Chapter Eight

Quantum Monte Carlo Applied to the Spin-% Easy-Plane Ferromagnet CHAB

8.1 Vertex Energies for a General Spin-% Model

In the notation of Chapter 7, the following general spin-%

Hamiltonian is considered here:

Hn,n+1 JzSnSn+1 ngBBz(Sn 7 Sn+1) (6-1a)
n,n+1 Jxsnsnﬂ Jysnsn-l-l ngBBx(Su * Sn+1) i (&-~1h)

s*, sV and s2 e o
a1 &y and Sn are spin-; operators, related to the wusual Pauli spin

matrices 3n by
C=x 92, =12 w: N (8-2)

Jx’ JY and Jz are arbitrary exchange constants, and Bx and Bz are applied
fields. For the easy-plane ferromagnet, all the J's are positive, and two
of them are equal; for example, Jx = Jy’ with Jz < Jx. Note that for a
quantum spin—% model the anisotropy must be in the exchange terms since
(ﬁz)z = 1. Only higher spin-S models can have Single ion anisotropies.

First the vertex weights (the matrix elements) in equation (7-12)

will be calculated, using eigenstates of the Sﬁ operators. The effect of

H° is trivial, such that the vertex weight w is
n,n+l n,r
-ﬁEn r ‘BE; r _Evn n+l
- ’ - ’ < ’ > =
wn,r e * Sn,r n+1,rI Isn,r+lsn+1,r+l (5-3a)

where
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1 1
o = e et
En,r Zm[Jz(Sn,rSn+1,r ¥ Sn,r+lsn+1,r+1) ¥ ZSPBBZ(Sn,r ¥ Sn+1,r
*Sa,ee1 Y Sper, e (8~3b)
Matrix elements of exp(-gvn n+1) are more involved. Making the following
’

definitions of rescaled parameters,

BJx,x,z B
X, ,2 = "im ’ bx,z = 4m guBBx,z ? (8-4a)
ngBx bx
a = — =5 ; (8-4b)
Y Y
then we want the exponential of the operator M,
q=-By =K 3 8 9
M= = Vn,n+1 = Kxa + Ky(ﬁ + @c) , (8-5a)
where
Lo AaXAX = AYAY Ao ~X AX
a =094 > b n’n+1 * €50 * On+1 : (8-5b)

The exponential is simplified first by noticing. that 3 and b commute so

that

Kxa K (b+ac) K (b+ac)
e = e e Y = (cosh Kx + a sinh Kx)e y . (8-6)

To expand the remaining exponential,

K (btac) o Kip o K§P+] 2p+1
) ) pio (2p)! g™ pzo (2p+1)! (o) ? (8=2)

consider the even powers first. We want a general formula for (b + uﬁ)zp.

Using the following easily verified identities,
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32 = 52 = 1 (8-8a)
{b, c} =0 (8-8b)
&2 = 2(14a) (8-8¢)

then one obtains
(b + uE)zP =1+ %[(1+4u2)P - 1](1+3) : (8-9)

Similarly, the odd powers can be written

6+ aoy2rl %[(ﬁ+a) + (1+4a2)P(B-a + 208)] (8-10a)
where
a= “i&ﬁ+1 ) (8-10b)

Then summing the exponential series leads to the identify

Ky(ﬁ+u3) 2)1/2

2e = (1-2)cosh KY + (1+a)cosh Ky(1+4d

=1/2 2)1/2

+ (5+2) sinh K + (6-2 + 200)(1 + 4a2) M egmn K,(1 + 4o

(8-11)

Substituting this into (8-6) finally gives an operator result from which

matrix elements are directly obtained

Kx ; = 1
[e “(cosh Kb - Y sinh Kb) t e ] 2

=

2e

K -K

[e *(cosh K, + y sinh k) +e '] 201 - 6767, )

+

Kx -K+ A+A_ A-A
[e “(cosh Kb + y sinh Kb) - e ](SnSn+1 + Snsn+1)

+
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K -K

+ [e (cosh K, - y sinh K) -e ] (S'ST +88 )
Kx “+ ~a “+ e
+ (2aye sinh Kh)(su + Sn + Sn+1 + Sn+1) , (8-12)
where

K, = K * K (8-13a)
y= (1 + 4a?) 12 (8-13b)

=K ; 8-13
K, yly ( c)

For this spin-% model, since there are 4 spins in a vertex, and 2
states per spin, there are 16 possible vertices (in the general spin-S
case, there will be (28 + 1)4 possible vertices). All are nonzero if
Bx # 0 (16 vertex model), while 8 are nonzero if BX = 0 and Jx # Jy (8
vertex model). Only 6 are nonzero if Bx = 0 and Jx = Jy; this is then the
isotropic 6 vertex model studied by Cullen and Landau (1983). It is seen
that the presence of symmetries tends to reduce the number of allowed
vertices. If a given vertex weight is zero, then the vertex has infinite
energy and is prohibited. If a given vertex weight is negative, then the
energy is complex, and the standard Monte Carlo algorithm may need modi-
fication (or not be applicable at all), unless these vertices always occur
in pairs, such that the net weight of the state for the whole system is

positive. For present purposes we deal only with models where all the

vertices have non-negative weights.

8.2 The Effective Hamiltonian for the 2-D Lattice

It is possible to write the vertex weights for all 16 possible
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vertices in terms of a single interaction, or effective Hamiltonian on the
2-D lattice. We will consider first the case where Bz = 0 and Bx 0.

Using u to indicate spin up (+%) and d to indicate spin down (-%),
we can form the following list of vertex weights (from equations 8-3 and

8-12) in Cullen and Landau's notation

uu 1 Kx -K- Kz+2bz
e 2= E[e (cosh Kb - Y sinh Kb) + e le
d d 1 Kx . £, Kz-sz
ad Y= f[e (cosh Kb - Yy sinh Kb) + e le
K -K -K
u d il X 2 + z
ud 37 2[e (cosh_Kb + Yy sinh Kb) t+ e le
du G,
d u 4k =Yg
du 1 Kx K. -Kz
ud Y= z[e (cosh Kb + y sinh Kb) -e Je
ud —
du "6 "5
K -K K
d d g T _ ; _ X z
au Y7 ° 2[e (cosh Kb Yy sinh Kb) e ‘e
BM e 5
d d 8 7
du ud . b

ne 23 _ X Z .
uuw ,du,ud,uu w9,10,11,12 = aye sinh Kb

K_-b
e 2 sinh Ky - (8-14)

[=P=T

u =
, ,dd  Y13,14,15,16 = %Y
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In these diagrams the vertical direction is the Trotter direction and the
horizontal direction is the spatial direction.

In the following, a simple notation for the spins in a vertex will be
convenient. We will use

Sn,r+1 Soe1,r41 _ 54 53 (8-15)

Sn,r Sn+1,r Sl S2

We want to form "classical spin operators" that is, combinations of

S S S, and S‘,+ which are zero for all but one of the vertices. Actu-

Sl L
ally we only need classical spin operators which distinguish between
vertices with different weights; the same operator will apply to vertices

9 through 12, for instance. Simplest to consider are products such as

SIS2 and 51828354. Consider the following classical spin products

"
I

Z(SIS + 5,5

2 3 4) , horizontal coupling,

y = 2(8154 + 5283) , vertical coupling,
z = 2(5183 + 5284) , diagonal coupling,
q = 16 SISZS3SQ , & spin coupling. (8-16)

For the case where Bz = 0, which we take for the moment, there are only

3> Vg5 Wy and Vg The following

table of the values of the operators x, vy, z and q for each of the five

five distinct vertex weights: w W

1’

possible vertex weights can be constructed:
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weight vertex x vy z g

uu

wl 1 1 1 1
uu
ud

w -1 1 -1 1
3 ud
du

W, =1 =1 1 1
3 ud
d d

w7 1-1-1 1
uu
du

wg 0 0 0 -1
uu

This may not seem to be of much help, but a little consideration shows
that linear combinations of x, y, z and q can be formed, such that there is
one linear combination which is 1 for a given vertex weight, and zero for
all the others. These linear combinations, and the vertices for which

they give 1, are
= & 1 =
v, = z[x +y+z+ E(l + q)] for w, = w
oy 1 =
v, = Z[—x +y -z + E(l +q)] forw, =w
Y = 2K - ¥+ Z * 1+ q)] forw. =w
4 2 6
| l[x -y -z+ l(1 +q)] forw, =w
4 2
(8-17)

v, = %(1 - q) for w

Then it is easy to see that for Bz = 0, the general weight of a vertex

composed from arbitrary spins S S, and S& can be written

12 S0 55
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V1 V3 V5 V7 Y

w = w,owwoTw, W
81,52,53,34 173757779
x/4 y/&4 z/4 q/8
W, W W W W W WoW. W W
= (w1w3w5w?wg)1/8 w1w7 w1w3 wIWS 1 345 7 (8-18)
375 577 377 Vg

At this point we can remove the restriction Bz = 0. This implies that the
weight gets muliplied by a factor exp[bz(Sl+Sz+SB+Sa)]. Then the weight

of an arbitrary block of four spins can be written as

W = exp[-BE ] ; (8-19)
51,52,53,84 81,52,83,84
where
ESI’SZ’S3’54 = Jh(SIS2 + SBSh) + JV(SIS& + 5253) + Jd(SIS3 + 5254)
+ J4515253S4 + JD - (bz/B)(Sl+SZ+S3+SA) . (8-19b)

The coupling constants are complicated functions of the temperature and

the Trotter index

-1 ¥3¥s
Jh = (2B) 4n , horizontal coupling,

, vertical coupling,

[
<
1
~—
o]
-
o
1
(e
=
=]
/ﬁ\
€| =
= |un
£| =
-~
N——

o
"

d (Zﬁ)-l 2n ( = 7) , diagonal coupling,

4

w
-1 9 . .
J4 = 2B £n (%;;;Gg;;) , four spin coupling,
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J0 = —(BB)-l En(w1w3w5w?wg) . (8-20)

(Note that one must use the bz = 0 weights from (8-14) in these expres-
sions!) Thus we have shown that the 16 vertex model is equivalent to a
2-D Ising model with different nearest neighbor exchange constants in the
spatial and Trotter directions, together with a next nearest neighbor
diagonal interaction and a four spin coupling. Also recall that this
interaction exists only in the shaded boxes of the "checkerboard".

For the 6 and 8 vertex models, the above results are not quite

correct. In the 6 vertex model (B, =0 and J_=J ), w, = w, = 0, while
X X v 7 9

in the 8 vertex model (Bx = 0) only Wy = 0. Consider first the 8 vertex

model. Vertices 9 through 16 are always prohibited, and therefore get

v
zero weight. Therefore, in place of the factor wgg in equation (8-18),

which would be undefined, we must use the factor (1—v9), which can be only

v

zero or 1. Similarly, if Wy = 0, then the factor w /

7 should be replaced

by (l-v?). So, for example, in the 8 vertex model the four spin inter-

action JA515253Sé is replaced by a logarithmic interaction —B_l 2n(% +

851525354), which prohibits vertices 9 through 16. For the 8 vertex model,

the other exchange constants are no different from those for the 16 vertex

model. The zero of energy J  is, however. Similar modifications can be

0
made to get the effective Hamiltonian for the 6 vertex model; one finds
logarithmic four spin and two spin interactions.

For the 8 vertex model, the exchange constants simplify, as do the

vertex weights. Putting Bx = Bz = 0 in equation (8-14), one has
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£

"
m

N
w
E
=
]

9-16 0 . (8-21)
The 2-D exchange constants are found to be

-1 —QKZ
h (2B) 2n(e sinh 2K+/sinh 2K )

[
H

("
1]

(28)"! 2n(tanh K, tanh K_)

o
1

a 28)"! 2n(tanh K_/tanh K_)

o
1

n (8p) " ﬂn(% sinh 2K_ sinh 2K_) . (8-22)

Later we will see that it is useful to choose the xz plane to be the
easy plane, so that the applied field (Bz) can be in the easy plane for
this 8 vertex model. This is shown in Figure 8.1, where the quantization
axis is in the easy plane parallel to the field. For the anisotropy
believed to describe CHAB (5%, from Kopinga et al. 1984), we can take
J =J_=1.0 and JY = 0.95, measuring temperature T in units of 110 K.

X Z

For these parameters, the 2-D exchange constants are plotted vs. 4mT in
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>~ @
EASY PLANE J X

Figure 8.1 The coordinate system for the easy-plane 8 vertex spin-% model.
The applied field, in the easy plane, is parallel to the quantization axis.
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Figure 8.2 The effective exchange constants on the 2-D lattice for the 8
vertex spin % easy-plane model, with J_ =J_ = 1.0, J = 0.95. The solid
curve is BJ, , the spatial coupling, the dasfied curve Vs BJ _, the coupling

in the Trotger direction, and the chain curve is BJ,, the Xiagonal

coupling, where B = 1/k,T. The spatial coupling is antiferromagnetic except
at very low temperatures, even though the original 1-D quantum model has
only ferromagnetic coupling.
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Figure 8.2. At extremely low T, all three are negative (ferromagnetic).

However, there is a temperature above which J,. becomes positive (anti-

h
ferromagnetic), and the 2-D classical system has competing ferromagnetic
and antiferromagnetic interactions. This may have the effect of gener-

ating metastable nonequilibrium trajectories in the Monte Carlo

calculations, which could affect the efficiency of a given algorithm.

8.3 Spin Flipping Algorithms for the 6, 8 and 16 Vertex Models

In principle, the simplest model to work with is the 16 vertex model,
since individual spin flips can be the basic Monte Carlo moves (a single
spin flip leads to another allowed state). In the 8 vertex model, one
must always flip the spins in a vertex in pairs to generate another
allowed vertex, and this necessitates flipping a series of spins in the
2-D lattice that lie on a closed path. Then the basic moves can be
column, row and square flips as used by Cullen and Landau (1983). We
could also use their staggered column flips, but is seems that they can
always be decomposed into a series of square flips plus one column flip,
and so they are not necessary. In the 6 vertex model, we do not know a
simple set of moves which keeps one within the 6 allowed vertices, so that
a combination of column, row and square flips can generate disallowed
states and waste computing time. Ironically the presence of too much
symmetry in the original Hamiltonian makes the case of isotropic exchange
with only a field parallel to the quantization axis the most difficult in
this formalism.

Initially the 16 vertex model was applied to CHAB, for which the
parameter values are believed to be Jx = Jy = 110 K, Jz = 104.5 X (Kopinga

et al. 1982, 1984). For fields Bz =0 and 0 < BX < 10kG, one finds that
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the percentage of single spin flips accepted using the standard Metropolis
et al. (1953) algorithm is impractically small, less than 1% for
1 K<T< 10 K. This is because this model is approximately a 6 vertex
model, with the magnetic field just a mild perturbation. The 16 vertex
model works well only if the field, exchange constants and temperature are
all the same order of magnitude. A single spin flip in a vertex causes a
transition from a vertex with an odd (even) number of +%‘s to a vertex
with an even (odd) number of +l‘s. When the field is small compared to

2

the exchange, vertices with an odd number of +%‘s have energies much
larger than the other vertices, and single spin flip acceptance rates
rapidly approach zero as the field does. This is the major source of
difficulty with this 16 vertex model. It is especially important to have
a formalism where the field can be set to zero, since usually the zero
field specific heat is subtracted from the specific heat with field to
test the sG ideal gas theory. (This removes the specific heat
contribution from linear spin waves.)

Therefore it is better to consider an 8 wvertex model. To obtain an
8 vertex model to apply to CHAB, we should orient the coordinate system
as shown in Figure 8.1, taking JX = Jz = 110 K; and JY = 104.5 K, with
Bx =0, 0< Bz < 10 kG. Now the quantization axis lies in the easy plane
parallel to the field, and the model remains an 8 vertex model even when
the field goes to zero. Obviously, though, if there is no easy-plane
anisotropy, then this model degenerates back to the 6 vertex model. So
we require adequate anisotropy for this model to work efficiently using a
combination of row, column and square flips. This is the model for which

we have performed the Monte Carlo calculation. Some of these results have

already been reported in Satija et al. (1985).
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8.4 Monte Carlo Details

Details of the Monte Carlo procedure are briefly described. In a
single Monte Carlo step, we attempt N column flips and %Nn square flips,
chosen at random positions in the lattice. Row flips usually have very
low acceptance rates and so have not been used. If all of these flips are
accepted, then each spin in the lattice would be flipped twice on average,
once via a column flip and once via a square flip. Of course only a small
fraction (~ 10%) is usually accepted. After one of these steps, data is

k)’ and so on for
5

the thermodynamic functions. Typical calculations used from 10 to

then stored for the expectation values to give <F. >, <G

3 x 105 steps, with the first 209 discarded, and the rest divided into
~ 10 groups for error analysis. We computed the appropriate expectation
values to get the internal energy, specific heat, magnetization and sus-
ceptibility as described by Cullen and Landau (see section 7.3). The
algorithm has been partially checked by comparison with an exact m =1
transfer matrix calculation.

The system was started in some standard initial configuration, such
as alternating up and down spins in each row and column. Then a number of
Monte Carlo steps (: 3000) was taken at twice the desired temperature to
"heat up" or "stir" the system. The temperature was then set back to the
desired wvalue, the vertex energies recalculated, since they depend on
temperature, and the calculations were then begun. The data obtained
using several such initial states was averaged to produce the results
shown here. Calculations were performed for no field, and Bz = 3.3 kG,
6.5 kG and 10.0 kG in order to compare with available experimental data.
We have used N = 32 and m = 2,4,6,8,12 and 16. For the present case, it
seems that the choice m =8 is the optimum for which the statistical

errors are about the same size as the errors due to using the finite m
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Trotter approximation (~ 5% for the statistical errors). Generally sta-
tistical errors increase with m, unless the number of Monte Carlo steps is
greatly increased, while the Trotter errors decrease with m.

Results for CHAB are shown in Figure 8.4, for m = 8, N = 32. Also
the m =4 and m = 12 CHAB results are shown in Figures 8.3 and 8.5.
Before a discussion and comparison to the experimental data, we describe
next the prediction of the sG phenomenlogical theory, particularly for the

classical soliton contribution to the specific heat.

8.5 Sine-Gordon Soliton Gas Thermodynamics

The phenomenological theory of the thermodynamics of a gas of sG sol-
itons and linear classical phonons (spin waves in the present context) has
been presented by Currie et al. (CKBT, 1980). This theory stemmed from
the earlier work of Krumhansl and Schrieffer (1975). The theory will not
be reviewed here, rather, we will use only some specific results from it,
which can be applied to both CHAB and CsNiFB.

CKBT have determined the effect of a low density gas of sG solitons
on the free energy of the linear modes in thermodynamic equilibrium, where
the dynamics is governed by the sG equation. ‘The change in the free
energy is attributed to the presence of the sG solitons, and thus they
have obtained an expression for the soliton contribution to the free
energy. (Breathers are a higher order effect.) The free energy density
F (free energy per particle) is given to leading order as the sum of

tot

spin wave (st) and soliton contributions (Fk),
F =F +F (8-23a)

n
F = (2np) ! j_n dk 2n(phw,) (8-23b)
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S~k ok (8-23¢)

The spin wave dispersion relation, for a discrete lattice, is found to be

(in this sG limit of the equations of motion)

&wi =B+ 4 sin(%k) (8-24a)

where
a = 2A/J Be = gugB /IS . (8-24b)

A and J are the parameters for the classical Hamiltonian; in the case we
can make the approximations J = Jx = Jz, A= Jx - Jy’ using the coordin-
ates of Figure 8.1. The sG soliton free energy is directly proportional
to the total number demsity per unit length of solitons and antisolitons

tot ’
n, , given by

268 \% -BE
nEOt = %—(———%) LA (8-25)

0 Fid

E0 and W, are the static soliton energy and width,

- 3\% 2 _ _ a1 -
By = B(ngBzJS ) y Wy = JS/guBBz = ﬁf (8-26)

Note that equations (8-23c) and (8-25) are valid only in the low tempera-
ture limit (low number density of mildly interacting solitons), BEU » 1.
In this limit, the internal energy density U and the specific heat per

unit length C are given from derivatives of Ftot’

_ 9 _ 1 tot _
U = gg(ﬁFtot) = kT + (EO - EkBT)nk (8-27)

¢ = g% = ky + [(Ey/kyT - %)2 - %]an§°t (8-28)
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The first term in each of these expressions is the linear spin wave con-
tribution; the second term is the soliton-antisoliton contribution. In
both cases the spin wave contribution is indepedent of the applied field;
thus the reason for presenting results where the zero field specific heat
(or internal energy) has been subtracted from the result with a field.
This should remove the spin wave contribution. Similarly, the magnetiza-
tion can be found as the sum of spin wave and soliton contributions, Msw

and MtOt, and the ground state value M

k 0’

M= - Bzgzt =My + M+ MO (8-29a)

My = gHgS (8-29b)

Msw = % EE; (Bf e 4)-% Mg (8-29c)
Js

MOt = 2atot W23 - BEo)ggg . (8-29d)

One further derivative with respect to the field.gives the susceptibility

continues X and XEOt

2
_ 1 o0 -3/2 ]
X, = akBT(ES;) (B + 4) (8-30a)

tot 3 tot 2.2
Xz 1687 n %twMo (8-30b)

It will make sense to apply these formula only for BEO » 1. For the

CHAB parameters S = %, J =110 K, g = 2.0, and considering fields Bz =
3.3, 6.5 and 10.0 kG, the rest energy of the solitons is ED = 20, 28 and
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34 K respectively (E0 = 10.87 Bllz, E0 in X, B in kG). Therefore the sG

phenomonological theory can be used only well below these temperatures, at

these fields. ©For CsNiF the parameters are S =1, J = 23.6 K and

3’
g = 2.4, and for fields Bz = 3.0, 5.0 and 10.0 kG, the soliton rests

energies are E_. = 27, 35 and 49 K respectively (E0 = 15.6 31/2). Then

0

these are the limiting temperatures for which the sG theory can be applied

to CSNiFa.

8.6 Results for CHAB

Results from the Monte Carlo calculation for CHAB at four different
fields Bz are shown in Figures 8.3, 8.4 and 8.5 for m =4, 8 and 12
respectively. All results shown are for a system of 32 spins with
periodic boundary conditions. For the fields 3.3, 6.5 and 10.0 kG used,
the soliton full-widths are 22, 16 and 12 lattice units respectively, each
less than the system size. We show the internal energy, specific heat,
magnetization and susceptibility in each case. In Figure 8.6 the dif-
ference AC = C(Bz) - C(0) is plotted vs. T, and can be compared with the
experimental results of Kopinga et al. (1984) shown in Figure 8.7.

The Monte Carlo results for AC are in fair égreement with the exper-
imental data regarding the temperature at which AC maximizes. The most
obvious differences are a tendency for the Monte Carlo results to lie
below the experimental ones by about 20%. There are several possible
explanations: i) There could be a systematic additional specific heat
component measured experimentally, for example, nonmagnetic contributions
(perhaps spin wave-acoustic wave coupling) or entropy-reducing pinning
effects in the absence of the field, ii) The assumed Hamiltonian may not
be appropriate, either because of errors in the assumed parameter values,

or corrections to the assumed form of the interactions. Generally the
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Program WMC, 32 Spins, m= 4
Fields  00kG, 33kG, 65kG, 10.0kG,

& —R5.0-

o —

20 -260-
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Temperature (K)

< 025
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o
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O

Q
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Temperature (K)

Figure 8.3a Monte Carlo results for CHAB, with m = 4, at fields B_ =

0.0 (0), 3.3 (A), 6.5 (+) and 10.0 (x) kG. The data points are fraom the
opposite Monte Carlo expectation values. The curves for the internal
energy are weighted least square polynomial fits to the data points, while
the curves for the specific heat are the derivatives of those polynomials
fits.
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Program WMC, 32 Spins, m= 4
Fields 00kG, 33kG, 6.5kG, 10.0kG,

0.6 -
e
S 044
g %
%, | \‘6 * \
= 0.2 e
- .-,
a0
© 00-
b=

-0.2 s | ] T 1
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Temperature (K)
— 08
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o
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=
z
w 024
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7)) 0.0 T | T ]
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Temperature (K)

Figure 8.3b Monte Carlo results for CHAB, with m = 4, at fields B_ =

0.0 (0), 3.3 (A), 6.5 (+) and 10.0 (x) kG. The data points are fram the
appropriate Monte Carlo expectation values. The curves are weighted least
square polynomial fits to the data points.
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Program WMC, 32 Spins, m= 8
Fields 0.0kG, 33kG, 8.5kG, 10.0kG,

’Q —25.0 -

g’n -26.0 -

|

(3
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— =290 + : , .
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N 010 . , . |
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Temperature (K)

Figure 8.4a Monte Carlo results for CHAB, with m = 8, at fields B_ =

0.0 (0), 3.3 (A), 6.5 (+) and 10.0 (x) kG. The data points are from the
appropriate Monte Carlc expectation values. The curves for the internal
energy are weighted least square polynomial fits to the data points, while
the curves for the specific heat are the derivatives of those polynomial
fits.
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Program WMC, 32 Spins, m= 8
Fields  0.0kC, 33kG, B65kGC, 10.0kG,

I | |
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Temperature (K)
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Figure 8.4b Monte Carlo results for CHAB, with m = 8, at fields B_ =

0.0 (0), 3.3 (A), 6.5 (+) and 10.0 (x) kG. The data points are from the
appropriate Monte Carlo expectation values. The curves are weighted least
square polynomial fits to the data points.
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Figure 8.5a Monte Carlo results for CHAB, with m = 12, at fields B_ =

0.0 (0), 3.3 (A), 6.5 (+) and 10.0 (x) kG. The data points are frof the
opposite Monte Carlo expectation values. The curves for the internal
energy are weighted least square polynomial fits to the data points, while
the curves for the specific heat are the derivatives of those polynomials
fits.



226

Program WMC, 32 Spins, m=12
Fields 0.0kG, 33kG, 65kG, 10.0kG,

0.6 -
c x
S oad TE
e T N
S "s..\ t\‘-
N e Tl N
S 02- R,
o a~a ’l‘.‘ﬁ“—ﬂ-—..
: “'t..__'___& - g ‘:""“:"‘-u
c o SRR A g
© 0()__ a\‘1r-ﬂnf’Ara"s-—4r-—0——AL-g—-4»——¢ﬂ—e——JL——o
=
-0.2 ! - '
0.0 50 10.0 15.0
Temperature (K)
~ (16-_
N
B
o !
>} 0.4: =3
-
:l
o
! 0.2 -
@
Qo
O
g ke
¢y 00 , ' '
0.0 5.0 10.0 150

Temperature (K)

Figure 8.5b Monte Carlo results for CHAB, with m = 12, at fields B_ =

0.0 (0), 3.3 (A), 6.5 (+) and 10.0 (x) kG. The data points are from the
appropriate Monte Carlo expectation values. The curves are weighted least
square polynomial fits to the data points.
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Figure 8.6 The differences AU

U(B ) - U(0), AC = C(B_) - C(0), from the
quantum Monte Carlo, at fields =

8.3 (A), 6.5 (+) and 10.0 (x) kG, for
(a) m=4, (b) m=8 and (c) m 12. Errors due to the finite m Trotter
approximation make the low-T m 4 results invalid. For larger m, however,
the efficiency of the algorithm decreases, and statistical errors increase
greatly unless the length of the simulation is adequately increased.
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Figure 8.7 Experimental results for AC from Kopinga et al. (1984), at
fields Bz = 3.3 (A) and 6.5 (+) kG. These data fall between the quantum
Monte Carlo results and the sG phenomenological results.
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parameters Jx’ JY and Jz have been determined from fits to linear pro-
perties. There is a possibility that more accurate assignments of para-
meters are necessary before precise comparisons with classical or quantum
soliton theories can be made. We have tested the effect of varying the
easy plane anisotropy from 3% to 7% (5% was the assumed value). Results
for C and AC, with m = 8, N = 32, are shown in Figure 8.8 for anisotropies
3%, 5% and 7% at B, = kG. It is seen that decreasing the anisotropy
decreases C, but any systematic changes in AC are small, less than the
~ *15% errors bars for AC; iii) Finally, there may be systematic quantum
Monte Carlo errors leading to an underestimate of C and AC, especially
due to using the finite m Trotter approximation, and a finite lattice of
size N. There could also be a bias in the spin flipping algorithm; we
cannot be sure that all microstates of the system are a priori equally
probable in the present method. Possibly these questions could be
answered through the use of exact transfer matrix calculations. Some
efforts in this direction have been made by this author, but the large
size of the applicable transfer matrix causes numerical difficulties.

Finally, for comparison, the thermodynamic results from the sG
phenomenological theory are shown in Figure 8.§, using the expressions
from section 8.5, with no adjustment of the soliton rest mass. The posi-
tions of the peaks in AC vs. T at fixed field occur at larger temperatures
than either the Monte Carlo data or the experimental results. A better
fit of the sG theory to the experimental data can be obtained, according
to Kopinga et al. (1984), by adjusting the soliton energy by a factor of
0.774. This renormalization of the rest energy was obtained by fitting
the positions of the peaks in AC wvs. Bz at fixed temperature to the

prediction of the sG theory for those peak positions, which is
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Figure 8.8a Effect of varying the anisotropy (Jx-J )/J_on U and C, at
zero field. The curves are for 3% (0), 5% (A) and ?% (¥) anisotropy, with
m= 8.
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EO/kBT = 3.898 . (8-31)

E0 depends on the field, in pure sG theory, through

1/2

. 3 _ 1/2
E, = 8(JS” gugB )"'“ = aB,

(8-32)

Combining these equations, the sG theory predicts a quadratic relation

between the peak position and temperature

Boeak = (3-898 kBT/u)z . (8.33)

However, the experimental data give o reduced from the sG prediction by
the factor 0.774, which is interpreted as a reduction of the sG rest
energy by the same factor. If one re-calculates the internal energy,
specific heat, and so on, using this reduced soliton rest mass, the curves
of Figure 8.10 result. It is seen that then the peak positions in AC vs.
T at fixed field, as derived from Monte Carlo, experiment, and sG theory
are all in close agreement. The peak heights, however, are too small as
given by the Monte Carlo calculation, and too large as given by the sG

theory, when compared to experiment.

8.7 Discussion

Three possible reasons why the Monte Carlo calculation underestimates
AC peak heights have already been suggested in section 8.6. An inappro-
priate assignment of the percent anisotropy can probably be ruled out,
based on the evidence of Figure 8.8. From this present study, no conclu-
sion can be drawn about whether there are other nommagnetic contributions
to the specific heat measured experimentally; we could only speculate. It
is likely, however, that the peak heights are underestimated as a result

of the finite m Trotter approximation, as the trends with m in the data
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suggest. It would be useful to know more specifically about the way the
Trotter errors behave as a function of m and the other parameters to
answer this question. Not being able to answer this question currently,
nevertheless the Monte Carlo data appears to be consistent with the
experimental results for AC.

The sG theory seems to fit poorly to the experimental data, even when
the soliton rest mass is renormalized. It overestimates the peaks in AC
considerably compared to the experimental data. Quantum mechanics must
limit the degree of excitation of all the degrees of freedom of the full
quantum Hamiltonian much more than that given by the quantized sG theory.
But probably we should re-iterate some previous comments, about the more
obvious reasons for the failure of the sG theory. It seems to be of
doubtful motivation to take the original quantum Hamiltonian, taking
classical limit, than the sG limit, and then quantizing the classical sG
theory, other than that it is analytically tractable. This seems to be an
especially questionable approach in light of the fact that the sG theory
does not even adequately describe the classical mechanics given by the
full classical Hamiltonian.

We conclude that quantum effects are important in the spin-% 1-D
ferromagnet CHAB, especially since the classical sG ideal gas theory fits
poorly, while the quantum Monte Carlo data is consistent with experiment
without any adjustment of parameters. There is a possibility that this
could be made more convincing by solving for the free energy using a
transfer matrix method in place of the Monte Carlo algorithm, thereby
eliminating the statistical error bars. Some effort has been made in this
direction, but there is difficulty in accurately finding the largest

eigenvalue of the transfer matrix, from which the free energy is obtained,
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due to the large size of the transfer matrix. For instance, if one
"transfers" in the spatial direction, on the 2-D effective lattice, then

A X 22m. On the other hand, transferring in

the transfer matrix will be 2
the Trotter direction is not any better, especially since then the eigen-
values depend on m in a singular manner such that all the eigenvalues
would be necessary to determine the free energy, when one takes the m + ®
limit. Generally, though, transferring in the spatial direction seems to
be the most promising approach; at this point it is a matter of accurate
numerical computation to make this transfer matrix approach successful.

In Chapter 9, quantum effects in a spin-1 model for CsNiF, are ex-

3
amined, in a manner similar to that done here. Presently there is a con-
tinuing controversy over the importance of quantum mechanics vs. classical
mechanics for CsNiF3, and it is hoped that this quantum Monte Carlo
approach should be able to help decide this question.



