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Appendix A

Adams-Bashforth-Moulton 4th Order Predictor-Corrector Method

The numerical integration method used for the driven ferromagnet and
the antiferromagnet kink simulations is briefly described here. It is a
standard 4th order (in time) method for integrating coupled ordinary
diferential equations from some initial time t0 to some final time tl.

Let the variable y(t) be the unknown solution of a first order

differential equation,
dy _ &

Generally y can be assumed to be a vector function, as in these magnet
simulations. For a system of N spins, y will be a vector with 3N compo-
nents. The integration scheme necessarily requires the time to be dis-
cretized in units of some time step h, and solutions for y will be
produced at times tn = nh. The solutions at these times are denoted

¥ = y(tn). Similarly the given function f at these times is denoted
£ = £y,.t) . (A-2)

The method estimates from assumed already known values of y at
the four previous output times. It is a three step method, consisting of

a predictor step, a corrector step and a mop-up step, as follows:

Predictor

Yp == Yn + h(55fn = 59fn_1 + 3?fn_2 - 9fn_3)/24 (A=3)
Corrector
V.= Vs + h(9fm'1 + 19fn - 5fn-1 + fn_z)/24 (A-4)



274

where

£ .= f(yp, t +h) (A-5)

is the predicted derivative at the next time step.

Mop-up

s 19 - -
Yﬂ""l - YC * 270 (YP YC) (A 6)

The mop-up step is designed to minimize the errors introduced by the
predictor and corrector steps. Since the solution at four previous times
is necessary to obtain the solution at the next output time, the method
is not self-starting. Therefore a one-step fourth order Runge-Kutta
method has been used on the first four time steps to initiate the

integration. This Runge-Kutta method is as follows:

Calculate

kl — f(yn, tn)

k, = f(y_ + 2k, t + ih)

2 n 21" n 2

. 1 1

ky = £(y, + 3Ky, t) + 3h)

k, = f(y, + kg, t +h) (A-7)
Then

_ h -
sy = Vp T gl * Zky * 2k + k) (A-5)

See Ceschino and Kuntzmann (1966) for further details on these methods.
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Appendix B

Evaluation of the Lagrangian for the Antiferromagnet Ansatz

First the evaluation of the Hamiltonian is sketched out. Hyperbolic

tangent and secant functions occur frequently so a shorthand notation

is used,

s = sech x

t = tanh x (B-1)
where

X = (z=-vt)/w . (B-2)

To begin the Ansatz is written out. The factors fA and fB (equation 6-23)

can be approximated as

_ E 2
fA(x) =1+ 33 Cos BA s
ﬁ.?; 2
fB(x) =1+ 55 COS BB s (B-3)

Fourth order and higher terms in P are dropped. Then

= ol .2 = o W2
th, = (QB coseA t™ + rNS)fA " Opynt = (4B cosBB t rNs)fB
o - (-lB cosB,*st + r t)f o = (—lB cosB,*st - r t)f
Ay' A A NEtA 0 Opyn A B N/tB
G, , = -B sind Op . = =+ sind (B-4)
Az' 4 A d Bz" 4 B ’

These are next rotated to the original xyz coordinate system, for

instance, for the A sublattice,
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V=X cosBA -z 31nBA
y=y'
X=X 51n6A + z cosBA i (B=-5)
Xyz represent spin components of 6A' Applying these rotations leads to
g, = lﬁ + sI', cosH
Ax &4 A A
UAy = tl'A
OAZ = srA 31nBA
g = lﬁ + s, cosB
bx 4 B B
UBY = tFB
Op, = sFB 51nGB (B-6)
where
1 gﬁ 2 2
FA of - ZB cos&As + Iy 35 ©os BA s
1 ﬁz . 2
FB = -y - ZB cosBBs - Iy 35 €08 BB s . (B-7)

This is the Ansatz as written in the original coordinate system. Note
that Oy can be obtained from Oy by changing ry * o-ry and BA > BB.
The Hamiltonian, equation (6-26c), is the sum of exchange, anisotropy

and applied field terms,
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4 5 -5 -1 _A B
exchange ~ I dz(GA % " 2%z oz
S 2
anisotropy - I_m ie EG(GAZ X UBz)
z 1
Eield =" f_m dz 3P0y, *+ o) (B-8)

Evaluating these using (B-6) is straightforward; the two contributions to

the exchange energy are

2

J dz © 'GB = w{ nBr (casﬂ -cosf ) - %g(BcoszeA -2cos6 cosBB + 3coszeB)

2
+ [1 - cos(BA-BB)][2r§ - ngN(COSBA'COSBB) + gz(COSBA'COSGB)Z]} (B-9)

@
o
Q
QP

1 A B _
R T e e
z oz
i P n g2 2
;{ 43 cosB cosB + [r - TEBrN(COSBA_COSBB) 5 48(cosBA-—cosBB) ] cos(GA—BB)

+ [1 - cos(BA-ﬁB)][%r§ - gEBrN(COSBA—COSBB) + %Ea(cos 0 —cosB cosH +c0529 ]
(B-10)
The anistropy contribution is much simpler,
= w{lﬂ sin29 (Zr2 - Eﬁr cosB, + EE c0528 )
anisotropy ‘4 AN 45N A 6 A
1 2 2 . n g2 2
+ 79 sin BB(ZrN + ZBrNCOSBB + gcos BB)} A (B-11)

}
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Finally the magnetic field energy is the simplest
E = w*iﬁ[lﬁ(coszﬁ + c0520 ) = nr,.(cosB, = cosB,.)] (B-12)
field 2r2 A B N A B ’

Note that the last term in Efield cancels the first term in (B=9). The

first term in Efield cancels the first term in (B-=9). The first term in

Efield can be combined with the second term in (B-9) to simplify things
somewhat. Also note that terms cubic in B have been dropped. The func-
tions F and G in equation (6-28) are found from these expresssions by
putting BB = 8A+b, retaining terms up to quadratic order in A. The coef-
ficients of the powers of A were then approximated to leading order in B
and Jo.

Next, consider the kinetic integral K, in particular the contribution

from the A sublattice first,

qQ

g

B a 1% __1 d .. -1 %y :
KA =3 J dz Op, gt 30 3 = -5V J dx Op, ax 20 5 , (B=13)
Ax Ax
and consider a slightly different integral, by changing Bps > Tpoy = )l
1 d -1 % 1 -1 %y |7
Ky = -3v f dx(0, -1)g- tan” ¥ =K, + v tan (B-14)
o x Ax Ax |[x=-w
=K +v cos_l(lB) . (B-14)
A 4

KA therefore differs from KA by an additive constant which is independent
of the variational parameters, and therefore irrelevant. Thus we compute

KA instead, since it can be written

K' = %v fae ELIE o (B-15)
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The A subscripts have been dropped for simplicity. Since other terms in
the Lagrangian have been evaluated to quadratic order in B, the same

should be done for P'. This is done by systematically expanding
=]
+
(1+o0,) .

First, the numerator of the integrand is

r = -_l 02_12 '21.3 -
Uny Uycx = cosB-+s Aﬁﬂ cos20-+s SB cosB sin“0-s 3 (B-16a)

while the denominator is

2
- inBeg = 2B g2 B 5 29.43
1+ & = 1+ rNs1n8 s &53138 cosB+s™ + N 32 sinB cos 6°s

1 + as + b52 + c(s)

= ’ (B-16b)
where
a =4 sinb
1 .
b=- ZB sin® cosB
QE 3 2
c(s) = 2 37 sin® (s~ cos“B = s) ' (B-16c)

Here £ = +1 for the A sublattice and £ = -1 for the B sublattice. Then

these expressions apply to both sublattices, with 6 = 6, or 6 = 6,. Now

A B
expand (1 + Ui)-l as

2 2 2
1+o0)t= 2 -2 cls), b (B-17)

1+as 1+as 1+as 1+as

The leading order term in P' is independent of B,
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Pa = % I E%%géﬁ = % cosf —__l__i_ n-2 tzm_1 _&_Eigg_
J1-sin“6 J1-sin“6
- %f(&) . (B-18)

We consider this result separately on the two sublattices. For the A

sublattice, £ = +1, 6 = 6,, and we get

A’

TR ¢ =
oa = 2f(8y) . (B-19)

For the B sublattice, £ = -1, 6 = BB; we get

1
.y =
0B 2f( GB) . (B-20)
Careful examination shows that f(8) has a discontinuity at 8 = ~% ;

Generally, one has

£(8) = n-20 for -g <9<
£(6) = -3m - 20 for -m< @< -g : (B-21)
Provided we always assume 0 < BA < m, there is no problem with PéA' How-

ever, P63 has a discontinuity at BB = %n, and generally since we expect

that BB o~ GA’ this may lead to problems. The simplest way to avoid the
1

problem entirely is to move the discontinuity to BB = ~5n by re-defining

Ké, and always assuming 0 < BB < m, as was assumed for BA' The new

definition for K! is

B
a. a. X=0
Ké = - % v [ dx(oBz+1) g; t..am_1 E§X = KB - %v tan 1 521 (B-22)
Bx Bx |x=-
= =11
= Kp + v[cos GB) - nl (B-22)

or
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98x%By “By’Bx

1= UBz

K

- X = ' 5
= -5V [ dx = vPB . (B-23)

B

Using this new definition, the leading term in Pé is

e
op = - 2f(@p) . (B-24)

Therefore, the term in the total momentum P6 is

= p! '—l -l — - =
By = Boy + Bhp = 2£(0,) - S€(6.) = 8,26, . (B-25)

One continues systematically evaluating the order P and order B2 contri-
butions to KA and Kﬁ, using definitions (B-15) and (B-23). After some

more tedious calculation of integrals, the order B terms are found to be
T | P
PIA = SB smBA
P! = 2B sind (B-26)
1B 8 B )
And finally, after still more tedious integration, one finds that the
order Bz terms sum to zero!! So the final result for the kinetic integral
is

Keop = Kp + Ky = vl - 8,) + %ﬁ(sine

- A 3 + sinBB)] ‘ (B-27)

A

Expanding BB around BA’ BB - BA + A, leads then to equation (6-28a).

1This is assuming 6, = BB’ i.e., the Ieadingzorde§ 92 term is zero, while
there may be nonzero terms proportional to B A, A", etc., but these can
be dropped. In any case this term would not involve A and would therefore
be an irrelevant constant.
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Appendix C

Matrix Elements for Two Spin-1 Models

~

##f1. For the spin-1 operator Vn,n+1 given by

XX - g.sYsY

n,n+1 = Tx°n®nt1 y n ntl * (e=13

matrix elements of exp(-gv ) are desired, and can be obtained from

n,n+1

equations (9-21) and (9-22). This can be done by using the matrix repre-

sentations of the spin-1 operators, starting from the well-known s* and s

matrices,
A ~ N 010
gF = %(s* +.8 § 4 %5 101 (€-2)
010
A 7 0 -1 0
s A | + = 1
S ==(8 -8§) - 1 0 -1
- Z\o 1 o

The operator products in Chapter 9 are obtained from these fundamental

matrices by direct multiplication. For instance,

~ e x 1 101
s"s* = {020 (C-4)
101

We make the following definitions,

A_-EA I\—M

M mvn’n+1 y A=ce

K =83 , K2 =%*+K* . (C-5)

X,y m X,y Xy~ x  y

: Co < > i

For arbitrary Jx and Jy’ and using Sn,rsn+1,rIA|Sn,r+lSn+1,r+1 notation,

the 41 nonzero matrix elements are as follows:
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~

25 from the even powers of M

<00|A] 00>

= cosh K
Xy
<01|A|01> = <0-1|A]0-1> = <10|A|10> = <-10|A|-10>
= l(cosh K + cosh K )
2 X y
<01|A]0-1> = <0-1]|A|01> = <10|A|-10> = <-10|A|10>
- ~1—(c:c-sh K = cosh K )
2 X Yy
R . K K )
<11]A|11> = <-1-1|A]-1-1> = 1 + —2% ¥ (cosh K__ - 1)
4> Xy
Xy
) . (K +K )
<1=-1|A|1-1> = <-11|A|-11> =1 + (cosh X =1)
2
4K
Xy
~ Lad (Kx-K )2
<11]A]|-1-1> = <-1-1]A|11> = (cosh K. - 1)
2 Xy
4K
Xy
N A (Kx+K )2
<1-1]A|-11> = <-11|A]1-1> = (cosh K - 1)
2 Xy
4K
Xy

<11]A|1-1> = four others with a single -1 =

<-1-1|A|-11> = four others with a single +1
1 2 2 2 2
S g ey - + -
5 (K* cosh Kx Kx cosh K (Kx Ky) cosh K_ )

4K
Xy
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16 from the odd powers of M

<10|A|01> = <-10|A|0-1> = <01|A|10> = <0-1|A|-10>
= l(sinh K + sinh K )
2 X v
<10|A|0-1> = <-10]|A|01> = <01|A|-10> = <0-1|A|10>
= l(sinh K = sinh K )
2 X v
<00|A|1-1> = <00]A|-11> = <1-1]|A|00> = <-11]|A|00>
Kx+K
= EK__X sinh ny
Xy
<00]A|11> = <00]A|-1-1> = <11]|A|00> = <-1-1|A|00>
(K K. )
= sinh K_ - sinh K_ - sinh K
X 2K Xy
Xy
#2. For the spin-1 operator Vn,n+1 given by
e T VsV 4 gZgZ ¥
n,n+l J(Snsn+1 * SnSn+1 Sn n+1) ? ) (C=6)
matrix elements of A = exp (—EV ) are desired. Using the method and

m n,ntl
notation as described in Sections 9.2 and 9.3, the following operator

expression can be obtained, where k = EJ,

A=1+ {x1x2 tyy, (xy)l(YXJz + (Yx)l(xy)zlsinh K

2 9 2 3
t [x(x; + y]y, + (xyyx), (yxxy), + (yxxy),(xyyx),](cosh K - 1)

-2K K

+ [(Xy)l(xy)2 + (yx)l(yx)zl . %(e -e)



+ (xxyy)l(xxyy)2 (1 -

[ (xyyx), (xyyx), + (yxxy), (yxxy),] (%eK - %e +

—[(xxy)l(xxy)2 + (YYX)I(ny)z i (KYY)I(KYY)Z + (Yxx)l(yxx)zl

The nonzero matrix elements of

<001A]00> = %(ZEK @i eny
<01|A!01> = <0-11;|0-1> =
<01|£|10> = <0-1|£|-10> =
<11|;|11> = <-1-1|;|-1-1>
<1-1|E|1—1> = <-11|;|-11>
<1-1|R|—11> = <-11|;|1—1>
<00|£|1—1> = <00|;|—11> =

The same vertices are nonzero in the isotropic limit of model #1.
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leK = e—K e

1 -2K
3 3

)

-K le
3

-2K

1K 1 =K 1 -2K
(ge - e + §e )
A are as follows:
<10]A]10> = <=10|A|-10> = cosh K
<10]A]01> = <-10|A|0-1> = sinh K
_ K
= e
_ 1.2, =-2K =K 1. K -K
= 7l3(e te) +3(e” +e™)]
_ 1,2, -2k _ -K, . 1. K _ -K
= 55(e e ") + 3(e e )]
s _ = _1,K
<1-1]A|00> = <-11]A]00> = g(e -

)

(C-7)



