Chapter Six

An Ansatz for Easy-Plane Antiferromagnet Kinks

6.1 Introduction: Other m-Kink Systems

We want to formulate an Ansatz for kinks in the easy-plane antiferro-
magnet with an applied field in the easy plane, similar to that for the
Liebmann et al. Ansatz. A major difference from that case will be imposed
by the boundary conditions here, which make the kink describable by two
trajectories on the unit sphere which trace out angles approximately equal
to m, rather than 2m as for the ferromagnet. There will be one trajectory
for each sublattice. Furthermore, the spin-flopped ground state compli-
cates the algebra compared to what would necessary if the two sublattices
were exactly antiparallel.

In order to show that this Ansatz is well-motivated and expected to
give good results, we first look at some other n-kink Hamiltonians, where
this Ansatz gives the exact known soliton solutions. These '"practice"
example have exactly antiparallel boundary conditions at z + *®, which
simplifies the geometry, and therefore the calculations.

The first example will be the easy-plane ferromagnet with no applied
magnetic field, which is known to have pulse-like nt solitons (Mikeska
1981). The second example is the same ferromagnet, but with the addition

of an Ising symmetry-breaking field in the easy plane, described by a

term -C 2 (Sz)2 in the Hamiltonian. This term makes the positive and neg-
n

ative y-axis directions the prefered directions within the easy plane,
and a n kink involves a trajectory on the unit sphere from one to the

other.

149



150

6.2 Ansatz for the Easy-Plane Ferromagnet, No Applied Field

In units and coordinates used in Chapter 2, the continuum Hamiltonian

and equations of motion for the easy-plane ferromagnet in the absence of a

field are
H= €0 I dg{%ﬁé + %¢§ coszﬁ + %siuzﬂ} (6-1)
6 = 0ggcosd - 20.0,sind (6-2a)
écosﬂ = - BEE + (1 - ¢E)sin8 cosf 5 (6-2b)

The right hand side of (6-2a) is an exact differential, and this allows

one to find the following pulse soliton solution (Mikeska 1981).

sinf = ty-l sech qu(g - ut) (6-3a)
o = % + tan-II% siny—l(ﬁ - ut) (6-3b)
yE = w2, (6-3c)

Here ¢0 is an arbitrary integration constant and u is the dimensionless
soliton velocity. For the upper signs, and ¢0 = 0, it is instructive to

note that xyz components of unit spin vectors G are

o® = u sech y-l(g - ut) (6-4a)
o¥ = -tanh y }( - ur) (6-4b)
o? = y-l sech y-l(g - ut) (6-4c)

By rotating to an x'y'z' coordinate system through an angle BA about the

y-axis, such that sin BA = Y—l, cos GA = u, this is seen to be a

sine-Gordon profile in the x'y' coordinates
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o0& = 0" cos 6, + 6” sin 6, = sech y-l(g - ut) (6-5a)
o = -0 = -tanh y_l(g ~ W) (6-5b)
o = -o* sinBA + o° cosBA =0 5 (6-5c)

- 1 1
It is easy to verify that the angle ¢' = tan 1(0Y /Gx ) is given by

o' = %n -2 I:an-1 exp y-l(g - ut) 5 (6-6)

which is the m sine-Gordon profile, as seen in chapter 5. Therefore, the
exact pulse soliton is described by a trajectory which is the intersection
of the unit sphere with a plane tilted at an angle BA from the easy plane,
about an axis in the easy plane through the origin (the choice of the
y-axis was arbitrary and related to using ¢0 = 0). The distribution of
the spins on the trajectory is a sG distribution. The velocity of the
pulse is directly related to the tilt angle BA via u = cos BA. Also, the

width is related to the angle by w = 1/sin BA. Finally, the energy is

42172

= 2e,.(1 - (6-7)

8pulse 0(

This result is strange in that the soliton energy.is a decreasing function
of velocity. A pulse soliton which is tilted at only a small angle to the
Xy plane has high velocity but low energy. The opposite is true for one
tilted at BA ~ 90°.

Now the Ansatz calculation is sketched out. A sine-Gordon distribu-
tion in a tilted plane is assumed, similar to equations (6-5) and (6-6),

with a wariational width parameter w and variational angle of tilt GA'

The Ansatz for unit spins § is written

o = sin¢sG = sech[(§ - ut)/w] (6-8a)
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oV = cosp_, = -tanh[(£ - ur)/w] (6-8b)

o? =0 (6-8c)
where

0o = 2 tan | expl(§ - wD)/w] . (6-9)

The spins here rotate clockwise from the +y'-axis to the -y'axis as viewed
down the z'-axis, when going from £ = -» to £ = +». This is transformed
back to the original xyz coordinates by a rotation through angle BA about
the y'-axis:

X x' !

g =0 cosﬂA - ¢® sinﬁz = coseA sech[ (€ - ut)/w] (6-10a)
1
o = oY = ~tanh[(§ - ut)/w] (6-10b)
z x z! ,
¢ =0 31n9A +0 COSBA = 51118A sech[ (€ - ut)/w] " (6-10c)

This is the Ansatz. One must extremize the Lagrangian L for the system,
with respect to the variational parameters w and BA. In terms of xyz spin

components, the Lagrangian is

L=X-X (6-11a)

K =¢, J dE o g; tan" (¥ /0%) (6-11b)
1 8&2 P

K=oy [t i3 G +309% . (6-11¢)

The functional K can be shown to be the product of the soliton momentum P

and the velocity u. After some easy integration, the simple results are

K= 2u6, ¢, (6-12a)
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H= (w sin29A + I/w)ao ; (6-12b)

Then, extremizing L first with respect to w, and the 6 leads to the

A!

results

w = (sineA)'1 = (1 - u2)-1/2 (6-13a)
_ ; _ L w2y 1/2 _
E=12 31113A €y = 2(1 - u € (6-13b)
u = cosBA (6-13c)
P =26 . (6-134)

A

The known pulse soliton solution has been recovered, as should be expected
since the Ansatz carries the exact functional form necessary. All dynam-
ical quantities are obtained directly in terms of the variation parameter

6 which in effect has beome the independent variable, replacing the

A’

velocity.

6.3 Ansatz for the Easy-Plane Ferromagnet with Ising Symmetry Breaking

One can also apply Ansatz (6-10) to the situation where there is an

Ising symmetry breaking field. Then the Hamiltonian is

~ 2
_ 1,90 1, 2.2 _ v.2 _
H=ey [ dt {3Gp + 30" - e’ (6-14)
In this case, we obtain
K= ZUBASO (6-15a)
K= [w(sin26A + 2c) + 1/wI£0 (6-15b)

and
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-1/2

W= (siuzeA + 20) (6-16a)
e Z(SiuzﬂA + zc)lfzao (6-16b)
u = sing, cosBA(sinzeA + 2¢)"1/2 (6-16¢)
P=20 . (6-16d)

A

Once again, the profile that results is the exact soliton solution

(Sklyanin 1979).

6.4 Ansatz for the Easy-Plane Antiferromagnet with Applied Field

With the above examples, and based on some numerical simulations,
it is possible to formulate the Ansatz for the spin-flopped ground state
antiferromagnet. Conceptually, this is a minor modification of the above
Ansatz. We want the spins on the A sublattice to move in a plane tilted
at an angle BA away from the easy (xy) plane, and the spins on the B sub-
lattice to move in a plane tilted at some angle BB from the easy plane.
Sine-Gordon profiles within these planes are assumed, with a width para-
meter w. Thus, the Ansatz will involve the three variational parameters
GA’ BB and w, which will be determined by extremiéing the Langrangian with
respect to these parameters.

The spin-flopped ground state (section 5.2) makes the Ansatz (6-10)
inapplicable to this case, since it does not satisfy the boundary condi-
tions. Also, the spins on a sublattice in general do not trace out a
trajectory through exactly n radians. TFor example, in a static xy kink,
the A sublattice would trace out an angle 7 - 2¢0, while the B sublattice
would trace out m + 2¢0, where cos¢0 = %B (section 5.3). But for a moving

kink, both angles would be changed, and depend on BA and GB.
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An Ansatz is constructed for unit spins &A on the A sublattice first.
What is needed for the trajectory is the intersection of the unit sphere
with a plane which passes through the two ground state (boundary condi-
tion) points (%B, i(1-32/16)1j2, 0), tilted at angle BA to the easy (xy)
plane. The trajectory for the A sublattice will begin at one ground state
(%B,-(I—BZ/IG),I/2 0), pass through a point (cos q, 0, sin q) at the

center of the kink (where o” will be maximum) and then end at the opposite

ground state (%ﬂ, +(1-B2/16)1/2, 0). The tilt angle of this plane, 8,, is
related to the parameter q by (see Figure 6.1)
tan 6, = sin q/(cos q - %ﬁ) ‘ (6-17)

The angle g is the out-of-plane angle 6 (the maximum) for the spin at the
center of the kink (on the A sublattice here). 1In the x'y'z' systenm,

obtained by rotating from the xyz system through 6, about the y-axis, the

A
equation of this plane is simply

zt = —%B sin® (6-18)

A

So determining the z' component of ﬁA was trivial.

Next, to obtain the x' and y' components of this trajectory, consi-

der the sum and difference vectors M and ﬁ, defined by

M= (6, + O

A B) (6-19a)

o

@, - &

7t B) ) (6-19b)

D=

where the GB sublattice is supposed for the moment to move in the same

plane as ﬁA. Equation (6-19) applies only to the x'y' components. The 65

sublattice stays approximately antiparallel to &,, except at the boundary

points at z = t®., From the boundary conditions specified by the ground
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(a)

y
b 1
r=(I- l—'-s B2 sin? 6,)2
z! x’

: B
sin € = — cos 8
i A 4r A

(b)

Figure 6.1 Geometry for the antiferromagnet kink Ansatz. (a) The dot
represents the ground states projected onto the x-axis. The arrow is the
spin on the A sublattice at the center of the kink. The dashed line
represents the plane in which the tips of the spin vectors &, move in this
Ansatz. (b) View of the two ground states as seen looking down the z-axis.
The Ansatz assumes that the spins § move in the circular path connecting
them.
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=5
state, the vector M approximately traces out a circle of radius rﬁ =

%BCDSGA, with center at (x'y') = (%BCOSGA, 0). Similarly, the vector N
approximately traces out a semicircle of radius Iy = kL = 32/16)1/2,
centered at (x',y') = (0,0). This is shown in Figure 6.2. From the
geometry, the x'y' components of M and N are approximately
2
Mx' 5 rﬁ( 1.3k cos¢sG) = 2rﬁ tanh"x (6-20a)
~ ! 1 —E ! -
My' it 31n¢sG 2rIn tanh x sech x (6-20b)
P | _
Nx' 7 ry sin §¢SG =y sech x (6-20c)
1 - -
Ny' % ~ry cos 3 ¢sG = ry tanh x ; (6-20d)
where it has been assumed the ¢sG is
O = 4 tan” ! exp x (6-21a)
x=(z-vt)/w . (6-21b)

Here the length unit is the lattice spacing and the time unit is ( /JS).
The wvariable w is the width parameter. We check the squared lengths of

the &, and 63 spins as seen in the x'y' plane; they should equal r2, where

A
2 2
R . R - I
r =1 (o) =1 g sin GA
One obtains here
@+ H2=u+ N = rﬁ 5 4:&2 tanh®z . (6-22)

Since this has position dependence, it cannot equal r2. In order to force

~ - _ = =¥ =¥
the 0, spins to be unit vectors, we need to multiply M and N by a factor

A
o a2 ;2 -1/2
fA(x) = r(r_N + 4rM 5

angle aA_(Figure 6.1)

tanhzx) fA(x) can be written in terms of the
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--% Bcos 6y
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rn=(l- %Bzﬁ—"-
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-
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@

Figure 6.2
¢s

>
(a) The sum vector M as seen in the x'y' coordinate system.

¢ Fotates through 2m for the kink Ansatz. (b) The difference vector N
as seen in the x'y' system.

The radii of these circles are derived from
Figure 6.1.
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Bzcoszﬁ 2 -1/2
fA(x) = (1 - 5 sech™x)
16r
= (1 - sinzaA sechzx)-lf2 , (6-23a)
where
sinaA = %; cosBA . (6-23b)

With this, the Ansatz for the x'y'z' components for the GA spins is
UAX' = fA(x)(MX' + er) (6-24'3)
Uﬁy, = fA(X)(My' + Ny,) (6-24b)
O, , = -+B sin® (6-24¢)
Az' 4 A

Now the assumption that the B sublattice moves in the same plane is
removed; GB has its own plane at an angle BB. Using double primes to

refer to a coordinate systems at an angle GB to the easy plane, the B

sublattice tilted plane is =z' = —%BsinBB. The Ansatz for x"y"z"
components of the 63 spins is then
O-BX" - fB(X)(MX" = an) (6'253)
UBY" = fB(x) (Myn = NY") (6‘25b)
0. , = -iBsind (6-25¢)
Bz" 4 B

Hx“ and MY" are different from the corresponding single prime quantities
by having rﬁ = %BCOSGB. The distribution of the spins on the trajectories
for both sublattices is described by the single function ¢SG' These
Ansdtze for the sublattices are rotated back to the original xyz

coordinates by the transformation in equation (6-10).



160

One must now extremize the Lagrangian in order to determine the vari-

2

ational parameters BA, BB and w. Measuring energy in units of JS, time
in units of /JS, the continuum limit Lagrangian is
L=K-H (6-26a)
K=+ 3 fdzo. L tan”? (0. /0. ) (6-26b)
2 s iz dt iy’ Tix
i=A,B
1 aAA a(‘B 1.2 2 1
H=10zi00 - 352 "8z " 2°Chz * %2 " 2P0 * %)}
(6-26¢c)

Note that subscripts here indicate spin components, not derivatives.
o = 2A/J and B = ngBx/JS, as before. Evaluating H for this Ansatz is
straightforward but tedious. The "kinetic" term K, however, requires more

work. It can be simplified somewhat by changing UAZ > UAZ -1, and

Opz * Opz + 1, which changes K by an additive constant depending only on

B, and at the same time removes unphysical step functions! at GA = %n and
BB = -%ﬁ. This constant shift is irrelevant since L is extremized with

respect to BA, GB and w. Details of these calculations are given in

Appendix B.

L(GA’BB’W) can be evaluated for arbitrary BA and BB’ however, it is

expected that A = BB -0, «1, based on the sG limits in Chapter 5.

A
Therefore, L is approximated to second order in A. Furthermore, the
coefficients of the powers of A are also approximated to second order in

the small parameters Ja and B. Then finally the Lagrangian relative to

the ground state can be written

1 This js reminiscent of the step function in the Liebmann et al. Ansatz

at Bm = 3. Perhaps there is some significance to these step functions?!
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1
L(GA, A, w) = vP - ;F - wG (6-27)
where
1 . 1 =
P(BA,A) = A+ ZEB(31n9A + EﬂcosGA) =py t p1A (6-28a)
2
= (2 - B .62 - ("B - S 12 1e A2
F(BA,A) = (rN 4 ©os HA) (16 rN51n0A)A 6& = fo + flA + 2£2A
(6-28b)
_ gl ol . L D T % 1.2 % 3 2
G(BA,&) = (arN51n BA + QB cos BA) + 251n2BA(arN 4B JA + A" = gU+gIA + 2g2& .
(6-28c¢)
Extremizing L first with respect to the width w leads to
w(e,,8) = (£/6)/? (6-29a)
L(BA,Q) =vP - E (6-29b)
_ 1/2 _ 1.3 y
E(BA,A) = 2(FG) ~ e, + eIA + 2 ezﬁ . (6-29c)

The energy E has been expanded to quadratic order in A, where the

coefficients are

1/2

eU(BA) = 2(f030) (6-30a)
- A -
e,(8,) = [3(£,/5, + gy/8y) = 7(£ /5, - 8,/85) I (6-30¢)
2°A 7ol " BpiSg? T Vg T Bp/8g) 1S9
These are functions of GA only, with o and B as parameters.
Next, extremize with respect to A, to obtain
A(6,) = (vp, - e,)/e, (6-31a)

A
L(BA) = L0 + le + sz S | (6-31b)
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where
L (8,) = 2e%/e, - e (6-32a)
0"A 27172 0
Ll(eA) = By ~ plelfez (6-32b)
L,(8,) = zp3/e, - (6-32¢)

Now L is a function of BA only. Finally, wvariation with respect to BA

leads to the quadratic equation for v:

1 ] ] 2 a— -
LU + le + L2v =0 . (6-33)

Primes denote differentiation with respect to BA‘ The two solutions

v+(6A) and v_(BA) are

v, (6,) = (-L} JLiz - 4LJL)/2L) . (6-34)

These solutions for v can be accepted only if they give A « 1, as we

assumed. The variational parameter 6, now becomes the independent vari-

A

A* V4 O V_ is found, and then used in equation

able. For a given 0 &+

(6-31a) to get A. The A so obtained is then used in combination with BA
to get the width w, the momentum P and energy‘ E. Thus all dynamical

quantities are determined as function of 6, only, with a and P as para-

A
meters. Unfortunately, the derivatives in equation (6-33) are rather
complicated, and it is easiest to compute them numerically. Also, to find
the kink dispersion E(v), it is easiest to eliminate BA numerically.
Results will be shown below. But first, it is informative to consider two
special two-parameter limiting forms of the Ansatz, one for xy kinks and

one for yz kinks. These are shown to reproduce the sine-Gordon xy and yz

limits.
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6.5 yx Kink Limit of the Ansatz: BA = BB

A zero velocity xy sG kink obviously has BA = BB. Thus one might

expect to a first approximation to reproduce some xy kink properties by

re-formulating the Ansatz with this assumption, BA = BB, or A= 0. This

should work best for small velcoty, v/c « 1. Then, with this restriction,

the functions P, F and G which determined L reduce to (equations 6-28))

P(8,) = 7Bs (6-35a)
2

F(8,) = er- EE i = 9% (6-35b)

6(6,) = 18> + (of - 78%)s° (6-35¢)

s = sin® 5 (6-35d)

A

To get the dispersion relation E(v), L is extremized with respect to
sinBA, obtaining E(s) and v(s), from which s can be elimated for small
velocity. The width and energy are still given by equation (6-29). The

velocity is given by

o - B

It is straightforward to show
v(s) = %E(l - 821122 - Y (s/B) . (6-37a)
By (s) = B - B2 + Stk - B/ (6-37b)

Terms higher order than sz have been dropped; these equations are appli-

cable only for s « 1. Also these are to leading order in o and B. For

1/2

the static kink, s = 0, and the energy is E;Y = B(1 - ﬂ2/12) , slightly
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smaller than that obtained using spherical coordinates in the sG limit,
equation (5-29). For kinks moving at small velocity, the sine of the tilt
angle BA is proportional to the velocity. The constant of proportionality
changes sign at the critical field ﬁz = 4a. Similarly, the curvature of
EXY changes sign at the critical field. Eliminating s leads to the

dispersion relation.
E__(v) ~ ES_ + imiv? (6-38)
Xy ~ Xy 2

2 : ;
correct to order v, where m* is an effective mass:

wk = gﬂﬁ/“)z =B, - (6-39)
(1-p7/12) (4a-B")

At fields below the critical field, the mass m* is positive, however, m*

diverges and changes sign as B is increased past the critical field. This

strange result has already been found by Fliiggen and Mikeska (1983),

obtained essentially by solving equation (5-25b) wvia another Ansatz.

Similarly, the width has the following behavior:

2

W) = 201 - 82/12)1/2

[1 - FGa - B (s/B?1 . (6-40)
w has the opposite curvature from E. Above the critical field the kink
width increases with velocity while the energy decreases with velocity.
At the critical field, both the width and energy are independent of
velocity for v « c¢. This is probably indicative of a kink instability
similar to that seen in the ferromagnetic kinks. Certainly this behavior
is strongly perturbed from the sine-Gordon theory. Next we do a similar
reduced Ansatz calculation for the yz limit, also to compare with the

sine-Gordon theory.
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Figure 6.% Geometry for the yz kink limit of the general three parameter
Ansatz, A and here are the spins at the center of the kink on the two
sublattices. The dashed lines represent the two sublattice planes in
which the tips of the SPiT vectors move. O, and BB are displaced in

opposite directions from M. A
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6.6 yz Kink Limit of the Ansatz: BA + BB =n

For a static yz kink, the two sublattice planes are both nearly

B~ %n. For a moving yz kink,

we have seen that the two sublattices either are canted toward to away

parallel to the yz plane, such that BA ~ B

from the field. Therefore, we can make a yz kink Ansatz by assuming

1

BA =am- e and BB = %H + £ (see Figure 6.3). Now & becomes the varia-

tional parameter. Using the expressions given in Appendix B for the

arbitrary BA, BB Ansatz, the functions P, F and G become

P(g) = 2m + 2& + %nﬁ COSE (6=41a)
F(eg) = rz - lItﬁr *s = (g - ZEE)s2 (6-41Db)
N 8N 3 48
G(g) = ur§ - %nﬁurN-s + (Arﬁ - u)52 (6-41c)
now
s =sing . (6-41d)

Again, higher order terms in s have been dropped in F and G, as well as
higher order terms in Ja and B. These expressions are valid for & « 1.

As was done for the xy limit, one finds the velocity and energy to be

v(s) = 2{a rﬁ[- %iL ¥ (% . -5—2331 (6-42a)
N 6r
N
E__(s) = 2 (1 - %E;L s+ - %)52] (6-24b)
y N GrN

Immediately it appears that this result is in error, since s = 0 does not
correspond to v = 0, as supposed. In fact, for a zero velocity kink, a

very small € is required, given by
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e(v=0) = (1—2%3/(5 -2 (6-43)

6rN

Conversely, for € = 0, the kink has a small velocity

1/2

vie =0) =v, = - %ﬂBrNd « 1 ; (6-44)

This reflects the fact that the minimum energy configuration for small ¢
has the sublattices canted toward the field rather than being in the same
plane. By doing so, the anisotropy and field energies are reduced while
the exchange increases only slightly, so the net result is a reduction of
the energy. Note that we recover the static yz kink energy as E;z -
2Ja(1 - 62/16), also slightly smaller than the sG result, equation (5-40).

Eliminating s from equations (6-42) obtains the dispersion relation

for small velocity:

1.2

- [o e =
EYZ(V) Eyz + Fmtv (6-45)
where the zero velocity rest energy is
2 1 2
2] _— - -
Eyz = ZJarN Em*vo ; (6-46)
and the effective mass m* is
who= [ r22 - Syl (6-47)
N'a 2 o 2
GrN ZrN

This effective mass is consistent with the sG result. Also there is no

strange behavior here as for xy kinks; the mass is positive unless

12 2

D
a > =Ty,

which is too large to be physically possible for real materials.
We have shown that these two limiting cases of the full three-parameter

Ansatz partially reproduce the sG results (below the critical field) with
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slight modifications to the static kink energies. These energy shifts are
probably due to using Xyz components instead of spherical coordinates.
While the yz limit Ansatz is completely consistent with sG theory, the xy
limit Ansatz gives indication of an instability which manifests itself
through a negative effective mass above the critical field. Next, we
present numerical results for E(v) obtained from the full Ansatz, and
compare them with dispersion relations obtained from numerical integration

of the discrete equations of motion.

6.7 Numerical Results: The Three-Parameter Ansatz vs. Numerical Dynamics

We now present numerical results (see also Wysin et al. 1985) from
the three-parameter Ansatz for o = 0.4, as appropriate for TMMC (Regnault
et al. 1982), and for a series of fields 0.08 < B < 0.5. The parameter BA
is allowed to vary from zero to m. Here BC = 0.4.

The dispersion relation E(v), and ﬁ(ﬁﬁ), obtained from the Ansatz,
are shown in Figures 6.4 - 6.10. Only those solutions which give
|A] < 0.2 (an arbitrary cutoff) have been kept. The solid and dashed

curves correspond to v, and v_ respectively. From the curves of A vs. 6

+ A’
and keeping in mind the results of the previous‘sectiou, it is seen that
there are two distinct regions, corresponding to yz-like kinks (the

approximately linear portions of &(BA), near 0, = %n) or xy-like kinks

A
(the parabolic segments of A(BA), generally at 8A % %ﬂ). For B # Bc,
there is a small transition region connecting the two. The Xy and yz
branches are seen to be continuously connected. Also note that the

curvature of EXY changes sign at the critical field as in the two

parameter Ansatz.
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Figure 6.4 Kink energy (in units of JSz) vs. velocity v (where ¢ = 2) and

= 0,-8, vs. 6, for @« = 0.04, B = 0.08. The solid and dashed curves have

been obtained from the two solutions given by the Ansatz. The data points
are results of the numerical integration of the discrete equations of
motion, time averaging initial kink profiles derived from the Ansatz. These

comments also apply to Figures 6.5 - 6.10, where the same curves are shown
for large fields.
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Figure 6.5 Kink energy vs. velocity and A vx. 6, for o = 0.04, B = 0.20.
See the Figure 6.4 caption for an explanation.
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Figure 6.6 Kink energy vs. velocity and A vs. 6, for a = 0.04, B = 0.30.
See the Figure 6.4 caption for an explanation. %he yz branch kinks are
stable above a minimum velocity of v ~ 0.65. Here and in Figure 6.7 = 6.10

it becomes apparent that only the dashed curves given by the Ansatz always
correspond to stable kinks.
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Figure 6.7 Kink energy vs. velocity and A vs. 6, for o = 0.04, B = 0.37.
Se the Figure 6.4 caption for an explanation. yz kinks are stable above
a minimum velocity of v ~ 0.16.
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Figure 6.8 Kink energy vs. velocity and A vs. 6, for o = 0.04, B = 0.40,
the critical field. See the Figure 6.4 caption for an explanation. The xy
branch of E(v) has degenerated to nearly a point. The yz branch is stable
only for positive velocities.
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Figure 6.9 Kink energy vs. velocity and A vs. 6, for a = 0.04, B = 0.43.
See the Figure 6.4 caption for an explanation. %he xy branch kinks now
have negative mass. yz branch kink are stable for positive and negative
velocities here, down to v ~ -0.20.
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Figure 6.10 Kink energy vs. velocity and A vs. 8, for o = 0.04, B = 0.50.
See the Figure 6.4 caption for an explanation. The yz branch is now stable
down to v ~ -0.55.
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The stability of profiles given by this Ansatz has been determined
through numerical integration of the equations of motion on a discrete
lattice. The data points in Figures 6.4 - 6.10 were obtained in this way,

starting from initial profiles corresponding to both v, and v_. Initial

+
profiles with BA over the entire range from zero to m which gave |A| < 0.2
were used. Generally, there was relaxation from the initial profile
accompanied by spin waves, since the profile was not an exact traveling
wave solution to the equations of motion. To remove spin waves, the kink
was time-averaged in its own (moving) reference frame, in manner similar
to that for the ferromagnet (section 2.6). The difference here, however,
is that each sublattice must be averaged separately from the other. An
initial profile was time averaged twice for ~ 200 times units before
taking data for E(v). Such time averaging usually produces smoother
traveling waves, except in cases where discreteness effects are severe
(at high velocity) or an instability is nearby in parameter space. The
center of the kink is taken to be the point at which s¥ = 0, interpolated
between the lattice points. This definition works equally well for xy and
vz kinks. Then the average kink velocity is taken as the average velocity
of this center point.

We have used lattices ranging from 101 to 301 spins, depending on the
kink width.! An odd number of spins is necessary to simulate a system
with one kink satisfying periodic boundary conditions. For o = 0.04, and
B=0.2 to 0.6, typical full widths for zero velocity kinks were 10
lattice units for yz kinks and 8-40 lattice units for xy kinks. The
equations of motion, written in terms of Xyz spin components (equation
(2-3) with J < 0), were integrated using a fourth order predictor

corrector method (Appendix A), with a fixed time step of 0.04. There is a

/2

1 Recall Vo = 2/¥B, Wy = lfyal in the sG limit.
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slight advantage in using xyz components over using spherical polar coor-
dinates, since there are no trigonometric function evaluations, even
though there are three equations of motion per spin instead of two.
Energy and spin length were both conserved to better than 1 part in 105
for the length of these simulations, which were typically 200 to 500 time
units (that is, 5000 to 12,500 time steps). This offers a partial check
of the numerical accuracy.

Cases where the kink was unstable were obvious. For instance, an
unstable yz kink deforms to a lower energy xy kink, accompanied by spin
waves. Starting from an Ansatz profile, however, no cases were found
where an xy kink decayed into a lower energy yz kink. As a result of

these simulations, it was found that only the Ansatz profile corresponding

to v_ is always stable. The profile corresponding to v

4 can give an

unstable branch. For B < ﬁc, the static yz kink instability was con-
firmed. Also for B < BC, these simulations showed that there is a velo-
city above which yz kinks are stable, further confirming the linear
stability analysis given in Chapter 5. For B = 0.3, 0.37, 0.43 and 0.5,
equation (5-47) gives yz stability limits! v = -0.74, -0.20, 0.18 and 0.57
respectively. These numbers are consistent with‘Figures 6.6 through 6.10
if the signs of all velocities are reversed. Note also that this Ansatz
shows the xy branches terminating at some velocity less than c, where they
meet the yz branch, at its stability limit. For B = BC, there is a
degenerate xy branch (a point).

These numerical simulations were originally performed starting from
sG Xy or yz initial conditions (as in Chapter 5), using the same time

averaging technique. The same dispersion relations were obtained. Also,

1 The "<" sign in (5-47) is somewhat irrelevant. If BZ-QG > 0, then the
origin v = 0 is included in the stable regime. If B"-4a < 0, then the
origin is excluded.
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the finite extent of the xy branches was demonstrated. For instance, for
B = 0.3, the Ansatz shows the xy branch terminating into the yz branch
near a velocity v ~ 0.7. If we start with a sG xy kink with Vs > 0.7,
it will '"decay" (through the time averaging, which does not conserve
energy) to a lower energy yz kink, or a lower velocity xy kink (with
Vit < 0.7!), depending on Vin- Similarly the finite extent of the stable
vz branches was demonstrated (before the linear stability analysis was
available), especially for B < Bc. The yz kinks were found to be stable
only if the velocity was greater than the velocity at which the xy branch
terminates into the yz branch.

The dispersion relation obtained from numerical dynamics does not
agree exactly with that given by the Ansatz calculation, especially for yz
kinks, probably due to discreteness effects (for high velocity kinks,
width are less than 5 lattice units), along with the small parameter
approximations made to evaluate the Lagrangian (Ja, B, A « 1). For a kink
of given energy, the actual velocity is less than that predicted by the
Ansatz or sG theory. This effect is most pronounced for v/c > 0.5. Also,
we note that kink energies may be slightly overestimated by the numerical
integration, since the time averaging technique‘cannot always completely

eliminate spin waves from the system.

6.8 Discussion: Antiferromagnetic xy and yz Kink Behavior

These antiferromagnetic kinks can be compared to the ferromagnetic

kinks. In the ferromagnet, recall that the critical field is Bierro = %ﬂ,

anti 1/2

while for the antiferromagnet, Bc = 20 For the antiferromagnet,

and B < ﬁzntl, the xy branch merges into the yz branch at some maximum

; 0 i
velocity less than c. In the ferromagnet, for B < Sgerr , there is also

a maximum kink velocity less than c, but there is no sudden change in the
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kink profile as one moves along the dispersion through the maximum
velocity point. These is only a continuously increasing deviation from
the sG profile. However, the xy branch seems to be analogous to the

ferromagnetic kinks, in the sense that it becomes a backwards branch for

B>B

anti
= /

Comparison can be made between this antiferromagnet Ansatz and the
Liebmann et al. (1983) ferromagnet Ansatz. In the Liebmann et al. Ansatz,
as the variational parameter %Bm (approximately equivalent to 0, here)
increases from zero to %n, the kink geometry ranges from planar to a small
amplitude wave packet, or pulse. The kink branch resulting from their
Ansatz therefore terminates at zero energy and velocity, i.e., no kink.
In the antiferro-Ansatz here, there is no analogous topological decay of
the kink as BA is varied from zero to m; the spin profile is always a
large amplitude deviation from the ground state configuration, as a result
of the boundary conditions. It seems that the boundary conditions
strongly affect the dynamics.

We have shown that this Ansatz gives good results by numerical inte-
gration of the discrete equations of motion. This was also necessary to
test the xy kink stability. A major Conclusioﬁ drawn from this Ansatz
calculation is that the xy and yz kink branches can be considered contin-
uously connected. This is a consequence of the very similar geometries of
the xy and yz branches near the point where they merge (see &(BA), in
Figures 6.4 - 6.10). Near this merging point, the xy and yz branches have
nearly the same BA and A. Note also that the name "xy kink" is a

misnomer; where the "xy" branch merges into the yz branch, SA can be very

close to %—, and the kink is clearly not a rotation in the xy plane!
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The xy kink stability was verified both above and below the critical
field, for o = 0.04 and 0.08 < B < 0.6. Even for B > Bc’ they showed no
tendency to decay to lower energy yz kinks, as might be anticipated.
Whether they can be viewed as slightly perturbed sG kinks is doubtful,
especially for B > ﬁc. For small velocities v/c « 1, the two-parameter
Xy Ansatz reproduced the dispersion and mass as already found by Fliiggen
and Mikeska (1983), with slight modifications. For B < Bc’ the mass is
positive and the kinks are close to sG kinks, but move at speeds less than
that predicted by sG theory for a given energy. The mass is greater than
the sG mass. At the critical field, the mass diverges, and there is a
continuum of =xy kinks with a range of BA’ all with the same energy

(= B(1 - 32/12)1/2) and the same velocity (= 0). Magyari and Thomas

(1983) have referred to this effect in the corresponding ferromagnet as a
"soft velocity change". At the critical field, infinitesimal perturbation
of a kink (for instance, by varying BA) leads to one with the same
velocity (and in this case the same energy; the branch has degenerated to
a point). Above the critical field, the mass is negative, and there is
strong deviation from sG behavior. The situations is the same as in the
ferromagnet above the critical field, where the kinks are dynamically
stable but move in a direction opposite to that predicted by sG theory
(Wysin et al. 1982). It is concluded that xy kinks are not adequately
described by sG theory, and that there is no structural (dynamic)
instability induced at the critical field, similar to the ferromagnet.

For small velocities v/c « 1, the two-parameter yz Ansatz reproduces
the velocity dependence of the energy as given by sG theory. In general,
we find that sG theory adequately describes the yz branch. The stability
for yz kinks was checked numerically. For static kinks, the condition for

stability B > ﬁc’ as predicted by linear stability analysis, was verified.
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Dynamic yz kinks were found to be stable only at velocities greater than
the velocity where the Xy branch merges into the yz branch. Another way
to state this is to say that dynamic yz kinks require a minimum applied
field to be stable, where this minimum field decreases with increasing
velocity. For B < Bc' a certain amount of canting of the sublattice
planes toward the field is necessary to insure stability. For B > ﬁc,
a certain amount of canting of these planes away from the field is allowed
before instability results. yz kink stability is determined by both the
applied field and the velocity, that is, there is a stability field (a
maximum necessary for stability) which depends on the velocity.

All of these results are consistent with experimental data available
on TMMC, in particular evidence from neutron scattering experiments
(Boucher et al. 1984) for a crossover from xy to yz kinks at high field.
We find stable xy kinks exist both above and below the critical field,
as well as stable yz kinks existing both above and below the critical
field. Therefore, generally both types of kinks carry thermodynamic
weight at an arbitrary field, but this is especially important near the
critical field. A careful analysis should be able to make predictions for
experimentally measurable thermodynamic quantities (for B ~ Bc)’ espec-
ially since the general kink stability has been determined. Further
information concerning kink stability during collisions would also be
useful, but is not presently available.

Up to now we have considered only classical 1-D magnets, and their
nonlinear excitations. In Part II, we turn to the statistical mechanics
of quantum 1-D ferromagnets, described by the quantum version of the
Hamiltonian under consideration so far. The elementary nonlinear excita-
tions in themselves will not be studied, since quantum Monte Carlo

techniques will be employed, which give only statistical thermodynamic
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information. Data obtained numerically will be compared with experiments

available for the easy plane ferromagnets CHAB (spin S = %) and CsNiF3

(spin S = 1).



