosωGt +

√
eX0 sinωGt. (55)

With initial position "ρ0 = (ρx0, ρy0) = (
√

eX0, Y0/
√

e),
this is

ρx(t) = ρx0 cosωGt − ρy0 sin ωGt = ρ cos(φ0 + ωGt)

ρy(t) = ρy0 cosωGt + ρx0 sin ωGt = ρ sin(φ0 + ωGt)

(56)

The radius is conserved at ρ =
√

ρ2
x0 + ρ2

y0, while φ0 is

the initial angle to the x-axis,

tan φ0 =
ρy0

ρx0
=

1

e

Y0

X0
. (57)

Then the time-dependent angle to the x-axis simply in-
creases linearly in time,

φ(t) = φ0 + ωGt. (58)

Note that the angular position of the vortex core in the
original coordinates, θ = tan−1(Y/X), is related to φ also
by the energetic ellipticity,

tan θ(t) =
Y

X
=

√
eρy

1√
e
ρx

= e tanφ(t). (59)

For the core velocity V = (Ẋ, Ẏ ), one finds for the
gyrotropic motion

V = ωG

(
−1

e
Y, eX

)
= ωG

(
− 1√

e
ρy,

√
eρx

)
. (60)

The corresponding expression for the time derivative of
"ρ carries a greater simplicity,

ρ̇x =
√

eẊ = −ωGρy

ρ̇y =
1√
e
Ẏ = ωGρx (61)

which is equivalent to the expected expression for uni-
form circular motion,

"̇ρ = (ρ̇x, ρ̇y) = "ωG × "ρ. (62)

This is based on the assumption that the vector angular
velocity is "ωG = ωGẑ. Therefore the motion is equiva-
lent to that for circular nanodisks, once transformed into
these circular coordinates.
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One can then verify that the motion follows the equation
(35) just as for circular nanodisks, namely,

Vx =
1

G2
(G × F)x =

ky

G
Y,

Vy =
1

G2
(G × F)y = −kx

G
X. (47)

A. Transforming to circular coordinates

The last results might be expected, especially since
the elliptical system can be thought of as a distortion
of a circular system by rescaling the axes. Conversely,
consider the distortion of the elliptical system back to an
equivalent circular system.

The potential can be symmetrized with respect to
semi-major and semi-minor axes in the sense that

U(R) =
1

2

[(√
kxX

)2
+

(√
kyY

)2
]

=
1

2

√
kxky

(√
kx

ky
X2 +

√
ky

kx
Y 2

)
. (48)

This suggests the definition of the energetic ellipticity e,

e ≡
√

kx

ky
, (49)

as well as the geometric average of the force constants,

k̄ ≡ √
kxky. (50)

Then the potential is

U(R) =
1

2
k̄

(
eX2 +

1

e
Y 2

)
. (51)

One can see that e also relates to the ellipticity of the
vortex core motion, from the solution obtained above,
for example, with Y0 = 0,

Ymax

Xmax
=

kx

G|ωG| =

√
kx

ky
= e. (52)

The solution for vortex core position can be expressed in
a similar symmetrized way, first scaling X by

√
kx and

Y by
√

ky:√
kxX(t) =

√
kxX0 cosωGt − √

kyY0 sin ωGt√
kyY (t) =

√
kyY0 cosωGt +

√
kxX0 sin ωGt (53)

Note that the change in sign on the second terms (com-
pared to Eq. 45) is due to using equation (43) for gy-
rotropic frequency. However, the potential in the form
(51) can be expressed in a circular coordinate "ρ defined
as follows,

U("ρ ) =
1

2
k̄"ρ 2, "ρ ≡

(√
eX,

1√
e
Y

)
. (54)

Thus, this shows the scaling needed on X and Y . Then
the solution (45) can be expressed in these circular coor-
dinates as a uniform circular motion, e.g.,

√
eX(t) =

√
eX0 cosωGt − 1√

e
Y0 sinωGt

1√
e
Y (t) =

1√
e
Y0 cosωGt +

√
eX0 sinωGt. (55)

With initial position "ρ0 = (ρx0, ρy0) = (
√

eX0, Y0/
√

e),
this is

ρx(t) = ρx0 cosωGt − ρy0 sin ωGt = ρ cos(φ0 + ωGt)

ρy(t) = ρy0 cosωGt + ρx0 sin ωGt = ρ sin(φ0 + ωGt)

(56)

The radius is conserved at ρ =
√

ρ2
x0 + ρ2

y0, while φ0 is

the initial angle to the x-axis,

tan φ0 =
ρy0

ρx0
=

1

e

Y0

X0
. (57)

Then the time-dependent angle to the x-axis simply in-
creases linearly in time,

φ(t) = φ0 + ωGt. (58)

Note that the angular position of the vortex core in the
original coordinates, θ = tan−1(Y/X), is related to φ also
by the energetic ellipticity,

tan θ(t) =
Y

X
=

√
eρy

1√
e
ρx

= e tanφ(t). (59)

For the core velocity V = (Ẋ, Ẏ ), one finds for the
gyrotropic motion

V = ωG

(
−1

e
Y, eX

)
= ωG

(
− 1√

e
ρy,

√
eρx

)
. (60)

The corresponding expression for the time derivative of
"ρ carries a greater simplicity,

ρ̇x =
√

eẊ = −ωGρy

ρ̇y =
1√
e
Ẏ = ωGρx (61)

which is equivalent to the expected expression for uni-
form circular motion,

"̇ρ = (ρ̇x, ρ̇y) = "ωG × "ρ. (62)

This is based on the assumption that the vector angular
velocity is "ωG = ωGẑ. Therefore the motion is equiva-
lent to that for circular nanodisks, once transformed into
these circular coordinates.
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totic rules are found for large disk size and moderate
eccentricity.

The system energetics and calculational techniques are
described in Sec. II. Results for force constants from
quasi-static vortex structures are found in Sec. III. The
modifications to Thiele dynamics, and gyrotropic fre-
quencies for an elliptical disk are discussed in Sec. IV.
Thermally generated vortex gyrotropic motion is consid-
ered in Sec. V, and the main conclusions of these studies
are summaried in Sec. VI.

II. ELLIPTIC NANODISK MAGNETIC SYSTEM

The magnetic system is a thin elliptical disk of mag-
netic material such as Permalloy with saturation mag-
netization Ms, deposited on a nonmagnetic substrate.
The disk has height L (along z-axis) perpendicular to
the substrate. The perimeter of the disk in the xy-plane
is assumed to be an ellipse with semi-major axis a and
semi-minor axis b, defined by the equation

x2

a2
+

y2

b2
= 1. (1)

The volume of magnetic material in the disk is V = πabL.
Instead of the eccentricity

√
1 − b2/a2 to characterize the

shape, we find that the ellipticity or geometric aspect
ratio is more relevant for this problem, defined by

ε = b/a ≤ 1. (2)

The goals of this study include finding how the vortex gy-
rotropic frequency ωG is affected by the elliptical shape
of the nanodisk, as characterized by ellipticity. An im-
portant aspect of this study is to determine the effective
potential U(R) in which a vortex in the nanodisk moves.
This requires a determination of the energy for placing
a vortex with its core at different positions R. The en-
ergy as determined by the local magnetization $M(r) will
be used to describe the magnetization dynamics, and as
well, to find the vortex effective potential U(R).

A. Energetics

The microscopic energetics is assumed to be domi-
nated by exchange energy and demagnetization energy
(or equivalently, magnetostatic energy). The continuum
Hamiltonian for the system is taken as

H =
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where A is the exchange stiffness (around 13 pJ/m for
Permalloy), $M is the spatially varying magnetization
within the disk, and $m is the magnetization scaled by
the saturation value,

$m = $M/Ms (4)

In addition, the Hamiltonian includes the permeability of
free space µ0 on the interactions of the demagnetization
field $HM that is itself generated by $M . There is no
external applied field considered here.

It is assumed that locally the magnetization stays sat-
urated with | $M(r)| = Ms, however, its direction changes
over a length scale λex known as the exchange length.
Equating the exchange energy term (of order A/λ2

ex) with
the demagnetization energy term (of order 1
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cause also $HM is of order Ms) leads to the definition of
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λex =

√
2A

µ0M2
s

. (5)

Exchange is dominant over lengths less than λex. Any
significant variations in the direction of the magnetiza-
tion take place over distances greater than λex.

While exchange interactions are considered local, the
demagnetization field is determined by the global config-
uration of $M . From Gauss’ Law for magnetism, $∇· $B = 0,
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netization field satisfies
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This is solved formally by introducing a scalar potential
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effective fields.

force constants 
vs system ellipticity

The potential and force 
constants scale 

approximately with L2
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Derived static force parameters from vortex 
relaxation with Lagrange position constraint
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One can then verify that the motion follows the equation
(35) just as for circular nanodisks, namely,

Vx =
1

G2
(G × F)x =

ky

G
Y,

Vy =
1

G2
(G × F)y = −kx

G
X. (47)

A. Transforming to circular coordinates

The last results might be expected, especially since
the elliptical system can be thought of as a distortion
of a circular system by rescaling the axes. Conversely,
consider the distortion of the elliptical system back to an
equivalent circular system.

The potential can be symmetrized with respect to
semi-major and semi-minor axes in the sense that

U(R) =
1

2

[(√
kxX

)2
+

(√
kyY

)2
]

=
1

2

√
kxky

(√
kx

ky
X2 +

√
ky

kx
Y 2

)
. (48)

This suggests the definition of the energetic ellipticity e,

e ≡
√

kx

ky
, (49)

as well as the geometric average of the force constants,

k̄ ≡ √
kxky. (50)

Then the potential is

U(R) =
1

2
k̄

(
eX2 +

1

e
Y 2

)
. (51)

One can see that e also relates to the ellipticity of the
vortex core motion, from the solution obtained above,
for example, with Y0 = 0,

Ymax

Xmax
=

kx

G|ωG| =

√
kx

ky
= e. (52)

The solution for vortex core position can be expressed in
a similar symmetrized way, first scaling X by

√
kx and

Y by
√

ky:√
kxX(t) =

√
kxX0 cosωGt − √

kyY0 sin ωGt√
kyY (t) =

√
kyY0 cosωGt +

√
kxX0 sin ωGt (53)

Note that the change in sign on the second terms (com-
pared to Eq. 45) is due to using equation (43) for gy-
rotropic frequency. However, the potential in the form
(51) can be expressed in a circular coordinate "ρ defined
as follows,

U("ρ ) =
1

2
k̄"ρ 2, "ρ ≡

(√
eX,

1√
e
Y

)
. (54)

Thus, this shows the scaling needed on X and Y . Then
the solution (45) can be expressed in these circular coor-
dinates as a uniform circular motion, e.g.,

√
eX(t) =

√
eX0 cosωGt − 1√

e
Y0 sinωGt

1√
e
Y (t) =

1√
e
Y0 cosωGt +

√
eX0 sinωGt. (55)

With initial position "ρ0 = (ρx0, ρy0) = (
√

eX0, Y0/
√

e),
this is

ρx(t) = ρx0 cosωGt − ρy0 sin ωGt = ρ cos(φ0 + ωGt)

ρy(t) = ρy0 cosωGt + ρx0 sin ωGt = ρ sin(φ0 + ωGt)

(56)

The radius is conserved at ρ =
√

ρ2
x0 + ρ2

y0, while φ0 is

the initial angle to the x-axis,

tan φ0 =
ρy0

ρx0
=

1

e

Y0

X0
. (57)

Then the time-dependent angle to the x-axis simply in-
creases linearly in time,

φ(t) = φ0 + ωGt. (58)

Note that the angular position of the vortex core in the
original coordinates, θ = tan−1(Y/X), is related to φ also
by the energetic ellipticity,

tan θ(t) =
Y

X
=

√
eρy

1√
e
ρx

= e tanφ(t). (59)

For the core velocity V = (Ẋ, Ẏ ), one finds for the
gyrotropic motion

V = ωG

(
−1

e
Y, eX

)
= ωG

(
− 1√

e
ρy,

√
eρx

)
. (60)

The corresponding expression for the time derivative of
"ρ carries a greater simplicity,

ρ̇x =
√

eẊ = −ωGρy

ρ̇y =
1√
e
Ẏ = ωGρx (61)

which is equivalent to the expected expression for uni-
form circular motion,

"̇ρ = (ρ̇x, ρ̇y) = "ωG × "ρ. (62)

This is based on the assumption that the vector angular
velocity is "ωG = ωGẑ. Therefore the motion is equiva-
lent to that for circular nanodisks, once transformed into
these circular coordinates.

energetic ellipticity =

8

One can then verify that the motion follows the equation
(35) just as for circular nanodisks, namely,

Vx =
1

G2
(G × F)x =

ky

G
Y,

Vy =
1

G2
(G × F)y = −kx

G
X. (47)

A. Transforming to circular coordinates

The last results might be expected, especially since
the elliptical system can be thought of as a distortion
of a circular system by rescaling the axes. Conversely,
consider the distortion of the elliptical system back to an
equivalent circular system.

The potential can be symmetrized with respect to
semi-major and semi-minor axes in the sense that

U(R) =
1

2

[(√
kxX

)2
+

(√
kyY

)2
]

=
1

2

√
kxky

(√
kx

ky
X2 +

√
ky

kx
Y 2

)
. (48)

This suggests the definition of the energetic ellipticity e,

e ≡
√

kx

ky
, (49)

as well as the geometric average of the force constants,

k̄ ≡ √
kxky. (50)

Then the potential is

U(R) =
1

2
k̄

(
eX2 +

1

e
Y 2

)
. (51)

One can see that e also relates to the ellipticity of the
vortex core motion, from the solution obtained above,
for example, with Y0 = 0,

Ymax

Xmax
=

kx

G|ωG| =

√
kx

ky
= e. (52)

The solution for vortex core position can be expressed in
a similar symmetrized way, first scaling X by

√
kx and

Y by
√

ky:√
kxX(t) =

√
kxX0 cosωGt − √

kyY0 sin ωGt√
kyY (t) =

√
kyY0 cosωGt +

√
kxX0 sin ωGt (53)

Note that the change in sign on the second terms (com-
pared to Eq. 45) is due to using equation (43) for gy-
rotropic frequency. However, the potential in the form
(51) can be expressed in a circular coordinate "ρ defined
as follows,

U("ρ ) =
1

2
k̄"ρ 2, "ρ ≡

(√
eX,

1√
e
Y

)
. (54)

Thus, this shows the scaling needed on X and Y . Then
the solution (45) can be expressed in these circular coor-
dinates as a uniform circular motion, e.g.,

√
eX(t) =

√
eX0 cosωGt − 1√

e
Y0 sinωGt

1√
e
Y (t) =

1√
e
Y0 cosωGt +

√
eX0 sinωGt. (55)

With initial position "ρ0 = (ρx0, ρy0) = (
√

eX0, Y0/
√

e),
this is

ρx(t) = ρx0 cosωGt − ρy0 sin ωGt = ρ cos(φ0 + ωGt)

ρy(t) = ρy0 cosωGt + ρx0 sin ωGt = ρ sin(φ0 + ωGt)

(56)

The radius is conserved at ρ =
√

ρ2
x0 + ρ2

y0, while φ0 is

the initial angle to the x-axis,

tan φ0 =
ρy0

ρx0
=

1

e

Y0

X0
. (57)

Then the time-dependent angle to the x-axis simply in-
creases linearly in time,

φ(t) = φ0 + ωGt. (58)

Note that the angular position of the vortex core in the
original coordinates, θ = tan−1(Y/X), is related to φ also
by the energetic ellipticity,

tan θ(t) =
Y

X
=

√
eρy

1√
e
ρx

= e tanφ(t). (59)

For the core velocity V = (Ẋ, Ẏ ), one finds for the
gyrotropic motion

V = ωG

(
−1

e
Y, eX

)
= ωG

(
− 1√

e
ρy,

√
eρx

)
. (60)

The corresponding expression for the time derivative of
"ρ carries a greater simplicity,

ρ̇x =
√

eẊ = −ωGρy

ρ̇y =
1√
e
Ẏ = ωGρx (61)

which is equivalent to the expected expression for uni-
form circular motion,

"̇ρ = (ρ̇x, ρ̇y) = "ωG × "ρ. (62)

This is based on the assumption that the vector angular
velocity is "ωG = ωGẑ. Therefore the motion is equiva-
lent to that for circular nanodisks, once transformed into
these circular coordinates.

ave. force constant =

(also holds for L=10 nm)

Result:   e ≈ ε   for larger disks
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Simulations by Runge-Kutta 4th order solutions of 
the Landau-Lifshitz-Gilbert equations (zero temperature)

120nm x 60nm x 5.0nm @ T=0 mz>0
mz<0

mx, my

simulation time unit is

4

Gαβ can be done once at the start of the calculations,
but then FFT’s of the magnetization configuration are
continuually carried out at every step of the simulations.
The (x, y) coordinate system is then set up with the ori-
gin at the center of the ellipse, and the x-axis along the
semi-major axis (a), and the y-axis along the semi-minor
axis (b).

D. Dynamics

Each cell has a magnetic moment !µi = µm̂i, where the
magnitude is µ = La2

cellMs. With the definition of the
Hamiltonian (12), each cell’s dynamics is governed by a
Landau-Lifshitz-Gilbert torque equation,27,28 including a
dimensionless damping parameter α,

d!µi

dt
= γ!µi × !Bi − α

µ
!µi ×

(
γ!µi × !Bi

)
. (18)

γ is the gyromagnetic ratio and !Bi is the effective mag-
netic field acting on the cell, obtained from

!Bi = − δH
δ!µi

(19)

It is convenient to define a unit of magnetic induction B0

and dimensionless field !bi = !Bi/B0 and corresponding
dimensionless time τ by

B0 =
J

µ
=

2AL

La2
cellMs

=
λ2

ex

a2
cell

µ0Ms, τ = γB0t. (20)

Then the dynamics follows an equation in dimensionless
quantities,

dm̂i

dτ
= m̂i ×!bi − αm̂i ×

(
m̂i ×!bi

)
, (21)

where the dimensionless field is

!bi =
!Bi

B0
=

∑
j∈z(i)

m̂j +
a2
cell

λ2
ex

H̃M
i

2
. (22)

The first term involves a sum only over the nearest neigh-
bors z(i) of site i; the second term shows how the de-
magnetization field effect depends on the cell size. These
fields are used to determine the quasi-static vortex prop-
erties, such as force constants in the vortex effective po-
tential. The LLG equation in the form (21) is also used
here to get gyrotropic frequencies for pure vortex states
at zero temperature, solving it by a fourth order Runge-
Kutta integrator.

For time dynamics at nonzero temperature, thermal
fluctuations can be included by changing to a correspond-
ing Langevin equation based on the Landau-Lifshitz-
Gilbert equation,16 by including a damping term with pa-
rameter α and stochastic magnetic inductions !bs caused

by temperature. Suppressing the cell index i for simplic-
ity, the Langevin-LLG equation for one cell is

dm̂

dτ
= m̂ ×

(
!b +!bs

)
− αm̂ ×

[
m̂ ×

(
!b +!bs

)]
. (23)

The net dynamics is a combination of the deterministic
motion due to !b modified by the stochastic effects due to
!bs. The strength of these stochastic fields is determined
through the fluctuation-dissipation theorem, which can
be stated as

〈bλ
s (τ)bλ′

s (τ ′)〉 = 2αT δλλ′δ(τ − τ ′). (24)

Indices λλ′ refer to Cartesian components, which appear
in a Kronecker delta function on the RHS. The Dirac
delta function δ(τ − τ ′) shows the instantenous time cor-
relation of the fields. Their amplitudes are ultimately
related to the strength of damping and the dimension-
less temperature T , defined as

T ≡ kBT

J
=

kBT

2AL
(25)

where kB is Boltzmann’s constant. The stochastic fields
must be generated to satisfy (24). For numerical solution
of these Langevin-LLG equations, that is accomplished
by solving them with a second order Heun method,29,30

see further details in Ref. 16. Essentially, the second or-
der Heun method is the same as a predictor-corrector
method where the predictor stage is an Euler step and
the corrector stage is the trapezoid rule. The same ran-
dom fields !bs used in the predictor step, generated by a
random number generator, are re-used in the corrector
step. The fluctuation-dissipation theorem (24) is imple-
mented by choosing random fields with a variance σs that
depends on the time step ∆τ , according to

σs =
√

2αT ∆τ . (26)

That is, in the equations integrated over one time step,
an individual stochastic field component bx

s is effectively
replaced by a random number of variance σs by doing∫ τ+∆τ

τ
dτ bx

s (τ) → σsr, (27)

where r is a uniformly random number of zero mean and
unit variance. The usual uniform deviate from 0 to 1 from
a random number generator has a variance of 1/

√
12.

We used the generator31 mzran13 to produce uniform
deviates from 0 to 1, shifted them to the range -0.5 to
+0.5, and finally rescaled by

√
12 σs to get stochastic

fields of the correct distribution.
Simulations were done by supposing that Permalloy is

the medium, with values A = 13 pJ/m, Ms = 860 kA/m,
which results in exchange length λex ≈ 5.3 nm. For most
simulations we used cell size parameter acell = 2.0 nm.
Then with gyromagnetic ratio γ ≈ 1.76 × 1011 T−1 s−1,
one has field strengths µ0Ms = 1.08 T and B0 = 7.59 T.
The time unit is then t0 ≡ (γB0)−1 ≈ 0.750 ps, which
also implies a frequency unit f0 = t−1

0 = 1.336 THz.

4

Gαβ can be done once at the start of the calculations,
but then FFT’s of the magnetization configuration are
continuually carried out at every step of the simulations.
The (x, y) coordinate system is then set up with the ori-
gin at the center of the ellipse, and the x-axis along the
semi-major axis (a), and the y-axis along the semi-minor
axis (b).

D. Dynamics

Each cell has a magnetic moment !µi = µm̂i, where the
magnitude is µ = La2

cellMs. With the definition of the
Hamiltonian (12), each cell’s dynamics is governed by a
Landau-Lifshitz-Gilbert torque equation,27,28 including a
dimensionless damping parameter α,

d!µi

dt
= γ!µi × !Bi − α

µ
!µi ×

(
γ!µi × !Bi

)
. (18)

γ is the gyromagnetic ratio and !Bi is the effective mag-
netic field acting on the cell, obtained from

!Bi = − δH
δ!µi

(19)

It is convenient to define a unit of magnetic induction B0

and dimensionless field !bi = !Bi/B0 and corresponding
dimensionless time τ by

B0 =
J

µ
=

2AL

La2
cellMs

=
λ2

ex

a2
cell

µ0Ms, τ = γB0t. (20)

Then the dynamics follows an equation in dimensionless
quantities,

dm̂i

dτ
= m̂i ×!bi − αm̂i ×

(
m̂i ×!bi

)
, (21)

where the dimensionless field is

!bi =
!Bi

B0
=

∑
j∈z(i)

m̂j +
a2
cell

λ2
ex

H̃M
i

2
. (22)

The first term involves a sum only over the nearest neigh-
bors z(i) of site i; the second term shows how the de-
magnetization field effect depends on the cell size. These
fields are used to determine the quasi-static vortex prop-
erties, such as force constants in the vortex effective po-
tential. The LLG equation in the form (21) is also used
here to get gyrotropic frequencies for pure vortex states
at zero temperature, solving it by a fourth order Runge-
Kutta integrator.

For time dynamics at nonzero temperature, thermal
fluctuations can be included by changing to a correspond-
ing Langevin equation based on the Landau-Lifshitz-
Gilbert equation,16 by including a damping term with pa-
rameter α and stochastic magnetic inductions !bs caused

by temperature. Suppressing the cell index i for simplic-
ity, the Langevin-LLG equation for one cell is

dm̂

dτ
= m̂ ×

(
!b +!bs

)
− αm̂ ×

[
m̂ ×

(
!b +!bs

)]
. (23)

The net dynamics is a combination of the deterministic
motion due to !b modified by the stochastic effects due to
!bs. The strength of these stochastic fields is determined
through the fluctuation-dissipation theorem, which can
be stated as

〈bλ
s (τ)bλ′

s (τ ′)〉 = 2αT δλλ′δ(τ − τ ′). (24)

Indices λλ′ refer to Cartesian components, which appear
in a Kronecker delta function on the RHS. The Dirac
delta function δ(τ − τ ′) shows the instantenous time cor-
relation of the fields. Their amplitudes are ultimately
related to the strength of damping and the dimension-
less temperature T , defined as

T ≡ kBT

J
=

kBT

2AL
(25)

where kB is Boltzmann’s constant. The stochastic fields
must be generated to satisfy (24). For numerical solution
of these Langevin-LLG equations, that is accomplished
by solving them with a second order Heun method,29,30

see further details in Ref. 16. Essentially, the second or-
der Heun method is the same as a predictor-corrector
method where the predictor stage is an Euler step and
the corrector stage is the trapezoid rule. The same ran-
dom fields !bs used in the predictor step, generated by a
random number generator, are re-used in the corrector
step. The fluctuation-dissipation theorem (24) is imple-
mented by choosing random fields with a variance σs that
depends on the time step ∆τ , according to

σs =
√

2αT ∆τ . (26)

That is, in the equations integrated over one time step,
an individual stochastic field component bx

s is effectively
replaced by a random number of variance σs by doing∫ τ+∆τ

τ
dτ bx

s (τ) → σsr, (27)

where r is a uniformly random number of zero mean and
unit variance. The usual uniform deviate from 0 to 1 from
a random number generator has a variance of 1/

√
12.

We used the generator31 mzran13 to produce uniform
deviates from 0 to 1, shifted them to the range -0.5 to
+0.5, and finally rescaled by

√
12 σs to get stochastic

fields of the correct distribution.
Simulations were done by supposing that Permalloy is

the medium, with values A = 13 pJ/m, Ms = 860 kA/m,
which results in exchange length λex ≈ 5.3 nm. For most
simulations we used cell size parameter acell = 2.0 nm.
Then with gyromagnetic ratio γ ≈ 1.76 × 1011 T−1 s−1,
one has field strengths µ0Ms = 1.08 T and B0 = 7.59 T.
The time unit is then t0 ≡ (γB0)−1 ≈ 0.750 ps, which
also implies a frequency unit f0 = t−1

0 = 1.336 THz.

simulation field unit is

 ( ≈ 7.6 T for Py)

4

Gαβ can be done once at the start of the calculations,
but then FFT’s of the magnetization configuration are
continuually carried out at every step of the simulations.
The (x, y) coordinate system is then set up with the ori-
gin at the center of the ellipse, and the x-axis along the
semi-major axis (a), and the y-axis along the semi-minor
axis (b).

D. Dynamics

Each cell has a magnetic moment !µi = µm̂i, where the
magnitude is µ = La2

cellMs. With the definition of the
Hamiltonian (12), each cell’s dynamics is governed by a
Landau-Lifshitz-Gilbert torque equation,27,28 including a
dimensionless damping parameter α,

d!µi

dt
= γ!µi × !Bi − α

µ
!µi ×

(
γ!µi × !Bi

)
. (18)

γ is the gyromagnetic ratio and !Bi is the effective mag-
netic field acting on the cell, obtained from

!Bi = − δH
δ!µi

(19)

It is convenient to define a unit of magnetic induction B0

and dimensionless field !bi = !Bi/B0 and corresponding
dimensionless time τ by

B0 =
J

µ
=

2AL

La2
cellMs

=
λ2

ex

a2
cell

µ0Ms, τ = γB0t. (20)

Then the dynamics follows an equation in dimensionless
quantities,

dm̂i

dτ
= m̂i ×!bi − αm̂i ×

(
m̂i ×!bi

)
, (21)

where the dimensionless field is

!bi =
!Bi

B0
=

∑
j∈z(i)

m̂j +
a2
cell

λ2
ex

H̃M
i

2
. (22)

The first term involves a sum only over the nearest neigh-
bors z(i) of site i; the second term shows how the de-
magnetization field effect depends on the cell size. These
fields are used to determine the quasi-static vortex prop-
erties, such as force constants in the vortex effective po-
tential. The LLG equation in the form (21) is also used
here to get gyrotropic frequencies for pure vortex states
at zero temperature, solving it by a fourth order Runge-
Kutta integrator.

For time dynamics at nonzero temperature, thermal
fluctuations can be included by changing to a correspond-
ing Langevin equation based on the Landau-Lifshitz-
Gilbert equation,16 by including a damping term with pa-
rameter α and stochastic magnetic inductions !bs caused

by temperature. Suppressing the cell index i for simplic-
ity, the Langevin-LLG equation for one cell is

dm̂

dτ
= m̂ ×

(
!b +!bs

)
− αm̂ ×

[
m̂ ×

(
!b +!bs

)]
. (23)

The net dynamics is a combination of the deterministic
motion due to !b modified by the stochastic effects due to
!bs. The strength of these stochastic fields is determined
through the fluctuation-dissipation theorem, which can
be stated as

〈bλ
s (τ)bλ′

s (τ ′)〉 = 2αT δλλ′δ(τ − τ ′). (24)

Indices λλ′ refer to Cartesian components, which appear
in a Kronecker delta function on the RHS. The Dirac
delta function δ(τ − τ ′) shows the instantenous time cor-
relation of the fields. Their amplitudes are ultimately
related to the strength of damping and the dimension-
less temperature T , defined as

T ≡ kBT

J
=

kBT

2AL
(25)

where kB is Boltzmann’s constant. The stochastic fields
must be generated to satisfy (24). For numerical solution
of these Langevin-LLG equations, that is accomplished
by solving them with a second order Heun method,29,30

see further details in Ref. 16. Essentially, the second or-
der Heun method is the same as a predictor-corrector
method where the predictor stage is an Euler step and
the corrector stage is the trapezoid rule. The same ran-
dom fields !bs used in the predictor step, generated by a
random number generator, are re-used in the corrector
step. The fluctuation-dissipation theorem (24) is imple-
mented by choosing random fields with a variance σs that
depends on the time step ∆τ , according to

σs =
√

2αT ∆τ . (26)

That is, in the equations integrated over one time step,
an individual stochastic field component bx

s is effectively
replaced by a random number of variance σs by doing∫ τ+∆τ

τ
dτ bx

s (τ) → σsr, (27)

where r is a uniformly random number of zero mean and
unit variance. The usual uniform deviate from 0 to 1 from
a random number generator has a variance of 1/

√
12.

We used the generator31 mzran13 to produce uniform
deviates from 0 to 1, shifted them to the range -0.5 to
+0.5, and finally rescaled by

√
12 σs to get stochastic

fields of the correct distribution.
Simulations were done by supposing that Permalloy is

the medium, with values A = 13 pJ/m, Ms = 860 kA/m,
which results in exchange length λex ≈ 5.3 nm. For most
simulations we used cell size parameter acell = 2.0 nm.
Then with gyromagnetic ratio γ ≈ 1.76 × 1011 T−1 s−1,
one has field strengths µ0Ms = 1.08 T and B0 = 7.59 T.
The time unit is then t0 ≡ (γB0)−1 ≈ 0.750 ps, which
also implies a frequency unit f0 = t−1

0 = 1.336 THz. ( ≈ 0.75 ps for Py)

simulation cell size is 2.0 nm

exchange length ≈ 5.3 nm for Py
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Dynamic gyrotropic frequencies from RK4 simulations of 
the Landau-Lifshitz-Gilbert equations (zero temperature)
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FIG. 7: Vortex gyrotropic angular frequencies calculated from
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zero temperature LLG equations (21). For these stud-
ies the time evolution was found using RK4 with time
step ∆τ = 0.04, starting from an initial state with vor-
tex core at desired position by the Lagrange constrained
relaxation method. An initial 4.0 nm displacement from
the disk center was used. An example of vortex structure
and motion with a large initial dispacement for showing
structural details is shown in Fig. 1. The damping con-
stant α = 0.02 was used for further relaxing the structure
over close to one period of the motion, and then set to
zero. The period tG was determined from five or more
subsequent revolutions, from which estimates of the gy-
rotropic frequencies fG = 1/tG or ωG = 2πfG were made.
These could be analyzed in light of the force constants
k̄ calculated on the same system, assuming the motion
follows the Thiele equation dynamics.

The vortex period could be determined either from
observing oscillations of the components of total system
magnetization, or from the trajectory of the vortex core.

For analysis of the trajectory followed by the vortex
core, an algorithm is needed to locate the core position
(X(t), Y (t)) precisely. The core is the point with max-
imum magnitude of out-of-plane magnetization around
which the magnetization has a nonzero rotation. This
was done by first locating the computation cell contain-
ing the vorticity center, where |%∇×%∇φ| = 2π is a nonzero
rotation of m̂ around the cell. Then, neighboring cells
out to a distance of rλex were used to further refine the
position estimate by weighting their position contribu-
tions with (mz

i )
2, giving a better estimate of the location

where mz is maximimum. It is found that this procedure
is adept at locating the core even in the presence of ther-
mal fluctuations.16 It is applied for that purpose in the
next section.

From the expression (63) for G and the definition of the
exchange length, the gyrotropic frequency magnitude can
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be expressed in a form using λex as the physical length
scale, and A/λex as the unit for force constants,

|ωG| =
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This displays a natural SI unit of angular frequency, ω0 ≡
µ0

4π γMs (the same as γMs in CGS units). Results for the
frequencies in these units, found from simulations, are
shown in Fig. 7, as functions of the ellipticity parameter
ε = b/a. The curves for ωG(ε) show an increase with
decreasing ε as ε deviates away from unity, similar to the
curves of k̄(ε). When the vortex state begins to reach its
limit of stability, ωG(ε) makes a much faster drop with
decreasing ε.

To check whether expression (65) applies to these re-
sults, and to show the dependence of ωG on film thick-
ness, the frequencies divided by dimensionless force con-
stants are plotted in Fig. 8, again versus ε. Data at
different semimajor axes a = 30 nm, 60 nm and 120 nm
are found to collapse onto the straight dotted lines cor-
responding to expression (65) for the selected values of
thickness L. This shows that the calculations of force
constants can be used to predict gyrotropic frequencies,
in conjunction with use of the Thiele theory even for el-
liptic disks.

V. THERMAL EQUILIBRIUM STATISTICS

In this section the spatial distribution of a vortex in a
nanodot in thermal equilibrium is considered. The anal-
ysis is based on supposing that the dynamics is following
the Thiele equation, but with thermal fluctuations. To

frequency unit is

(about 15 GHz 
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zero temperature LLG equations (21). For these stud-
ies the time evolution was found using RK4 with time
step ∆τ = 0.04, starting from an initial state with vor-
tex core at desired position by the Lagrange constrained
relaxation method. An initial 4.0 nm displacement from
the disk center was used. An example of vortex structure
and motion with a large initial dispacement for showing
structural details is shown in Fig. 1. The damping con-
stant α = 0.02 was used for further relaxing the structure
over close to one period of the motion, and then set to
zero. The period tG was determined from five or more
subsequent revolutions, from which estimates of the gy-
rotropic frequencies fG = 1/tG or ωG = 2πfG were made.
These could be analyzed in light of the force constants
k̄ calculated on the same system, assuming the motion
follows the Thiele equation dynamics.

The vortex period could be determined either from
observing oscillations of the components of total system
magnetization, or from the trajectory of the vortex core.

For analysis of the trajectory followed by the vortex
core, an algorithm is needed to locate the core position
(X(t), Y (t)) precisely. The core is the point with max-
imum magnitude of out-of-plane magnetization around
which the magnetization has a nonzero rotation. This
was done by first locating the computation cell contain-
ing the vorticity center, where |%∇×%∇φ| = 2π is a nonzero
rotation of m̂ around the cell. Then, neighboring cells
out to a distance of rλex were used to further refine the
position estimate by weighting their position contribu-
tions with (mz

i )
2, giving a better estimate of the location

where mz is maximimum. It is found that this procedure
is adept at locating the core even in the presence of ther-
mal fluctuations.16 It is applied for that purpose in the
next section.

From the expression (63) for G and the definition of the
exchange length, the gyrotropic frequency magnitude can
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be expressed in a form using λex as the physical length
scale, and A/λex as the unit for force constants,

|ωG| =
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This displays a natural SI unit of angular frequency, ω0 ≡
µ0

4π γMs (the same as γMs in CGS units). Results for the
frequencies in these units, found from simulations, are
shown in Fig. 7, as functions of the ellipticity parameter
ε = b/a. The curves for ωG(ε) show an increase with
decreasing ε as ε deviates away from unity, similar to the
curves of k̄(ε). When the vortex state begins to reach its
limit of stability, ωG(ε) makes a much faster drop with
decreasing ε.

To check whether expression (65) applies to these re-
sults, and to show the dependence of ωG on film thick-
ness, the frequencies divided by dimensionless force con-
stants are plotted in Fig. 8, again versus ε. Data at
different semimajor axes a = 30 nm, 60 nm and 120 nm
are found to collapse onto the straight dotted lines cor-
responding to expression (65) for the selected values of
thickness L. This shows that the calculations of force
constants can be used to predict gyrotropic frequencies,
in conjunction with use of the Thiele theory even for el-
liptic disks.

V. THERMAL EQUILIBRIUM STATISTICS

In this section the spatial distribution of a vortex in a
nanodot in thermal equilibrium is considered. The anal-
ysis is based on supposing that the dynamics is following
the Thiele equation, but with thermal fluctuations. To
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zero temperature LLG equations (21). For these stud-
ies the time evolution was found using RK4 with time
step ∆τ = 0.04, starting from an initial state with vor-
tex core at desired position by the Lagrange constrained
relaxation method. An initial 4.0 nm displacement from
the disk center was used. An example of vortex structure
and motion with a large initial dispacement for showing
structural details is shown in Fig. 1. The damping con-
stant α = 0.02 was used for further relaxing the structure
over close to one period of the motion, and then set to
zero. The period tG was determined from five or more
subsequent revolutions, from which estimates of the gy-
rotropic frequencies fG = 1/tG or ωG = 2πfG were made.
These could be analyzed in light of the force constants
k̄ calculated on the same system, assuming the motion
follows the Thiele equation dynamics.

The vortex period could be determined either from
observing oscillations of the components of total system
magnetization, or from the trajectory of the vortex core.

For analysis of the trajectory followed by the vortex
core, an algorithm is needed to locate the core position
(X(t), Y (t)) precisely. The core is the point with max-
imum magnitude of out-of-plane magnetization around
which the magnetization has a nonzero rotation. This
was done by first locating the computation cell contain-
ing the vorticity center, where |%∇×%∇φ| = 2π is a nonzero
rotation of m̂ around the cell. Then, neighboring cells
out to a distance of rλex were used to further refine the
position estimate by weighting their position contribu-
tions with (mz

i )
2, giving a better estimate of the location

where mz is maximimum. It is found that this procedure
is adept at locating the core even in the presence of ther-
mal fluctuations.16 It is applied for that purpose in the
next section.

From the expression (63) for G and the definition of the
exchange length, the gyrotropic frequency magnitude can
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be expressed in a form using λex as the physical length
scale, and A/λex as the unit for force constants,
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This displays a natural SI unit of angular frequency, ω0 ≡
µ0

4π γMs (the same as γMs in CGS units). Results for the
frequencies in these units, found from simulations, are
shown in Fig. 7, as functions of the ellipticity parameter
ε = b/a. The curves for ωG(ε) show an increase with
decreasing ε as ε deviates away from unity, similar to the
curves of k̄(ε). When the vortex state begins to reach its
limit of stability, ωG(ε) makes a much faster drop with
decreasing ε.

To check whether expression (65) applies to these re-
sults, and to show the dependence of ωG on film thick-
ness, the frequencies divided by dimensionless force con-
stants are plotted in Fig. 8, again versus ε. Data at
different semimajor axes a = 30 nm, 60 nm and 120 nm
are found to collapse onto the straight dotted lines cor-
responding to expression (65) for the selected values of
thickness L. This shows that the calculations of force
constants can be used to predict gyrotropic frequencies,
in conjunction with use of the Thiele theory even for el-
liptic disks.

V. THERMAL EQUILIBRIUM STATISTICS

In this section the spatial distribution of a vortex in a
nanodot in thermal equilibrium is considered. The anal-
ysis is based on supposing that the dynamics is following
the Thiele equation, but with thermal fluctuations. To
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zero temperature LLG equations (21). For these stud-
ies the time evolution was found using RK4 with time
step ∆τ = 0.04, starting from an initial state with vor-
tex core at desired position by the Lagrange constrained
relaxation method. An initial 4.0 nm displacement from
the disk center was used. An example of vortex structure
and motion with a large initial dispacement for showing
structural details is shown in Fig. 1. The damping con-
stant α = 0.02 was used for further relaxing the structure
over close to one period of the motion, and then set to
zero. The period tG was determined from five or more
subsequent revolutions, from which estimates of the gy-
rotropic frequencies fG = 1/tG or ωG = 2πfG were made.
These could be analyzed in light of the force constants
k̄ calculated on the same system, assuming the motion
follows the Thiele equation dynamics.

The vortex period could be determined either from
observing oscillations of the components of total system
magnetization, or from the trajectory of the vortex core.

For analysis of the trajectory followed by the vortex
core, an algorithm is needed to locate the core position
(X(t), Y (t)) precisely. The core is the point with max-
imum magnitude of out-of-plane magnetization around
which the magnetization has a nonzero rotation. This
was done by first locating the computation cell contain-
ing the vorticity center, where |%∇×%∇φ| = 2π is a nonzero
rotation of m̂ around the cell. Then, neighboring cells
out to a distance of rλex were used to further refine the
position estimate by weighting their position contribu-
tions with (mz

i )
2, giving a better estimate of the location

where mz is maximimum. It is found that this procedure
is adept at locating the core even in the presence of ther-
mal fluctuations.16 It is applied for that purpose in the
next section.

From the expression (63) for G and the definition of the
exchange length, the gyrotropic frequency magnitude can

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
b/a

0

0.2

0.4

0.6

0.8

1

1.2

!
G

 /
 k

  
 (
!

0
 /

 k
0
)

a=120 nm
a=60 nm
a=30 nm

L=5.0 nm

L=10.0 nm

FIG. 8: Vortex gyrotropic angular frequencies from zero-
temperature simulations divided by force constants k̄ from
Lagrange constrained vortex relaxation, as a function of el-
lipticity ε = b/a. The frequency unit is ω0 ≡

µ0

4π
γMs, the

force constant unit is k0 ≡ A/λex. Dashed lines are the the-
oretical result (65) based on the Thiele equation dynamics,
where ωG/k̄ ∝ λex/L.

be expressed in a form using λex as the physical length
scale, and A/λex as the unit for force constants,

|ωG| =
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This displays a natural SI unit of angular frequency, ω0 ≡
µ0

4π γMs (the same as γMs in CGS units). Results for the
frequencies in these units, found from simulations, are
shown in Fig. 7, as functions of the ellipticity parameter
ε = b/a. The curves for ωG(ε) show an increase with
decreasing ε as ε deviates away from unity, similar to the
curves of k̄(ε). When the vortex state begins to reach its
limit of stability, ωG(ε) makes a much faster drop with
decreasing ε.

To check whether expression (65) applies to these re-
sults, and to show the dependence of ωG on film thick-
ness, the frequencies divided by dimensionless force con-
stants are plotted in Fig. 8, again versus ε. Data at
different semimajor axes a = 30 nm, 60 nm and 120 nm
are found to collapse onto the straight dotted lines cor-
responding to expression (65) for the selected values of
thickness L. This shows that the calculations of force
constants can be used to predict gyrotropic frequencies,
in conjunction with use of the Thiele theory even for el-
liptic disks.

V. THERMAL EQUILIBRIUM STATISTICS

In this section the spatial distribution of a vortex in a
nanodot in thermal equilibrium is considered. The anal-
ysis is based on supposing that the dynamics is following
the Thiele equation, but with thermal fluctuations. To

Dashed lines are the Thiele
equation predictions:
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11

proceed, it is important to verify the canonical coordi-
nates for the motion of the vortex core. Based on that,
the Boltzmann distribution can be applied to the vortex
statistics.

A. Vortex Lagrangian dynamics

Generalizing the Lagrangian for a vortex in a circular
nanodisk16 to the case of the elliptical potential U(R),
it is possible to show that an appropriate Lagrangian for
the core motion is16

L = −1

2
G(XẎ − Y Ẋ) − 1

2

(
kxX2 + kyY 2

)
(66)

Gyrotropic motion is similar to that of a charge q moving
in a magnetic field, where the effective vector potential
A = 1

2G × R = 1
2 (−GY, GX) generates the gyrovector

by G = !∇ × A. Then, the first term in L is −A · V,
just as a term −qA · V appears in the Lagrangian for a
nonrelativistic charge. Then the Lagrangian is

L = −A · V − U, (67)

when the anisotropic potential (37) is included. Its Euler-
Lagrange equations correctly give the dynamics equa-
tions (38) found in Sec. IV.

In this symmetric choice of gauge, the momentum con-
jugate to core position R is

P =
∂L

∂V
= −A =

1

2
(GY,−GX). (68)

Then the Lagrangian can be written as L = P · V −
U . However, the Hamiltonian is desired for statistical
mechanics. It is obtained by the transformation

H = P · V − L = U =
1

2

(
kxX2 + kyY 2

)
. (69)

This shows that the Thiele equation dynamics is derived
purely from the potential. Note that alternatively the
Landau gauge can be used33 with a nonsymmetric mo-
mentum of one component, Px = GY , which leads to
the identical Hamiltonian, independent of the choice of
gauge.

As Hamiltonian (69) has no momentum present, as
written, it does not lead to correct dynamic equations of
motion, based on the usual Hamilton equations of mo-
tion,

Ṗ = −∂H

∂R
, Ẋ =

∂H

∂P
. (70)

This is because the connection (68) between momentum
and coordinate makes them dependent. To get a Hamil-
tonian whose dynamics leads back to the Thiele equa-
tions, it is necessary to rewrite H not as purely a poten-
tial term, but as half potential energy involving R and
half kinetic energy involving P. Then H must be written

H =
1

4

(
kxX2 + kyY 2

)
+

1

4

(
2

G

)2 (
kxP 2

y + kyP 2
x

)
, (71)
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FIG. 9: Vortex core position radial distributions at T = 300
K for semi-major axis a = 60 nm, ε = 0.5 for two disk thick-
nesses. Symbols are from Langevin LLG simulations out to
dimensionless time τ = 2.5×105. Solid curves are the theoret-
ical expression (74) with k̄ = 4.299 × 10−4 N/m for L = 5.0
nm and k̄ = 1.676 × 10−3 N/m for L = 10 nm, from re-
laxed vortex calculations. The T = 0 gyrotropic periods were
τG ≈ 2970 for L = 5.0 nm and τG ≈ 1500 for L = 10 nm.

which does lead back to the correct Thiele equation.
Although this resembles the Hamiltonian of a 2D har-
monic oscillator, it bears repetition that the constraint
P = −A = − 1

2G × R, between coordinate and momen-
tum means that the vortex phase space is collapsed to
only two dimensions, rather than four. Therefore, for the
purposes of statistical equilibrium calculations, the mean
thermal energy in vortex motions will be only kBT , be-
cause there are only two independent quadratic variables
in H , each receiving on average 1

2kBT of energy.

B. Vortex core radial distribution

In thermal equilibrium, the distribution for vortex core
position or velocity should be determined by a Boltzmann
factor, exp(−βH), where β = (kBT )−1 is the inverse
reduced temperature and kB is Boltzmann’s constant.
The vortex core Hamiltonian H can be expressed either
purely as potential energy, Eq. (69) or in terms of equal
parts potential energy and kinetic energy, Eq. (71), or
even in a third form with only a kinetic energy term.
This is a somewhat unusual freedom and allows one to
find either the distribution in real space or in velocity
space.

In the effective circular coordinates !ρ defined in (54)
then the Hamiltonian expressed purely with potential en-
ergy is very simple and circularly symmetric,

H = U(!ρ) =
1

2
k̄ρ2. (72)

The probability for the vortex core to be found in some

Vortex statistics in thermal equilibrium  —  Theory
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proceed, it is important to verify the canonical coordi-
nates for the motion of the vortex core. Based on that,
the Boltzmann distribution can be applied to the vortex
statistics.
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it is possible to show that an appropriate Lagrangian for
the core motion is16

L = −1
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Gyrotropic motion is similar to that of a charge q moving
in a magnetic field, where the effective vector potential
A = 1

2G × R = 1
2 (−GY, GX) generates the gyrovector

by G = !∇ × A. Then, the first term in L is −A · V,
just as a term −qA · V appears in the Lagrangian for a
nonrelativistic charge. Then the Lagrangian is

L = −A · V − U, (67)

when the anisotropic potential (37) is included. Its Euler-
Lagrange equations correctly give the dynamics equa-
tions (38) found in Sec. IV.
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P =
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U . However, the Hamiltonian is desired for statistical
mechanics. It is obtained by the transformation

H = P · V − L = U =
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This shows that the Thiele equation dynamics is derived
purely from the potential. Note that alternatively the
Landau gauge can be used33 with a nonsymmetric mo-
mentum of one component, Px = GY , which leads to
the identical Hamiltonian, independent of the choice of
gauge.

As Hamiltonian (69) has no momentum present, as
written, it does not lead to correct dynamic equations of
motion, based on the usual Hamilton equations of mo-
tion,

Ṗ = −∂H
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, Ẋ =
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This is because the connection (68) between momentum
and coordinate makes them dependent. To get a Hamil-
tonian whose dynamics leads back to the Thiele equa-
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tial term, but as half potential energy involving R and
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nesses. Symbols are from Langevin LLG simulations out to
dimensionless time τ = 2.5×105. Solid curves are the theoret-
ical expression (74) with k̄ = 4.299 × 10−4 N/m for L = 5.0
nm and k̄ = 1.676 × 10−3 N/m for L = 10 nm, from re-
laxed vortex calculations. The T = 0 gyrotropic periods were
τG ≈ 2970 for L = 5.0 nm and τG ≈ 1500 for L = 10 nm.

which does lead back to the correct Thiele equation.
Although this resembles the Hamiltonian of a 2D har-
monic oscillator, it bears repetition that the constraint
P = −A = − 1

2G × R, between coordinate and momen-
tum means that the vortex phase space is collapsed to
only two dimensions, rather than four. Therefore, for the
purposes of statistical equilibrium calculations, the mean
thermal energy in vortex motions will be only kBT , be-
cause there are only two independent quadratic variables
in H , each receiving on average 1

2kBT of energy.

B. Vortex core radial distribution

In thermal equilibrium, the distribution for vortex core
position or velocity should be determined by a Boltzmann
factor, exp(−βH), where β = (kBT )−1 is the inverse
reduced temperature and kB is Boltzmann’s constant.
The vortex core Hamiltonian H can be expressed either
purely as potential energy, Eq. (69) or in terms of equal
parts potential energy and kinetic energy, Eq. (71), or
even in a third form with only a kinetic energy term.
This is a somewhat unusual freedom and allows one to
find either the distribution in real space or in velocity
space.

In the effective circular coordinates !ρ defined in (54)
then the Hamiltonian expressed purely with potential en-
ergy is very simple and circularly symmetric,

H = U(!ρ) =
1

2
k̄ρ2. (72)

The probability for the vortex core to be found in some
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proceed, it is important to verify the canonical coordi-
nates for the motion of the vortex core. Based on that,
the Boltzmann distribution can be applied to the vortex
statistics.

A. Vortex Lagrangian dynamics

Generalizing the Lagrangian for a vortex in a circular
nanodisk16 to the case of the elliptical potential U(R),
it is possible to show that an appropriate Lagrangian for
the core motion is16

L = −1

2
G(XẎ − Y Ẋ) − 1

2

(
kxX2 + kyY 2

)
(66)

Gyrotropic motion is similar to that of a charge q moving
in a magnetic field, where the effective vector potential
A = 1

2G × R = 1
2 (−GY, GX) generates the gyrovector

by G = !∇ × A. Then, the first term in L is −A · V,
just as a term −qA · V appears in the Lagrangian for a
nonrelativistic charge. Then the Lagrangian is

L = −A · V − U, (67)

when the anisotropic potential (37) is included. Its Euler-
Lagrange equations correctly give the dynamics equa-
tions (38) found in Sec. IV.

In this symmetric choice of gauge, the momentum con-
jugate to core position R is

P =
∂L

∂V
= −A =

1

2
(GY,−GX). (68)

Then the Lagrangian can be written as L = P · V −
U . However, the Hamiltonian is desired for statistical
mechanics. It is obtained by the transformation

H = P · V − L = U =
1

2

(
kxX2 + kyY 2

)
. (69)

This shows that the Thiele equation dynamics is derived
purely from the potential. Note that alternatively the
Landau gauge can be used33 with a nonsymmetric mo-
mentum of one component, Px = GY , which leads to
the identical Hamiltonian, independent of the choice of
gauge.

As Hamiltonian (69) has no momentum present, as
written, it does not lead to correct dynamic equations of
motion, based on the usual Hamilton equations of mo-
tion,

Ṗ = −∂H

∂R
, Ẋ =

∂H

∂P
. (70)

This is because the connection (68) between momentum
and coordinate makes them dependent. To get a Hamil-
tonian whose dynamics leads back to the Thiele equa-
tions, it is necessary to rewrite H not as purely a poten-
tial term, but as half potential energy involving R and
half kinetic energy involving P. Then H must be written

H =
1
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+
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FIG. 9: Vortex core position radial distributions at T = 300
K for semi-major axis a = 60 nm, ε = 0.5 for two disk thick-
nesses. Symbols are from Langevin LLG simulations out to
dimensionless time τ = 2.5×105. Solid curves are the theoret-
ical expression (74) with k̄ = 4.299 × 10−4 N/m for L = 5.0
nm and k̄ = 1.676 × 10−3 N/m for L = 10 nm, from re-
laxed vortex calculations. The T = 0 gyrotropic periods were
τG ≈ 2970 for L = 5.0 nm and τG ≈ 1500 for L = 10 nm.
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Ṗ = −∂H

∂R
, Ẋ =
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nm and k̄ = 1.676 × 10−3 N/m for L = 10 nm, from re-
laxed vortex calculations. The T = 0 gyrotropic periods were
τG ≈ 2970 for L = 5.0 nm and τG ≈ 1500 for L = 10 nm.

which does lead back to the correct Thiele equation.
Although this resembles the Hamiltonian of a 2D har-
monic oscillator, it bears repetition that the constraint
P = −A = − 1

2G × R, between coordinate and momen-
tum means that the vortex phase space is collapsed to
only two dimensions, rather than four. Therefore, for the
purposes of statistical equilibrium calculations, the mean
thermal energy in vortex motions will be only kBT , be-
cause there are only two independent quadratic variables
in H , each receiving on average 1

2kBT of energy.

B. Vortex core radial distribution

In thermal equilibrium, the distribution for vortex core
position or velocity should be determined by a Boltzmann
factor, exp(−βH), where β = (kBT )−1 is the inverse
reduced temperature and kB is Boltzmann’s constant.
The vortex core Hamiltonian H can be expressed either
purely as potential energy, Eq. (69) or in terms of equal
parts potential energy and kinetic energy, Eq. (71), or
even in a third form with only a kinetic energy term.
This is a somewhat unusual freedom and allows one to
find either the distribution in real space or in velocity
space.

In the effective circular coordinates !ρ defined in (54)
then the Hamiltonian expressed purely with potential en-
ergy is very simple and circularly symmetric,

H = U(!ρ) =
1

2
k̄ρ2. (72)

The probability for the vortex core to be found in some=

The phase space has only two independent quadratic degrees of freedom.

←   a  constraint.
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FIG. 10: Vortex core position radial distributions at T = 300
K for semi-major axis a = 120 nm, ε = 0.5 for two disk
thicknesses. Symbols are from Langevin LLG simulations out
to dimensionless time τ = 2.5 × 105. Solid curves are the
theoretical expression (74) with k̄ = 2.667 × 10−4 N/m for
L = 5.0 nm and k̄ = 9.174 × 10−4 N/m for L = 10 nm, from
relaxed vortex calculations. The T = 0 gyrotropic periods
were τG ≈ 4770 for L = 5.0 nm and τG ≈ 2760 for L = 10
nm. The ρ(τ ) used to produce the curve for L = 10 nm is
displayed in Fig. 11.

range dρ near the radius ρ is proportional to

p(ρ)dρ ∼ 2πρ dρ e−βH = 2πρ dρ e−
1

2
βk̄ρ2

. (73)

Making this a unit normalized probability distribution,
the result is

p(ρ) = βk̄ρe−
1

2
βk̄ρ2

. (74)

This circularly symmetric form is best for comparison
with simulations, because we have the value of e =√

kx/ky available that is necessary to get results into the
circular coordinates. From equipartition one can arrive
at the root-mean-square radius,

〈H〉 = kBT =⇒ ρrms =

√
2

βk̄
. (75)

In addition, the mean radius and the most probable ra-
dius (where p(ρ) is maximum) are

〈ρ〉 =

√
π

2βk̄
, ρmax =

√
1

βk̄
. (76)

Simulations of the Langevin LLG equations were car-
ried out to calculate some typical thermalized dynamics
for a vortex in thermal equilibrium. The initial state is
taken as a relaxed vortex at the center of a nanodisk.
Using damping parameter α = 0.02, the integration was
carried out to final dimensionless time τ = 2.5 × 105

by the second order Heun algorithm29,30 with time step

0 50000 1e+05 1.5e+05 2e+05 2.5e+05
"

-10

-5

0

5

10

X
 (

n
m

)

120 nm x 60 nm x 10 nm

0 50000 1e+05 1.5e+05 2e+05 2.5e+05
"

0

2

4

6

8

!
 (

n
m

)

120 nm x 60 nm x 10 nm

FIG. 11: Vortex core motion for thermalized dynamics at
T = 300 K for semi-major axis a = 120 nm, ε = 0.5, thickness
L = 10 nm. Graphs of X(τ ) and Y (τ ) are very similar, but of
different amplitudes. The resulting equivalent circular radius
ρ(τ ) was used to produce the corresponding probability p(ρ)
in Fig. 10.

∆τ = 0.01 . Depending on the gyrotropic periods this is
a fairly large number of vortex revolutions. Even starting
from the potential energy minimum, thermal fluctuations
can initiate the gyrotropic motion spontaneously.22 The
result is a noisy gyrotropic orbital motion; examples in
circular nanodisks were given in Ref.16.

Distributions of the vortex core position away from the
nanodisk center are shown in Fig. 9 for a = 60 nm and in
Fig. 10 for a = 120 nm, both with ε = 0.5. The data are
compared with the theoretical expression (74), applying
the appropriate values of k̄ from the Lagrange-relaxed
vortex calculations. There is a good agreement here be-
tween theory and simulations, being better for larger L
and smaller a. Of course, at larger L the gyrotropic pe-
riod tG is shorter, and averaging out to a fixed time is
then done over more revolutions, leading to smaller er-
rors. In addition, the system with larger a also has longer
periods, hence its errors are greater, and averaging to a
longer time would give a better fit to theory. The devia-
tion between theory and simulation in Fig. 10 for L = 10
nm is typical for these simulations over a limited number
of vortex periods, where on occasion for many periods,
the vortex may move with noticably larger or smaller ra-
dius than normal from the disk center. This can be seen
in Fig. 11, where both X(τ) and ρ(τ) are shown for the
case of a = 120 nm, ε = 0.5, L = 10 nm.

The distribution in the original coordinates (X, Y ) will
certainly be elliptic, with the same ellipticity parameter
e. The normalized probability distribution in (X, Y ) is
found as

p(X, Y ) =

√
βkx

2π
e−

1

2
βkxX2

√
βky

2π
e−

1

2
βkyY 2

(77)

that is, a Gaussian in each coordinate, with variances in-
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in Fig. 10.

∆τ = 0.01 . Depending on the gyrotropic periods this is
a fairly large number of vortex revolutions. Even starting
from the potential energy minimum, thermal fluctuations
can initiate the gyrotropic motion spontaneously.22 The
result is a noisy gyrotropic orbital motion; examples in
circular nanodisks were given in Ref.16.
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Fig. 10 for a = 120 nm, both with ε = 0.5. The data are
compared with the theoretical expression (74), applying
the appropriate values of k̄ from the Lagrange-relaxed
vortex calculations. There is a good agreement here be-
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and smaller a. Of course, at larger L the gyrotropic pe-
riod tG is shorter, and averaging out to a fixed time is
then done over more revolutions, leading to smaller er-
rors. In addition, the system with larger a also has longer
periods, hence its errors are greater, and averaging to a
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of vortex periods, where on occasion for many periods,
the vortex may move with noticably larger or smaller ra-
dius than normal from the disk center. This can be seen
in Fig. 11, where both X(τ) and ρ(τ) are shown for the
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found as
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that is, a Gaussian in each coordinate, with variances in-

Expected vortex position distribution is a Boltzmann distribution:
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Gαβ can be done once at the start of the calculations,
but then FFT’s of the magnetization configuration are
continuually carried out at every step of the simulations.
The (x, y) coordinate system is then set up with the ori-
gin at the center of the ellipse, and the x-axis along the
semi-major axis (a), and the y-axis along the semi-minor
axis (b).

D. Dynamics

Each cell has a magnetic moment !µi = µm̂i, where the
magnitude is µ = La2

cellMs. With the definition of the
Hamiltonian (12), each cell’s dynamics is governed by a
Landau-Lifshitz-Gilbert torque equation,27,28 including a
dimensionless damping parameter α,

d!µi

dt
= γ!µi × !Bi − α

µ
!µi ×

(
γ!µi × !Bi

)
. (18)

γ is the gyromagnetic ratio and !Bi is the effective mag-
netic field acting on the cell, obtained from

!Bi = − δH
δ!µi

(19)

It is convenient to define a unit of magnetic induction B0

and dimensionless field !bi = !Bi/B0 and corresponding
dimensionless time τ by

B0 =
J

µ
=

2AL

La2
cellMs

=
λ2

ex

a2
cell

µ0Ms, τ = γB0t. (20)

Then the dynamics follows an equation in dimensionless
quantities,

dm̂i

dτ
= m̂i ×!bi − αm̂i ×

(
m̂i ×!bi

)
, (21)

where the dimensionless field is

!bi =
!Bi

B0
=

∑
j∈z(i)

m̂j +
a2
cell

λ2
ex

H̃M
i

2
. (22)

The first term involves a sum only over the nearest neigh-
bors z(i) of site i; the second term shows how the de-
magnetization field effect depends on the cell size. These
fields are used to determine the quasi-static vortex prop-
erties, such as force constants in the vortex effective po-
tential. The LLG equation in the form (21) is also used
here to get gyrotropic frequencies for pure vortex states
at zero temperature, solving it by a fourth order Runge-
Kutta integrator.

For time dynamics at nonzero temperature, thermal
fluctuations can be included by changing to a correspond-
ing Langevin equation based on the Landau-Lifshitz-
Gilbert equation,16 by including a damping term with pa-
rameter α and stochastic magnetic inductions !bs caused

by temperature. Suppressing the cell index i for simplic-
ity, the Langevin-LLG equation for one cell is

dm̂

dτ
= m̂ ×

(
!b +!bs

)
− αm̂ ×

[
m̂ ×

(
!b +!bs

)]
. (23)

The net dynamics is a combination of the deterministic
motion due to !b modified by the stochastic effects due to
!bs. The strength of these stochastic fields is determined
through the fluctuation-dissipation theorem, which can
be stated as

〈bλ
s (τ)bλ′

s (τ ′)〉 = 2αT δλλ′δ(τ − τ ′). (24)

Indices λλ′ refer to Cartesian components, which appear
in a Kronecker delta function on the RHS. The Dirac
delta function δ(τ − τ ′) shows the instantenous time cor-
relation of the fields. Their amplitudes are ultimately
related to the strength of damping and the dimension-
less temperature T , defined as

T ≡ kBT

J
=

kBT

2AL
(25)

where kB is Boltzmann’s constant. The stochastic fields
must be generated to satisfy (24). For numerical solution
of these Langevin-LLG equations, that is accomplished
by solving them with a second order Heun method,29,30

see further details in Ref. 16. Essentially, the second or-
der Heun method is the same as a predictor-corrector
method where the predictor stage is an Euler step and
the corrector stage is the trapezoid rule. The same ran-
dom fields !bs used in the predictor step, generated by a
random number generator, are re-used in the corrector
step. The fluctuation-dissipation theorem (24) is imple-
mented by choosing random fields with a variance σs that
depends on the time step ∆τ , according to

σs =
√

2αT ∆τ . (26)

That is, in the equations integrated over one time step,
an individual stochastic field component bx

s is effectively
replaced by a random number of variance σs by doing∫ τ+∆τ

τ
dτ bx

s (τ) → σsr, (27)

where r is a uniformly random number of zero mean and
unit variance. The usual uniform deviate from 0 to 1 from
a random number generator has a variance of 1/

√
12.

We used the generator31 mzran13 to produce uniform
deviates from 0 to 1, shifted them to the range -0.5 to
+0.5, and finally rescaled by

√
12 σs to get stochastic

fields of the correct distribution.
Simulations were done by supposing that Permalloy is

the medium, with values A = 13 pJ/m, Ms = 860 kA/m,
which results in exchange length λex ≈ 5.3 nm. For most
simulations we used cell size parameter acell = 2.0 nm.
Then with gyromagnetic ratio γ ≈ 1.76 × 1011 T−1 s−1,
one has field strengths µ0Ms = 1.08 T and B0 = 7.59 T.
The time unit is then t0 ≡ (γB0)−1 ≈ 0.750 ps, which
also implies a frequency unit f0 = t−1

0 = 1.336 THz.( ≈ 0.75 ps for Py)

= t / t0

= t / t0

to τ = 2.5 × 105

to τ = 2.5 × 105
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One can then verify that the motion follows the equation
(35) just as for circular nanodisks, namely,

Vx =
1

G2
(G × F)x =

ky

G
Y,

Vy =
1

G2
(G × F)y = −kx

G
X. (47)

A. Transforming to circular coordinates

The last results might be expected, especially since
the elliptical system can be thought of as a distortion
of a circular system by rescaling the axes. Conversely,
consider the distortion of the elliptical system back to an
equivalent circular system.

The potential can be symmetrized with respect to
semi-major and semi-minor axes in the sense that

U(R) =
1

2

[(√
kxX

)2
+

(√
kyY

)2
]

=
1

2

√
kxky

(√
kx

ky
X2 +

√
ky

kx
Y 2

)
. (48)

This suggests the definition of the energetic ellipticity e,

e ≡
√

kx

ky
, (49)

as well as the geometric average of the force constants,

k̄ ≡ √
kxky. (50)

Then the potential is

U(R) =
1

2
k̄

(
eX2 +

1

e
Y 2

)
. (51)

One can see that e also relates to the ellipticity of the
vortex core motion, from the solution obtained above,
for example, with Y0 = 0,

Ymax

Xmax
=

kx

G|ωG| =

√
kx

ky
= e. (52)

The solution for vortex core position can be expressed in
a similar symmetrized way, first scaling X by

√
kx and

Y by
√

ky:√
kxX(t) =

√
kxX0 cosωGt − √

kyY0 sin ωGt√
kyY (t) =

√
kyY0 cosωGt +

√
kxX0 sin ωGt (53)

Note that the change in sign on the second terms (com-
pared to Eq. 45) is due to using equation (43) for gy-
rotropic frequency. However, the potential in the form
(51) can be expressed in a circular coordinate "ρ defined
as follows,

U("ρ ) =
1

2
k̄"ρ 2, "ρ ≡

(√
eX,

1√
e
Y

)
. (54)

Thus, this shows the scaling needed on X and Y . Then
the solution (45) can be expressed in these circular coor-
dinates as a uniform circular motion, e.g.,

√
eX(t) =

√
eX0 cosωGt − 1√

e
Y0 sinωGt

1√
e
Y (t) =

1√
e
Y0 cosωGt +

√
eX0 sinωGt. (55)

With initial position "ρ0 = (ρx0, ρy0) = (
√

eX0, Y0/
√

e),
this is

ρx(t) = ρx0 cosωGt − ρy0 sin ωGt = ρ cos(φ0 + ωGt)

ρy(t) = ρy0 cosωGt + ρx0 sin ωGt = ρ sin(φ0 + ωGt)

(56)

The radius is conserved at ρ =
√

ρ2
x0 + ρ2

y0, while φ0 is

the initial angle to the x-axis,

tan φ0 =
ρy0

ρx0
=

1

e

Y0

X0
. (57)

Then the time-dependent angle to the x-axis simply in-
creases linearly in time,

φ(t) = φ0 + ωGt. (58)

Note that the angular position of the vortex core in the
original coordinates, θ = tan−1(Y/X), is related to φ also
by the energetic ellipticity,

tan θ(t) =
Y

X
=

√
eρy

1√
e
ρx

= e tanφ(t). (59)

For the core velocity V = (Ẋ, Ẏ ), one finds for the
gyrotropic motion

V = ωG

(
−1

e
Y, eX

)
= ωG

(
− 1√

e
ρy,

√
eρx

)
. (60)

The corresponding expression for the time derivative of
"ρ carries a greater simplicity,

ρ̇x =
√

eẊ = −ωGρy

ρ̇y =
1√
e
Ẏ = ωGρx (61)

which is equivalent to the expected expression for uni-
form circular motion,

"̇ρ = (ρ̇x, ρ̇y) = "ωG × "ρ. (62)

This is based on the assumption that the vector angular
velocity is "ωG = ωGẑ. Therefore the motion is equiva-
lent to that for circular nanodisks, once transformed into
these circular coordinates.

radial coordinate

120 nm × 60 nm × L
120 nm × 60 nm × 5 nm
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Summary,  vortex gyrotropic dynamics in elliptic nanodisks *

Without an external magnetic field, elliptic gyrotropic movement 
begins naturally if the vortex is not in the center of the nanodot.
The frequency ωG  is proportional to     / L .

The dynamics is well-described by a Thiele equation, provided the 
different force constants kx and ky along the principal axes are 
taken into account.  

For large enough nanodisks,                      .

Thermal fluctuations can initiate the movement spontaneously. 
The amplitude along each axis is determined by the principle of 
equipartition of energy equally among degrees of freedom.

wysin@phys.ksu.edu
www.phys.ksu.edu/personal/wysin
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One can then verify that the motion follows the equation
(35) just as for circular nanodisks, namely,

Vx =
1

G2
(G × F)x =

ky

G
Y,

Vy =
1

G2
(G × F)y = −kx

G
X. (47)

A. Transforming to circular coordinates

The last results might be expected, especially since
the elliptical system can be thought of as a distortion
of a circular system by rescaling the axes. Conversely,
consider the distortion of the elliptical system back to an
equivalent circular system.

The potential can be symmetrized with respect to
semi-major and semi-minor axes in the sense that

U(R) =
1

2

[(√
kxX

)2
+

(√
kyY

)2
]

=
1

2

√
kxky

(√
kx

ky
X2 +

√
ky

kx
Y 2

)
. (48)

This suggests the definition of the energetic ellipticity e,

e ≡
√

kx

ky
, (49)

as well as the geometric average of the force constants,

k̄ ≡ √
kxky. (50)

Then the potential is

U(R) =
1

2
k̄

(
eX2 +

1

e
Y 2

)
. (51)

One can see that e also relates to the ellipticity of the
vortex core motion, from the solution obtained above,
for example, with Y0 = 0,

Ymax

Xmax
=

kx

G|ωG| =

√
kx

ky
= e. (52)

The solution for vortex core position can be expressed in
a similar symmetrized way, first scaling X by

√
kx and

Y by
√

ky:√
kxX(t) =

√
kxX0 cosωGt − √

kyY0 sin ωGt√
kyY (t) =

√
kyY0 cosωGt +

√
kxX0 sin ωGt (53)

Note that the change in sign on the second terms (com-
pared to Eq. 45) is due to using equation (43) for gy-
rotropic frequency. However, the potential in the form
(51) can be expressed in a circular coordinate "ρ defined
as follows,

U("ρ ) =
1

2
k̄"ρ 2, "ρ ≡

(√
eX,

1√
e
Y

)
. (54)

Thus, this shows the scaling needed on X and Y . Then
the solution (45) can be expressed in these circular coor-
dinates as a uniform circular motion, e.g.,

√
eX(t) =

√
eX0 cosωGt − 1√

e
Y0 sinωGt

1√
e
Y (t) =

1√
e
Y0 cosωGt +

√
eX0 sinωGt. (55)

With initial position "ρ0 = (ρx0, ρy0) = (
√

eX0, Y0/
√

e),
this is

ρx(t) = ρx0 cosωGt − ρy0 sin ωGt = ρ cos(φ0 + ωGt)

ρy(t) = ρy0 cosωGt + ρx0 sin ωGt = ρ sin(φ0 + ωGt)

(56)

The radius is conserved at ρ =
√

ρ2
x0 + ρ2

y0, while φ0 is

the initial angle to the x-axis,

tan φ0 =
ρy0

ρx0
=

1

e

Y0

X0
. (57)

Then the time-dependent angle to the x-axis simply in-
creases linearly in time,

φ(t) = φ0 + ωGt. (58)

Note that the angular position of the vortex core in the
original coordinates, θ = tan−1(Y/X), is related to φ also
by the energetic ellipticity,

tan θ(t) =
Y

X
=

√
eρy

1√
e
ρx

= e tanφ(t). (59)

For the core velocity V = (Ẋ, Ẏ ), one finds for the
gyrotropic motion

V = ωG

(
−1

e
Y, eX

)
= ωG

(
− 1√

e
ρy,

√
eρx

)
. (60)

The corresponding expression for the time derivative of
"ρ carries a greater simplicity,

ρ̇x =
√

eẊ = −ωGρy

ρ̇y =
1√
e
Ẏ = ωGρx (61)

which is equivalent to the expected expression for uni-
form circular motion,

"̇ρ = (ρ̇x, ρ̇y) = "ωG × "ρ. (62)

This is based on the assumption that the vector angular
velocity is "ωG = ωGẑ. Therefore the motion is equiva-
lent to that for circular nanodisks, once transformed into
these circular coordinates.
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FIG. 4: The geometric mean of force constants, k̄ =
p

kxky,
scaled by semi-major axis a, in units of the exchange stiffness
A, versus geometric ellipticity ε = b/a.
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FIG. 5: The energetic ellipticity for L = 5.0 nm, as calculated
from the square root of the ratio of forces constants, e =p

kx/ky , versus geometric ellipticity ε = b/a.

B. Further analysis of force constants

In light of the above results expected from the Thiele
equation dynamics, it makes sense to further analyze the
force constants found from the vortex relaxation algo-
rithm. In particular, we now see that k̄ =

√
kxky directly

determines the gyrotropic frequency, while e =
√

kx/ky

determines the shape of the path followed by the vortex
core.

Based on the force constant results for L = 5.0 nm
and L = 10.0 nm, k̄ has been calculated and the re-
sults plotted versus aspect ratio ε are shown in Fig. 4. k̄
is found to scale with the reciprocal of the semi-major
axis, hence, the results for k̄a versus ε are displayed.
Especially for large a, there appears to be an asymp-
totic limit in the functional dependence, k̄(ε). For the

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
b/a

0

0.2

0.4

0.6

0.8

1

(k
x
 /

 k
y
)1

/2

L = 10.0 nm

a=30 nm
a=60 nm
a=120 nm
a=180 nm

FIG. 6: The energetic ellipticity for L = 10.0 nm, as defined
from the square root of the ratio of forces constants, e =p

kx/ky , versus geometric ellipticity ε = b/a.

smaller ellipses (a ≤ 60 nm), the scaling of k̄ as 1/a is
not present. In addition to this dependence on the size
of the xy perimeter, it is also observed that k̄ increases
almost as fast as L2. Of course, the vortex gyrotropic
frequency ωG should be directly proportional to k̄, hence
Fig. 4 should also give a sense of the dependence of ωG

on the nanodisk shape. But note that the magnitude of
the gyrovector depends on film thickness,

G = 2πpqLMs/γ. (63)

The dependence of G on film thickness cannot be ignored
when considering gyrotropic frequencies.

Next, the calculated values of energetic ellipticity e =√
kx/ky are shown in Fig. 5 for L = 5.0 nm and in Fig.

6 for L = 10.0 nm, as functions of ε. The results for
different semi-major axis sizes tend to fall close to the
same linear relation,

e = ε, or

√
kx

ky
=

b

a
, (64)

which is shown as a dashed line. The matching to this
approximate fit is best for the largest elliptical particles,
and especially when ε approaches unity. Thus, there is
some simplicity in the force constants, provided the sys-
tem is far from the stability limit of the vortex state.
This requires, however, reasonably large sized nanondisks
and/or a strong quasi-2D aspect with both L " a and
L " b.

C. Gyrotropic frequencies from simulations

For some selected shapes of elliptic nanoparticles, the
gyrotropic vortex motion was simulated based on the
magnetization dynamics, as it evolves according to the

19* Partly in collaboration with Wagner Figueiredo, UFSC, Florianópolis, Brazil.


