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A model for a one-dimensional chain of elongated nano-scale magnetic islands with dipole interac-
tions is analyzed here for the properties of its static domain walls with site-by-site alternating order.
The anisotropic magnetic islands on a nonmagnetic substrate have their longer axes oriented trans-
verse (y-direction) to the chain direction (z-direction), in a transverse applied magnetic field. The
islands’ magnetic dipoles p, are represented as macrospins of fixed length u. The nearest-neighbor
(NN) dipole interactions drive transverse alternating order, allowing for doubly-degenerate, uniform,
static, y-alternating states, where the dipoles alternately point transverse to the chain direction, as
in pp = £(—1)"uy. Assuming only NN interactions, the domain walls connecting these two al-
ternating states are found with numerical relaxation simulations and analyzed in a two-sublattice
continuum theory. As the uniaxial anisotropy constant K3 descends from larger values until it
closely approaches the NN dipolar coupling constant D, the domain wall width grows indefinitely,
and the large-z continuum solutions closely approach the lattice numerical solutions. The applied
field produces a very slight canting of the dipoles towards the field, maximum in the center of the
domain wall. The dipoles on the two sublattices are found to rotate in opposite senses as one scans
along the lattice, resulting in a large longitudinal magnetic moment of the domain wall. A much
smaller transverse magnetic moment has a topological contribution that depends on whether the

chain length is odd or even.
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I. INTRODUCTION: MULTI-STABLE
MAGNETIC ISLAND CHAINS

Nanoscale engineered magnetic arrays such as two-
dimensional (2D) spin ices of many geometries ﬂﬁ] and
one-dimensional (1D) chains of thin magnetic islands
Mﬂ], existing on nonmagnetic substrates, are systems
whose properties might be tunable for desired functions.
Both of these general groups of systems involve islands
whose magnetic dipoles u,, interact via dipolar interac-
tions that compete with island-shape anisotropies and
with an applied field.

These types of models have uniform metastable states,
often existing in symmetry-related pairs, differing only in
some quantum number related to that physical symme-
try. The symmetry may invert or rotate some spin com-
ponent(s) to convert one of the paired uniform states into
the other, without a change in energy while conserving
some component of the total magnetic moment. With
the existence of such pairs, domain walls (DWs) exist
that connect them over some distance. I avoid referring
to them as solitons. This work does not establish any soli-
tary scattering properties for the solutions being found.
The analysis is simplest in 1D chains.

Here I consider a model [7] of a 1D chain (along z) of
islands whose longer axes are oriented transverse (along
y) to the chain, without and with a magnetic field applied
transversely (along +y), and a small thickness along z
perpendicular to the substrate. Without an applied field,
there are three stable or metastable uniform states:

1. z-parallel, where the island dipoles all point along

+x or —x.

2. y-parallel (or y-par for short), where the island
dipoles all point along +y or —y.

3. y-alternating (or y-alt for short), where the island
dipoles alternate between +y and —y directions.

The two y-alt states are distinguished by either having
even/odd dipoles along +y/ —y or along —y/+y, respec-
tively, see Fig. [Il Note that a uniform y-alt configura-
tion minimizes the nearest neighbor (NN) dipolar energy,
while uniform y-parallel maximizes it.

When a weak transverse magnetic field is applied, the
y-par and y-alt configurations are unchanged, while the
dipoles in z-parallel states tilt away from £z towards +v,
resulting in oblique states (dipoles at an oblique angle to
+x). The degeneracy of the two oblique states is obvious,
and one is transformed to the other by reversing the -
components of the dipoles. A DW can form between
these two oblique states, and the structure and creation
energies of those oblique-to-oblique DWs were analyzed
in recent work B] It was found that an approximate
continuum limit for the angles of the dipoles in the xy-
plane leads to a scalar ¢* equation, that is adequate to
describe the oblique-to-oblique DWs.

Numerical simulations B] also indicated the existence
of stable DWs from oblique to y-alt when their energies
are close, and between the two degenerate y-alt states. It
is difficult to imagine a continuum theory going smoothly
from a nearly aligned oblique state to the anti-aligned
y-alt state. In contrast, a continuum theory for a config-
uration connecting the two y-alt states is realizable and
developed in this work.



A y-alt toy-alt DW, h=4

TYYYY

LA b N 7 e
ALARAD A

— ‘

o/
™~ N

NV T s

FIG. 1. A static y-alt? DW centered in a system of 21 islands, with a half-width h = 4 in lattice constants, embedded between
the two possible y-alt states. The red/blue arrows represent the island dipoles on odd/even sublattices, respectively. The
sublattices rotate through a 90° angle in opposite senses, while remaining in the xy-plane, as one scans along the chain. At
the center, the dipoles can point towards +x (as shown) or towards —z by reversing the rotation senses on both sublattices.

The goal of this report is to develop a continuum the-
ory for the description of the y-alt to y-alt DWs, which
are referred to as y-alt? DWs. An example is shown in
Fig.[M That includes finding the variation of the dipoles
from one side of the DW to the other, as well as its net
magnetic moment and creation energy. This is done for a
limited range of shape anisotropy relative to the NN dipo-
lar coupling. The theory is restricted to finding static
DWs with NN dipolar coupling; long-range interactions
are likely to shift some results. Numerical simulations of
discrete islands in a chain are used to guide and verify
the continuum limit and indicate where it fails when the
DW becomes too narrow.

A. Approaches to find y-alt? DW solutions

In order to verify the static y-alt?> DW solutions, I
present three methods for their determination.

The first method is numerical relaxation simulations,
using the scheme in Ref. ﬂé], where the macrospins are
iteratively pointed in the direction of the effective mag-
netic field that acts on them. This results in zero torque
on each spin, together with a local minimum of energy,
hence a stable static DW.

The second method is to find continuum equilibrium
equations for the dipole directions by making approxi-
mate expansions of the discrete equations of motion for
the island dipoles. The continuum theory is developed
similar to the two-sublattice approach used for antifer-
romagnetic chains Eﬁ] The equilibrium equations so
obtained have approximate asymptotic solutions far from
the DW center that turn out to work surprisingly well
even near the center of the DW.

In a third method, the continuum theory was checked
by starting from a continuum expansion of the Hamil-
tonian, and using it for development of the equilibrium
equations. This last method confirms those equilibrium
equations, but only with careful consideration of up to
third order small terms.

*
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II. THE MODEL FOR MACROSPINS COUPLED
BY DIPOLE INTERACTIONS

The islands are assumed to have individual magnetic
dipole moments wu,, = pS, of fixed magnitude pu, de-
scribed by unit-length classical Heisenberg-like , |E]
macrospins S,,. They are each affected by a transverse
uniaxial anisotropy of strength K; and an easy-plane
anisotropy of strength K3, as well as the applied mag-
netic field B = By, so that the Hamiltonian involving
dipolar interactions among all N dipoles on a chain is

N R
H= Z{Z 73 [Sy - Snik — 3(Sn - 2)(Snak - 2)]

n=1 k=1
— K1 (9P + Ka (857 —uBSLy. (1)
The NN dipolar coupling constant is an energy,
2
fop
=—— 2
s (2)

where i is the permeability of space and a is the lattice
constant or center-to-center separation of NN dipoles.
The range of the dipole interactions is R. Although
dipole interactions are long range, in order to get ini-
tial progress, I set R = 1 and confine most of the anal-
ysis to the NN model. This produces features similar to
what happens in the long-range model (R — o), but
at different coupling parameters. For a finite chain the
interaction sum is cut off when n+ k > N.

For classical spin mechanics, a magnetic dipole is re-
lated to its angular momentum by p,, = L, = uS,,
where 7 is a gyromagnetic ratio. With unit magnitude S,,
being dimensionless, the angular momentum of a dipole
is 1/7. The rate of change of L,, is equal to the net torque
on that dipole, which gives the basic dynamic equation,

)@

1dpy,
— 7, — Hn Bn: n
v dt Hon H X<

B,, is the net effective magnetic field acting on a dipole,
caused by dipolar and anisotropic effects as well as the
applied magnetic field.

The classical equations of motion can be developed in
terms of the Cartesian spin components, however, it is
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more advantageous to use planar-spherical angular coor-
dinates, representing the macrospin components as

Sp = (Srfv Svyw szz)

= (cos 0,, oS ¢y, €080, sin ¢y, sinb,,). (4)

For one dipole, the angle ¢,, can be viewed as a coor-
dinate, and (u/v)SZ = (p/7)sin6, is the momentum
conjugate to that coordinate. Then the vector dynamic
equation is equivalent to Hamiltonian dynamic equations
for the angles,

b
Esind
¥ n

d OH ;lt( (5)
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The system Hamiltonian limited to NN interactions is
expressed using angular coordinates as

N
H = Z {D[sin 0, sin 6,11 + cos 0y, cos O, 11 (6)
n=1

X (_2 COS ¢y, COS P41 + Sin Py SiN ¢n+1)}
— K cos®0,, sin? on + K3 sin?0,, — uB cos @, sin gbn}.

Then the discrete Hamiltonian dynamic equations for the
in-plane angles are

pd, _ _oH
ydt™"  Osiné,
+ 2tan 6, cos ¢y, (cos 0,1 cos ¢y 1 + €08 Oy 11 COS Pri1)

=D [sin Opn—1+sinbp4q (7)

— tan @), sin ¢, (cos 0,1 Sin ¢y, 1 + €08 O, 41 SIN Gy 1 )}
+ 2K sin6,, sin’¢,, + 2K3sin 0, + pB tan ,, sin é,,.

For the out-of-plane angle, there results
wd 0H
——0, = —secl,— 8
ydt " "¢, ®)
=-D [2 sin ¢, (€os 0, —1 €08 1 + €08 0,11 COS Ppi1)
+ €08 ¢y, (€08 0,1 8In 1 + €08 6,41 sin (anrl)}
+ 2K cos B, sin ¢, cos ¢, + B cos ¢, .
One can note that the dipolar terms in both dynamic
equations contain NN angles surrounding the central site

n. For simplicity, define dimensionless anisotropies and
applied field,

b

uB
o 9)

Energies will be found in units of D.

IIT. ALTERNATING DW STRUCTURES
FOUND BY NUMERICAL SIMULATIONS

It was noticed in previous work B] that DWs connect-
ing the two y-alt uniform states exist, and that the spin
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FIG. 2. A y-alt to y-alt DW in the NN model from numerical
relaxation simulations at k1 = 1.001, b = 0. (a) The in-
plane angles, identified by odd/even sublattices. (b) The z-
components of the macrospins. The view is zoomed in on the
N = 1000 system. The half-width h = 37a was estimated
from the tangent line in ¢,—cdqa at the DW center. For k;
farther above unity, the DW width is narrower.

structure within the DWs themselves has a site-by-site al-
ternating component, similar to what occurs in solitons
in antiferromagnetic (AFM) chains [4, [10]. These DWs
connect the even y-alt state (¢, = +/—90° on even/odd
sites) to the odd y-alt state (¢, = +/ —90° on odd/even
sites). The y-alt states exist over a range of model pa-
rameters, especially constrained by k; > 1, and a limited
value of |b| that depends on ky. The point k1 = 1 is not
included. Physically, at that point, the two y-alt states
could exist, but with infinite width. For simplicity, we
take ks = 0, although it would be present in real mag-
netic islands. Even the presence of any nonzero value
of easy-axis anisotropy ki already nudges the dipoles to
lie in the zy-plane, effectively acting as an easy-plane
anisotropy.

For k; = 1.001 and k3 = b = 0, a y-alt? DW is dis-
played in Fig. 2l where the odd y-alt state is on the left
side of the system, connecting to the even y-alt state on
the right side of the system. This was obtained by start-
ing with the two distinct y-alt states in each half of the
system, and then iteratively pointing the dipoles in the



directions of their effective magnetic fields, B,,. Further
details of the relaxation scheme are given in Ref. . Fig.
Bh shows the in-plane angles ¢,, on the discrete sites; the
out-of-plane angles #,, are zero for any static configura-
tion of the model. It is significant that the dipoles make
opposing rotations on the two sublattices as one moves
along the chain. This is important when it comes to con-
structing a continuum limit for this problem. In Fig. b,
the macrospin components parallel to the chain direction
are shown. It is notable that there is no distinction be-
tween the z-components on the two sublattices (for b =0
only). This type of DW is found only for &y > 1.

IV. CONTINUUM EQUATIONS DERIVED
FROM THE DISCRETE LATTICE EQUATIONS

A continuum description of the DWs is helpful for pre-
dicting how their structures depend on the physical pa-
rameters k1, ks, and b. The intention is to find the con-
tinuum differential equations for describing the dipoles
along coordinate x = na. To do this, the alternating
structure must be accounted for. We observe that the
dipole angles start at 90° on the two sublattices (even
vs. odd sites) on one side of the DW. They reduce in mag-
nitude until reaching zero at the DW center, and then
emerge to F90° on the other side (Fig. [l). They rotate
in opposite senses as one passes through the DW along
the chain (Fig.[2h). Alternatively, they could have passed
through 180° at the DW center, i.e., forming a DW with
the opposite helicity. The dipoles on the two sublattices
maintain the same x-components through the DW, as in
Fig. Zb. The two sublattices’ dipoles are parallel at the
DW center, even for b # 0.

These facts are incorporated by mapping the discrete
site angles ¢,,, 6,, into continuum large angles ®(z) and
O(z) and small angles p(x) and ¥(x) according to the
opposing rotations assumption,

p +0(x) + ¢(x), n=even.
" —®(x) + p(z), n=odd.
+0O(z) + ¥(x), n = even.

bn {—@(x) + ¥(z), n=odd. (10)

One might consider the large angles as alternating or
antiferromagnetic components and the small angles as
aligned or ferromagnetic components. The small angles
are generally considered one order smaller than the large
angles. Later, ¢ and 9 are shown to increase with the
applied field b. At b = 0, the small angles are zero. For
opposing rotations at b = 0, the two sublattices have
the same S” but opposite SY and S*. That is in con-
trast to the opposite directions assumption generally used
to describe DWs in 1D antiferromagnets, where the two
sublattices are approximately antiparallel in Mikeska’s
assumption ﬂg, ,]. However, 1D antiferromagnets
apparently also support solitons with opposing rotations
on the sublattices, if one looks carefully enough [14, [15).

A. In-plane dynamic equations

Now the discrete equations () are expanded into their
equivalent continuum form, under the opposing rotations
assumption. Suppose a site n is even. In addition to Eq.
(@d), we have for its first neighbors, both on the odd
sublattice,

Ont1 = —P(z+a) + o(x + a),

-1 =—P(x —a)+¢(x —a), n=even (11)

Similar expressions apply to the out-of-plane angles.
Then use Taylor expansions, keeping up to quadratic
terms in the small angles and in space derivatives of the
large angles. Ignore spatial variations of the small angles.

(x4 a) = P(z) + ad,(z) + %CLQ‘I)zz(ZE),

O(z + a) ~ O(z) + a0, (z) + 36O, (). (12)
From here, T will write ®, O to indicate ®(x), ©(x), and
the same for the derivatives. The small angles do not

require expansions. In addition, one needs expansions of
various trigonometric functions, such as

COS P11 & cos[—P(z + a) + p(x + a))
~ coslp — D — ad, — %(f@m]
~cos @[l — 3 (¢ + a*®2 — 2apP,)]
+sin®[p — a®, — 1aPyy). (13)

There is a corresponding expansion,

Sin @p11 — sin[—@(z + a) + p(x + a)]
~sinfp — ® — ad, — %a2¢m]
~ —sin®[1 — 1 (¢* + a*®2 — 2ap®, )]
+ cos ®[p — a®, — 2a’P,,). (14)

There are similar expansions for the same functions of
On+1. Further, these expressions give the values at the
opposite near neighbor n—1 by changing a — —a. Then,
summing over left and right nearest neighbors, the terms
linear in a cancel out, and one gets twice the even terms
in a, such as the first dipole interaction term in Eq. (@),

dl = sin Hn,l + sin 9n+1
~ —sin0(2 — 92 — a?02) + cos (20 — a*0,,). (15)

There are two more dipole-interaction contributions ds
and ds, in the 2nd and 3rd lines of Eq. (@), which are ex-
panded in Appendix[Al The expansions of the anisotropy
and field terms are straightforward and also shown in Ap-
pendix [Al T define a dimensionless time variable,

D
r=1= (16)
I

and use dot to indicate derivative with respect to 7. From
the opposing rotations assumption, Eq. ([I0)), the discrete



dynamic equations found for even-n sites and for odd-n
sites are related to the desired continuum equations by
the following:

(i) = %(q;evn - éodd)u
%(Q’ﬁcvn + Q;)odd)- (17)

(;.Sevn and ngdd are defined by Eq. (@) expanded in the
continuum angles for even and odd n, respectively, which
is done in Appendix [Al From here, position z will be
measured in units of a, equivalent to setting a = 1 in
the equations. Then, the net continuum equation for the
large in-plane angle, expanded to quadratic order of small
terms, is,

P ~ sin O cos’®(2 — ©2) — (1 + cos’®) sin O(D?)

+ tan © sin © sin 29 (0, P,) — sin O sin 2@ (3 P,

— sec O(1 4 sin?O cos’ )0, — 6% sin ©

+ 49%sin © [sec2® + (sec2® — %) cossz]

+ 2k [ ( — %192) sin © sin?® + 2 sin O cos 2P

~+ v cos O sin 2@} + 2ks ( — %192) sin ©

+b (Usec’Osin® + ptan O cosP) . (18)
The first four lines are the dipolar terms. The net con-

tinuum equation for the small in-plane angle, also to
quadratic order, is,

P~ 20secO {2 + (1 + sin2@) cos2<1>}
+ 2k (9 cos © sin*® + ¢ sin © sin 2®) + 2k3v) cos ©
+ b[ (1 — %<p2 + 92 sec2®) tan © sin @
+ Y sec?O cos P]. (19)

B. Out-of-plane dynamic equations

A similar expansion is carried out in Appendix [Al for
the out-of-plane continuum large and small angles. The
opposing rotations assumption ([I0) gives the relation
connecting them to the discrete angles on even-n and
odd-n sites,

6:
19:

(écvn - éodd)a
(éevn + éodd)' (20)

N[= D=

where éevn and éodd are defined by Eq. ([B) expanded in
the continuum angles for even and odd n, respectively.
The result for the large out-of-plane angle, to quadratic
order terms, is,

O ~ cos O[— sin 28 + &, (2sin’P + cos? )
+ sin @ cos ®{¥? 4+ ©2 + ®2}] + sin O[O, sin P cos P
— 69 — 20,P,(2sin’® + cos’P)]
+ ki {(1 = 2¢% — 29?) cos O sin 20
— 20¢sin© cos 28} — by sin . (21)

For the small out-of-plane angle, there results,

¥ ~ — (6 cos © + 1) sin O sin 20)
+ k1(2¢ cos © cos 2P — 1 sin O sin 2P)
+b(1—1p?) cos ®. (22)

All four dynamic equations have considerable complexity,
and up to now I have not found dynamic DW solutions.
The analysis here focusses on static solutions, for which
the out-of-plane angles become zero.

V. CONTINUUM EQUATIONS VIA A
HAMILTONIAN DENSITY

With the continuum dynamic equations found by ex-
pansion of the discrete ones being complicated, a Hamil-
tonian approach was also used for verification. For the
NN model with range R = 1, the discrete Hamiltonian
(@) in planar spherical coordinates is

H= Z {D[sin 0, sin 0,11 + cos 0, cos Oy, 41 X (23)

(_2 COS ¢y, COS Q1 + sin @y, Sin Gy 11 )}

— K cos? 0, sin? ¢,, + K3sin?6,, — uB cos 6, sin (bn}.

In the continuum theory, the Hamiltonian density H is
effectively the energy per island, defined implicitly by

H= /d:z: H. (24)

Using the opposing rotations assumption (I0]), H can be
expressed in terms of the large and small continuum an-
gles. The result must be expanded to the minimum order
necessary to recover the continuum dynamic equations up
to second order small terms. For that to work out, it is
necessary to get ‘H while including up to 3rd order small
terms, because the dynamic equations are obtained by its
derivatives with respect to the angular coordinates and
their gradients.

The continuum expansion of H for opposing rotations,
found in Appendix [B] is

% =—1+cos’O[ —cos® @ + (1 — % cos’®)D2 + 37|

+ (1 +sin® © cos® ®)202 + 1(sin20sin29) O, @,

+ (2 + cos® ®)1?

— k1 [cos2 O(sin? ® 4 ¢? cos 2®) — 9% cos 20 sin® @

— Y sin 20 sin 2@} + k3 (sin2 O + 92 cos 2@)

—b[— (0 — £9° — 39¢?) sinOsin @

+ (¢ - %<p3 — %<p192) cos © cos ®]. (25)
The dipolar terms in the first three lines would be dif-
ferent if instead opposite directions was assumed. The



anisotropy and field terms do not depend on the assump-
tion. Only the Oersted energy term has 3rd order small
terms. Symmetry eliminates them from the dipolar and
anisotropy parts.

For the continuum dynamics, the Hamiltonian equa-
tions (@) need to be expressed in terms of the angles
P, ¢, ©, and J. The transformation is demonstrated in
Appendix [Bl For the in-plane angles, the dynamics is

. OH OH }

b = sec@{[l + 92 (tan2®+ %)} 20 +19tan®%

99
(26)

¢ = sec© {ﬁtan@?—g + [L+9? (tan®© + 3)] 6H},

The partial derivatives are interpreted as functional
derivatives of the Hamiltonian, i.e.,

O GH _oH _ d (oM o
00 50 00 dr \0e, )’

Similar equations apply to the out-of-plane dynamics,

: OH OH
© = —sec® { [L+9? (tan®0 + 3)] 5= +19tan@6—90} .

. OH OH
¥ = —secO© {ﬁtan@a—q) + [1 + 92 (tan2® + %)] 8_<p} ,
(28)

Equations of comparable form were developed for the
problem of solitons in AFM chains ﬂg, ] When Egs.
([26) and (28)) are applied to the Hamiltonian density (23]),
the dynamic equations up to second order small terms
agree with those found in Sec.[[V] that were obtained by
expansion of the discrete equations of motion.

VI. CONTINUUM EQUATIONS FOR STATIC
EQUILIBRIUM

If all an = 0, the discrete dynamic equation () is
satisfied by putting all 8,, = 0. Thus, static solutions take
a planar form, which was also obtained in the numerical
relaxation simulations.

For statics, the continuum out-of-plane angles ©,
both become zero, because 6,, = 0 for all even and odd
sites. This reduces the in-plane dynamic equations (IJ))
and (I9) identically to ® = 0 and ¢ = 0. The out-of-
plane dynamic equations (2I)) and ([22)) control the stat-
ics. In this planar case the equilibrium equations are

O~ — (1 — 182)sin2® + Dyy(25in°P + cos>P)
+ k1 (1 — 2p*) sin 2® — bpsin ® = 0. (29)

0~ — 6 + 2k1pcos 2@ + b (1 — 1p*) cos® = 0. (30)
The latter gives ¢ to linear order in the field b,
bcos®

N 31
v 2(3 — ky cos2®)’ (31)

and this eliminates ¢ from (29)), which becomes the equi-
librium equation in the opposing rotations scenario,

O=(k —1+ 192)sin2® + (2 — cos® @) P,
B2 (3 + ky) sin 20

- — =0. 2
4 (3 — kq cos2d)? 0 (32)

This equation is the basis for finding static y-alt? DW
solutions in the continuum theory. Approximate but very
good solutions for the continuum in-plane structure are
described next.

VII. CONTINUUM STATIC DWS WITH b=0

The field b breaks symmetry between the sublattices.
Initially, consider b = 0 = ¢, and refer to the DW in Fig.
found numerically. The in-plane angle ¢, for the even-n
sublattice is @, which has a large slope at the DW cen-
ter, but zero slope as © — +oo (supposing an infinitely
long system). The almost constant slope near the center
suggests a possible power-series analysis there, however,
I did not find that fruitful. Instead, an asymptotic anal-
ysis for & — +oo works well, where Eq. ([B82]) exhibits
exponential behavior.

For the asymptotic analytics, I consider a DW cen-
tered at the origin, with an approximate half-width h.
The angle ® can take asymptotic values ®(—o0) = £,
®(+00) = F7, with opposite signs at the two limits. To
be specific to the case in Fig. @ introduce a function
P(x) > 0 with ¢(x) < 1 at |z| > h, such that

)5 —Y(x), =<0,
() = {—% +¥(z), x=>0. (33)

For negative and positive x, this produces

sin 2® = —sin 2¢) sgn(x) ~ —21 sgn(x),
cos® =siny =, P, = sgn(z)ye- (34)

The opposing rotations equilibrium equation ([B32) be-
comes approximately,

(2 = ") thae — (k1 — 1+ 592)(20) = 0. (35)

Both factors depended on the signum function, which
then divided out. For |z| > h, I consider ¢ itself to be
Ist order small; then the terms 1?2 and 9?t,, are of
5th order and can be neglected in the asymptotic solu-
tion. This results in the linearized equilibrium equation,
extended to all x,

wmm ~ (kl - 1)2/]7 (36)

where these terms are of 3rd order smallness. On each
side of the origin, this has an exponentially decaying so-
lution that represents the DW. The other exponentially
growing solutions are unstable and therefore unphysical.
At the origin, I take ®(0) = 0, which gives an initial value



¥(0) = Z for the DW in Fig. 2l Then the solution of the
linearized equation for 1 is

P(x) = ge_ﬁm, B=k—1=h"" (37)

The parameter 5 can be identified as an inverse half-
width A for the DW. Although I assumed asymptotically
large |z| to derive this, ¢ has exactly the correct value at
the DW center, and its physically useful range covers the
entire z-axis. This implies for the large in-plane angle,

O(x) = —sgn(:c)g (1 - e—,@\w\) . (38)

This describes the DW in Fig. A DW can be con-
structed in a total of four different symmetries. A sec-
ond solution is obtained by reversing the sign of ® in (38]).

There are two more solutions where the dipoles point at
®(0) = £7 at the DW center, described by

B(z) = j:g (1 + e*ﬁixi) . (39)

The four possible DW symmetries represent the four ways
the dipoles can rotate from one transverse direction (i.e.,
SY = +1) to the opposite transverse direction (SY =
F1) while the sublattices follow the opposing rotations
scenario.

For b = 0, the angle ® is the same as the discrete
in-plane angle ¢oyy, on the even sites; the odd sites take
the opposite sign. In order to compare to the numerical
solutions, it is good to define an alternating order param-
eter, ¢.1¢, that extracts the effective value of ® from the
discrete data. In a continuum definition, this would be

¢alt (.I') = % [(bevn (x) - (bodd (.I')] . (40)

To implement this symmetrically on a grid of sites, the
average neighbor sites were subtracted from a central site,
as in

+1, n = even,

41
—1, n = odd. (41)

)

¢alt,n = %[¢n_%(¢nfl+¢n+l)] x {

A nonsymmetric difference was used at the chain ends.
@a1t 1s the discrete estimate of ® for the configuration. If
there is no alternating order, ¢.1; equals zero.

To see how well the continuum solution in Eq. (38]) rep-
resents the numerical solutions, it is fruitful to zoom in
on the asymptotic behavior for x — 400 via a logarith-
mic transformation. Eq. (B8] is equivalent to expecting
the large in-plane angle ® (or the numerically calculated
®alt) to behave as

ln(éi_%) =—pz, xz>0. (42)

2

The logarithmic function on the left side also should pass
through zero at the DW center, and tend towards In 2 as
x — —oo. The function can equally be defined using ®
in degrees, changing 5 to 90°.

; ‘ ;
18 00, N
géﬁé -, DW center -
100; y-alt toy-alt DW ]

k1=1.001,b=0

o 1F 3

o)) E E

+ r ]

¢ orp E
0.01"% ,

K Relaxation simulation 1
0.00f= | Syraight-fine fit 3
L \ ! \ \ i

0'OOOfO 200 400 600 800 1000

() n
Yo S St L L B B B S BB RN

F y-alt toy-alt DW 1
60"; k,=1.001,b=0 i
i Usinngzkl-l ]
30°- -
® oo .
-30°- —
L o Relaxation simulations ]
-60°- Linearized equation _
s Sine-Gordon approx. i
O0°EL
®) 350 400 450 5[90 550 600 650

FIG. 3. (a) For k1 = 1.001, N = 1000, alternating order pa-
rameter ¢a for a y—alt2 DW from the numerical simulations
(blue circles) is used to estimate inverse half-width g from the
negative slope of the log-linear plot, based on Eq. ([42]). Only
every tenth site is plotted. The asymptotic function is the
black straight line drawn only to the right side of the DW cen-
ter. The slope came from the DW center point, ¢ait(502.4) =
0, and the far-field point, ¢.1;(934) +90 = 9.0 x 1075, Theory
Eq. B1) gives 8 = v/0.001 ~ 0.03162. (b) Zoomed-in alter-
nating order ¢, of the DW on a linear plot. The numerical
simulations are compared with the linear equilibrium Eq. (30])
and the sine-Gordon approximation in Eq. (#3]). Only every
fifth site of the numerical data is plotted.

For a DW with k; = 1.001 and b = 0, the asymptotic
behavior is displayed in Fig. Bh in a log-linear plot. The
fitted straight line decay slope (8 = 0.0320) is surpris-
ingly close to the continuum prediction from Eq. 37),
[ = 0.03162. The inverse of 8 defines the DW fitted
half-width h ~ 31.2 (in lattice constants) and the contin-
uum prediction is h &~ 1/1/0.001 = 31.6, very nearly the
same. This large width helps to minimize discreteness
effects and make the continuum analysis reliable.

Of course, the log-linear plot disguises the behavior
near the DW center. The linearized theory curve for ®
from Eq. (88)) is shown in Fig. Bb, compared to the nu-
merical data and a sine-Gordon approximation, Eq. ({#3]),
described below. The linear theory curve fits well at the
DW center, and also for || — +00. The regions with the
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FIG. 4. (a) For k1 = 1.100, b = 0, N = 1000, alternating
order ¢uit(z) in a y—alt2 DW from the numerical simulations
(blue circles) is used to estimate [ from the negative slope
of the log-linear plot, based on Eq. ([@2). The asymptotic
function is the black straight line drawn only to the right
side of the DW center. The slope came from the DW center
point, ¢a1:(501.5) = 0, and the far-field point, @ait(545.3) +
90 = 9.0 x 107°. Theory Eq. D) gives 8 = v0.1 ~ 0.3162.
(b) Zoomed-in view on a linear plot comparing the numerical
solution with the linear equilibrium Eq. ([B8) and the sine-
Gordon approximation in Eq. ([@3).

largest deviation of the theory from the numerical calcu-
lation are in the shoulders of the DW, about a distance h
from the center, but even those deviations are extremely
small.

Another static DW was calculated for N = 1000, b = 0,
and anisotropy k1 = 1.100, shown in Fig. @ Although
ki1 is barely changed from the first example, the factor
k1 — 1 has changed by a factor of 100, which is ex-
pected to reduce the half-width by a factor of 1/10%.
The asymptotic numerical fit produces h = ! ~ 3.17
while both the linear and sine-Gordon theories predict
h = 1/4/0.100 ~ 3.162, although it is clear that the
sine-Gordon approximation fails in the shoulders of the
DW. It is possible to consider larger values of ki up to
k1 ~ 1.75, however, by then the DW acquires a fixed
minimum half width Ay, &~ 1.5 and a fixed shape and
energy, independent of k; (see Sec. V1L B)).

A. A sine-Gordon approximation?

A comparison was made to a sine-Gordon form for the
DWs, which actually deviates significantly from the nu-
merical solutions. It is obtained by keeping sin 2¢ intact
instead of linearizing it. Eq. ([B0) is replaced by

(k1 — 1)sin(2¢) ~ 2¢,,.

One might expect this gives more accuracy for determi-
nation of the DW. This is a static sine-Gordon equation
[16] for the variable 2¢. It has static kink solutions. One
form that decays away for large positive z is

8=k —1.

In this formula, ¢ ranges from 7 to 0 as x goes from —oo
to +00. The net result for ® is

(43)

2p = 4tan~!(e=F7), (44)

by = —g + = —g +2tan71(e*ﬁm)

=—2tan"' (tanh §pz).  (45)

This applies for —oo < & < 400, without absolute value
on z. The last expression was found using the identity
for a tangent of a difference of angles. While being inter-
esting, it does not closely follow the DW shapes for this
model, especially at the shoulders, as seen in Figs. Bl and
[ Full linearization must provide a fortuitous cancella-
tion of errors relative to the nonlinear equation (32]).

B. DW creation energy for b =0

The DW creation energy E* is the energy needed to
push a DW into the system initially in a uniform y-alt
state. I take it as the difference of the system energy
with a DW minus the energy of a uniform y-alt state.
For a static DW, the energy density from Eq. (28) with
O=9=0and b=01is
— = —1—cos® ®+(1 — & cos® @) P2 —ky (1—cos’®). (46)
This is expressed in terms of cos ® = sin) [see Eq. (33))]
for ease of calculation, which gives

H . .

5= (k) + (k- 1) sin®y + (1 — & sin®y)y2.

(47)

In the solution (3]), ¢ ranges from 0 to /2, ruling out
expansion of H for small or large |¢|. Instead, I appeal
to numerical evaluations of the needed integrals. When
1 = 0, the first term in the expression is the energy
density of a uniform y-alt state,

Hy—ait/D = —(1+ ky).
The remaining parts of H give the creation energy,

)

(49)

(48)
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FIG. 5. The y-alt> DW creation energy vs. anisotropy ki from
simulations (circles) compared with the quasi-linear theory
expression in Eq. (BI)) (solid black curve), at zero applied field.
For k1 > 1.5, the DW acquires a minimum width w = 3a and
a fixed energy E* = 2D, as well as a shape independent of
k1. For k1 < 1.25 the continuum theory works extremely well
because the DW width w = 2/v/k1 — 1 contains many sites.

With ¢ as in Eq. B7) and 92 = 3%¢?, the needed inte-

grals are:
/jo dz 4 = (g)zﬂfl.

oo

/ dz sin®y ~ 1.6482776 L.

— 00

/ dx ? sin®y ~ 1.733700 3. (50)

— 0o

Then the net creation energy is predicted to be
E*/D = 3.2488287 3 ~ 3.2488+/k1 — 1. (51)

Note especially that this does not depend on the length
N of the system. The contribution to the energy density
is concentrated mostly from shoulder to shoulder in the
DW. The formula should work well in a discrete system
much longer than the DW width. As 8 = h~!, the cre-
ation energy is inversely proportional to the DW width.
The formula also shows that k; = 1 is a critical point
below which there are no y-alt? DWs.

For the first example in Fig. 2 with k; = 1.001, the
formula gives E* ~ 0.10274 D, while the numerical sim-
ulations produced E* = 0.10265 D. The value from nu-
merics was found using a system with N = 1000, and
subtracting the total energies with and without the DW
present in a surrounding y-alt background. It is remark-
able that although v was obtained from a linearized equa-
tion, the energy must be calculated using that linearized
but very good solution, taking into account the nonlin-
earity in the sine functions within . I refer to this and
expression (GBI as the quasi-linear theory for the DW
energy.

Further creation energies for a range of k; > 1 are
exhibited in Fig. Bl For k; < 1.25, the linearized contin-
uum theory for E* is only a few percent higher than the
values from simulations. In that region, the DW width
w = 2h > 4, so that the structure is reliably described
using the continuum approach. In contrast, for k; > 1.5,
the creation energy found from simulations becomes a
constant F* = 2D, and the DW takes on a particular
discrete shape, of a minimum full-width w = 3, which
cannot be represented adequately in the continuum the-
ory.

VIII. CONTINUUM STATIC DWS WITH

NONZERO MAGNETIC FIELD

A transverse applied magnetic field b = pB/D tends to
impart an aligned or ferromagnetic-like order to the DW,
which should obey the equilibrium Eq. ([B2]). This can be
analyzed starting again with the large-|x| transformation
to variable ¥(z) > 0 in Eq. B3). Assuming ¢? < 1,
one has cos2® ~ 3 + k; and the field contribution to the
equilibrium equation is simplified, giving

b2

(2—7/12)1/%” - |:k1 —1- m

+ %d)i] (2¢) ~ 0.
(52)

Asymptotically, the fifth order small terms can be

dropped, and the DW is still described by a linearized

equilibrium equation,
b2

oz X |k —1— ———| . 53

o [l = 1= g5t (53)

The field term effectively subtracts from the Fk;
anisotropy. The solution is similar to that for zero field,
but with a modified inverse half-width parameter,

b="Te el g— fk—1— _¥ (54)
2 ’ 4(3 + k1)

A typical DW is described by Eq. (B8) or one of the
other symmetries. ¢ is then determined by Eq. (1) or
equivalently,

B bsin
P T 9B+ kycos 29

At the DW center, where ® = 0 and ¢ = 7, the maxi-
mum tilt towards the applied field is

b
‘P(O) = Pmax ~ m

(55)

(56)

To insure real 3, the field must be less than an upper
critical limit,

be = /4(ky — 1)(3 — k1) (57)

For example, when k; = 1.25, one has b, = 1.32, and
then ¢max ~ 0.38 rad. That is at a stability limit and a
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FIG. 7. For k1 = 1.100 and b = 0.40, a y-alt to y-alt DW
from the numerical simulations with N = 1000, is compared
with the theoretical shape from Eqs. (38)) and (53]). A dotted
line is used to distinguish the simulation data for . For the
theory curves, the DW center was placed at z = 502 to match
the data.

more typical value for a stable y-alt? DW is only a few
degrees.

To compare with numerical simulations, both the al-
ternating order and aligned order is to be extracted from
a relaxed DW configuration. The ferromagnetic-like or-
der can be estimated at a site by a slight modification of
the formula (A1) used to find the alternating order. We
use an average over the sublattices,

d)fm,n - %[an + %(d)nfl + ¢n+1)]' (58)

This is the discrete measurement on the simulation data,
to be directly compared to the analytic estimate of ¢.
The theory matches the simulations exceptionally well
at k1 = 1.001 as used in an earlier example with b =
0. To see some slights deviations between theory and
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simulations, an example of a DW for k; = 1.010, b, =
0.2821, and b = 0.20 is shown in Fig. [0l The agreement
is still very good, although the central peak in the theory
curve for ¢ is slightly narrower than the central peak in
the simulation data. A site-by-site variation in ¢ is also
noticeable as there are slight discreteness effects in the
data.

It is interesting to check another example with k3 =
1.100, b. = 0.8718, and b = 0.40 as shown in Fig.[d The
larger field creates a greater peak deviation. Discreteness
effects are strong and the smooth continuum theory for ¢
passes through the average of the site-to-site oscillations
of the simulation data, except at the peak. Aslong as b is
not too close to the critical limit b., these examples show
that the continuum theory using the linearized equilib-
rium equation is good at describing the DW structures.

A. Longitudinal magnetic moment m, of a DW

A y-alt? DW has a net magnetic moment m, parallel
to the chain direction, with positive and negative values
that are only slightly dependent upon the applied field b.
The discrete and continuum definitions in spin units are

+oo T
me =Y St :/ de (8%, (59)

o @

The average is over the sublattices, both of which have
nearly the same S¥. In the continuum opposing rotations
scenario for the two sublattices, they are

S = cos(£P+p) ~ cos @ (1 — 3¢?) —sin(£P)(y). (60)
Then the average is

(S mcos® (1—1¢%). (61)
In the DW, the asymptotic solution has cos® = sin,
and using the value already found for ¢ in Eq. (53)), we
have
b? sin?e)

3+ kicos2¢)? |’

Using cos 2ty ~ 1, the net m, depends on integrals over
x or over i that are evaluated numerically:

<o 2 dp _
dx sin = 2/ — _sine A~ 2.74187%
/ L A T

— 00

(ST ~ sin [1 -5 (62)

s o [T s =
/ dzx sin 1/1—2/0 Wsm P~ 1.25267". (63)

—00
That gives the estimate for the magnitude,

1.250%
8(3 + k1)?

With k; ~ 1, the term with b2 is negligible, although 3
has implicit b-dependence. A positive or negative value
of m, is allowed, slightly more than the DW width. This
is fairly large and could be used to distinguish the DW-
state from a uniform y-alt state with m, = 0.

M| ~ [2.74 - } Bt~ 27457 (64)
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FIG. 8. The induced transverse magnetic moment m, of

a y-alt? DW in applied magnetic field b, for the indicated
anisotropy strengths. Points are from simulations of odd-
numbered chains (N = 501), dotted lines are guides to the
eye, and the solid black curves are the linearized theory ex-
pression in Eq. (7). For an even-N chain, the results for
m, are shifted from these by the quantized intrinsic moment,
my = 1.

B. Transverse magnetic moment of a DW

The magnetic field induces a net transverse magnetic
moment in the dipoles in a DW. The net induced moment
is defined in discrete and continuum views by

—+o0
my =38 = / da (SY). (65)

n — 00
Outside the DW, SY decays exponentially. With the
main contribution from the center of the DW, the asymp-
totic DW solution (54]) can give an estimate. From the
calculation of the continuum Hamiltonian and Eq. (B3Q)

with ©® = ¢ = 0, the transverse spin component averaged
over the sublattices is

bsin?ep

Y\ o — .
(Sn) ~ poos @ 2(3 + ky cos 29))

(66)
Integration over x can be changed to integration over
1, together with using the asymptotic approximations
siny & ¢ and cos2¢y =~ 1. This gives the net linearized
continuum prediction,

S / TR dy  bp?  wth (67)
vE2 )y T de] 26+ )

8(3+k1)p

Note that 12 is an overestimate of sin¢ in the numer-
ator, while the denominator is also overestimated; these
errors tend to cancel.

For the example with k1 = 1.01,b = 0.20, one gets
B = 0.0866, and the formula gives m, ~ 0.710, while the
simulated values are interesting. If the system contains
an odd number of sites (say, N = 501), the simulated

11

value is m, = 0.815, a component aligned paramagneti-
cally with the field, but somewhat larger than the theory
prediction. A comparison of m, obtained from the sim-
ulations and the theory for odd-NN is shown in Fig.
Generally the theory expression underestimates m,,, and
works best for the smaller values of k.

If instead the system contains an even number of
sites (say, N = 500), the simulated value can be either
my, = 1.815 = 1+ 0.815 or my, = —0.185 = —1 + 0.815,
depending on the initial state of the simulation. In both
cases, the DW remains in the center of the system. The
negative value of m, means it points opposite to the ap-
plied field. The two cases correspond to opposite direc-
tions of rotation in the spins as one moves down the chain.
The magnetic moment is shifted from that for the odd-INV
system by a quantized topological value, m;"p" = +1.

Surprisingly, if b = 0, the DW in an even-N chain
can have one of the exactly quantized intrinsic values,
my = m;"p" = 41. This topological effect is not cor-
rectly accounted for in the continuum theory. It does
not appear in odd-N chains. Eq. @) for m, induced
by b applies directly only for odd-NN chains. For even-
N chains, Eq. (61) represents the field-induced magnetic
moment, that takes place on top of the intrinsic values
of mg"po = £1. To get m, for even-NN chains, one can
take the values plotted in Fig. B and shift them by the
intrinsic values, +1.

C. On odd-length vs. even-length chains

The odd/even chain effect is accounted for by carefully
examining the configurations in short-chain DWs (N =
49 or 50).

In an odd chain with b = 0, there is a centered site with
SY¥ = 0, around which SY holds antisymmetry on each
sublattice. An example is shown in Fig. [@ for N = 49,
k1 = 1.01, where the raw spin components S, S¥ on the
islands are shown. S? is the same for both sublattices,
but SY alternates from site to site. It is difficult to visu-
alize the sum of S¥ to get the net m,. I calculated a pair
average to make it apparent. The average is taken over
pairs of neighboring odd/even sites,

gair,n = Sgair,n—i-l = %(S;JL + Sﬂ+1)' (68)
Each site in a pair is given the same average value. With
N =odd, one site is not in a pair; it is taken as the site
at the center of the DW, which happens also to have
S35 = 0. On the left side of the center, the pairs are odd-
even, or (n)-(n+ 1) being 1-2, 3-4, 5-6, etc. On the right
side of the center, the pairs are even-odd, or (n)-(n + 1)
being 26-27, 28-29, 30-31, etc. Now the sum is clear, and
the two antisymmetric halves can be seen to cancel out
and give m, = >3 S), . =0.
In an even chain with b = 0, the center of the DW falls
between two sites. An example with N = 50, k; = 1.01,
and b = 0 is shown in Fig. [I0 displaying the raw S%, SY

and the pair-averaged Sgair)n. In this case, all of the pairs
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FIG. 9. A DW spin configuration for odd system length
N = 49, anisotropy ki1 = 1.01, field b = 0, from relaxation
simulations. Sp and SY are the raw components on the is-
lands. Note the alternating structure present in S¥. The val-
ues of SY_; . are the averages of odd/even neighboring sites
in each two-site pair, but the DW center site with S = 0 at
n = 25 is plotted individually. The antisymmetry of SY
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FIG. 10. A DW spin configuration for even system length
N = 50, anisotropy ki1 = 1.01, field b = 0, from relaxation
simulations. See explanation of curves in Fig. [0 for N = 49.
Now all sites are in pairs, and SY ;. is symmetric around the
DW center. The net intrinsic magnetic moment is m, = 1,
even though b = 0.

are of the form odd-even, or 1-2, 3-4, 5-6, etc., across the
whole length of the system. There is no site not in a
pair. It is clear that Sgair’n now has right/left symmetry
around the DW center, and the two halves make equal
contributions to the net m, even though b = 0. It creates
a nonzero, quantized, intrinsic magnetic moment m, =
+1. This is the topological effect, caused by the addition
of one (up or down) spin to an odd-N chain. If an odd-
N chain has my, = 0, then the even-N chain must have
m, = m;°P° = 1, because the spins are all S} = +1
in the y-alt states at the chain ends, far from the DW
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center.

This way of summing by pairs, and leaving the central
site of an odd-N system unpaired, is a way to move all
the contributions to m, away from the boundaries, which
are in y-alt states. It makes the odd/even influence come
from the DW itself. In this sense, a boundary effect has
been recast as a surprising geometric property of the DW.

This method contradicts the original approach of the
continuum limit, because what appears in these pairs de-
pends on where their construction starts. A shift by 1
site leaves some spin unpaired. Further, the intrinsic
magnetic moment for even-N systems does not emerge
in the original continuum limit, even though it seems to
come mostly from the DW central region. Instead, S:;’air_’n
can be averaged over sublattices and summed to produce
the intrinsic part of m,.

The continuum version of SY ;= S}, .., depends
on whether n is even or odd. First, consider n =even,
and use the opposing rotations assumption in the planar

case,

Y — QY — lraqy Y
Spair,n - Spair,nJrl - Q(Sn + SnJrl)

— 1 [sin®(z) + sin(~P(z + a))]

=3 [sin® — sin(® + a®; + 5Py

~ —1a®, cos®, n = even. (69)

If n =odd, the sign of ® is reversed, leaving

SY o =SV

Dairm el ta®,cos®, n=odd.  (70)
Thus, an odd-even pair has a different sign from an even-
odd pair. This explains the antisymmetry seen in the
odd-N chain, which has odd-even pairs on one side of
the center and even-odd pairs on the other side. For the
even-N chain, all the pairs are odd-even (use n =odd
formula) and then right-left symmetry is the result.
Thus, we can use the result and the asymptotic DW
solution to find the intrinsic magnetic moment for even-
N chains. Consider a DW with ®(—o0) = —3 and
®(+00) = 5. The continuum expression for SY ; . with
n =odd is a perfect differential, so its integration does
not depend on the details of the DW shape. This is the
reason why the intrinsic m, is quantized, and the value

is obtained by

* dr | dP
topo Yy 1
m,P° = E Spair,n_>/ 30 cos
n

= %/ dx E(sm@)

— 00

= 1 [sin®(c0) — sin®(—o0)] = 1. (71)

With the DW flipped (reverse all spins), one instead gets
my’P° = —1. This quantization of m,, for even-N chains
with b = 0 is indeed exact.

If it is an odd-N chain, the left half of the system
uses SY.;,. , with n =odd and the right half uses it with
n =even. They have reversed signs, and their left vs.
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FIG. 11. Creation energy of a y-alt? DW in applied mag-
netic field b, for various anisotropy strengths, even N, and
myP°(DW) = +1 in the DW state, or Am{’?° = +1. Points
are from simulations of chains with 500 or 800 sites, dotted
lines are guides to the eye, and the solid black curves are the
theory expression in Eq. (79), which accounts for the topo-
logical Oersted energy shift of the DW state.

right side sums cancel out upon integration over the
whole chain, as seen in Fig. The odd-N chains have
intrinsic m, = 0, exactly.

When b # 0, the continuum prediction of m,,, Eq. (67)),
is superimposed onto the intrinsic value, whether it be
an odd-N or even-N chain. This analysis explains how
topological effects influence the values of m, differently
for even-N vs. odd-N chains.

D. DW creation energy for b # 0

When a transverse field is present, the continuum en-
ergy density in a static DW from Eq. (28) with © =3¢ =0
now includes terms in the small angle ¢,

D= —1 —cos’® + (1 — § cos®) P2 + 3¢°

— k1 (1 — cos®® + p? cos 20) — by cos P. (72)

This accounts for the induced magnetic moment, but not
an intrinsic one. Using the asymptotic DW solution, Egs.
B4) and ([B3), this can be written

% = —(1 + kl) + (kl - 1) sinzw
b2 sin?e)
1 o2 2
+ (1 = 3sin w)wx_—4(3—|—k160321/))' (73)

The first term is the uniform y-alt energy density, which
is to be subtracted out to get the DW creation energy.
The Oersted field term can benefit from an expansion for
siny < 1,

1 1
3+ kicos2¢ 34k

2%
(1+ L

.2
51 h sin w). (74)

13

E'/D
\s‘
=

=

o

D

0.5+ B

/m k;=1.01 1
v y-alt? DW creation energies

L N=odd,Am®°=-1 |

[ me k,=1.001 ™y ]
T [ [ L

00 0.2 0.4 0.6 0.8 1

b

FIG. 12. Creation energy of a y-alt? DW in applied mag-
netic field b, for various anisotropy strengths, odd N, and
miP°(y-alt) = +1 in the reference y-alt state, or Am}P° =
—1. Points are from simulations of chains with 501 or 801
sites, dotted lines are guides to the eye, and the solid black
curves are the theory expression in Eq. ((9), which accounts
for the topological Oersted energy shift of the odd-chain y-alt

reference state.

Then the continuum DW creation energy is an integral
of the energy density over the system,

o R
b2 sin?e) 2k . o
_ Bh) (1+ Ty sin 1/1)} (75)

With a substitution based on Eq. (&4)),

b2

By —1=p8"4+ —
! ﬂ+4(3+k1)’

(76)

the integrals of sin?y) proportional to b? cancel out. The
dipolar parts have been integrated earlier in Eq. (B0I).
The field contribution now depends on an integral eval-
uated numerically,

/ dx sin’ ~ 1.03886429 571 (77)

— 00

Combining all contributions, we see that the preliminary
formula for continuum creation energy is the zero-field
formula (EI), reduced by an Oersted term quadratic in
the field,

k1b?

TR

Peon ~ 3.2488  — 1.03886
D

The inverse half-width S also diminishes with increasing

b2. This preliminary formula only involves the induced

magnetic moment m, and not any topological magnetic
moment.

To compare with E* in simulations, some care is

needed, due to the topological magnetic moment for DWs



in even-N chains and not in odd-N chains. The creation
energy is the difference of the system energy with the DW
present, minus the system energy in a uniform y-alt state,
accounting correctly for intrinsic magnetic moments.

If N is even, the DW state has the induced field whose
Oersted energy is included in Eq. ([8) as a term depen-
dent on b?, plus a contribution due to the topological
magnetic moment, m;"p"(DW) = £1. The contribution
of a topological or intrinsic magnetic moment has been
left out of Eq. (78). The extra topological Oersted energy
contribution is —bm{°P°(DW). Also note, the uniform y-
alt state for even IV has no topological magnetic moment,
as all spins are in up-down pairs.

If N is odd, the DW state has the induced field
whose Oersted energy is included in Eq. (8)), but there
is no topological magnetic moment. However, for an
odd chain, the y-alt state whose energy must be sub-
tracted does have one unmatched spin, either up or
down along y, giving it a topological magnetic moment
m;"p"(y-alt) = #+1. The corresponding energy contribu-
tion to the y-alt state is —bmzf’p"(y-alt), which is to be
subtracted out from E.,.

Then the net creation energy for both even-N and odd-
N chains can be written with a single formula,

E* k1b?
o~ 3.2488 1.038862(3 28

— bAmP°. (79)

The topological term is expressed with the change in
topological magnetic moment upon DW formation out
of the y-alt state, defined as

AmPP° = myP°(DW) — myoP° (y-alt). (80)
Physically, that is the intrinsic magnetic moment carried
into the system by the DW, if one imagined it entering at
one end of a long chain initially in a y-alt state. It can’t
enter any other way without tearing the texture. The
creation energy formula predicts a combination of linear
and roughly quadratic dependencies on b, with strongly
different slopes as determined by Am;"po =+1.

Fig. [[Il shows a comparison of the creation energies
from simulations with this theoretical expression for
Amf;’p" = +1, which means even chains where the DW
has m;"p"(DW) = +1 or odd chains where the initial
state has m;"p"(y-alt) = —1. Note how E* has a notice-
able negative slope, due to the topological term, whose
explanation is elusive without realizing that the contin-
uum theory only includes the part of m¥ induced by the
field. The simulated energies are less than the theoreti-
cal values, as the configuration can deform away from the
theoretical shape to better minimize its energy. Indeed,
at large enough b, the creation energies become negative,
and the DW state has a lower energy than the uniform
y-alt state.

Further results are seen in Fig. for Amiope =
—1, which means even chains where the DW has
m;*P°(DW) = —1 or odd chains where the initial state

has m;"po(y-alt) = +1. Now the creation energy vs. b
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FIG. 13. Creation energy of y-alt> DWs vs. applied magnetic
field b, for Ami’*° = 1 at a selected anisotropy. Points are
from simulations with N = 501 and Am{’®® = —1 (upper)
and with N = 500 and Am;*®° = +1 (lower). Dotted lines
are guides to the eye, and the solid black curves are the theory
expressions in Eq. ({3)), which include the topological Oersted
energy shifts, indicated by arrows. The intermediate data and
curve show simulations and theoretical Eq. (Z8]) that contain
the energy contributions due to induced magnetic moment
without topological effects.

initially has a positive slope due to the topological term.
The creation energy in this case does not become negative
for any of the examples used. For both signs of Amg’p",
the theory works best for values of k; as close as possible
to unity, where a continuum view of the system is best
(wide DWs).

It is also interesting to directly compare the creation
energies for Ami°P® = £1. At k; = 1.001, that is shown
in Fig. M3l The curves start at the same point for b = 0
and then separate by a difference of 2b for increasing
field. Each curve is shifted away from an average curve
(the energy of the induced magnetic moment) described
by Eq. ([[8) by £b due to the topological effects.

IX. DISCUSSION AND CONCLUSIONS

The 1D chain of transverse magnetic islands analyzed
here has been shown to have pairs of degenerate uni-
form states, between which domain walls can form. For
the pair of almost indistinguishable uniform y-alt states,
such as those present at opposite ends in Fig.[Il the DW
imposes a rotation of the dipoles on alternating sites in
opposing senses in the xy plane. This was found initially
via numerical simulations that relax the system from an
initial abrupt DW towards one that is spread out and a
local energy minimum. In static equilibrium, the dipoles
lie in the zy plane, each parallel to the effective field B,,
in Eq. @) that acts on it.

Due to that rotation within the DW, a large net mag-
netic moment m, parallel to the chain emerges under
this opposing rotations scenario. Its magnitude in spin



units is of the order of the DW full-width, as estimated
in Eq. (@4)). If there also happens to be an applied mag-
netic field transverse to the chain, that also induces a
weaker transverse magnetic moment m,, whose magni-
tude increases nonlinearly with the field strength, as in
Fig.

For the simplest continuum analysis, NN dipolar inter-
actions together with island anisotropies have been con-
sidered. A set of continuum limit equations of motion for
the dipolar angles has been found after tedious calcula-
tions in two different ways for verification: (1) expansion
of the discrete dynamic equations, and (2) by derivation
from a continuum Hamiltonian. These derivations used
the assumption of opposing rotations on the two sub-
lattices, which is in contrast to an opposing directions
assumption that is traditionally used for antiferromag-
nets. This difference is critical in obtaining a continuum
description for NN dipolar interactions, which energeti-
cally favor, in a local sense, both NN spins antiparallel
and transverse to the chain, or NN spins parallel to the
chain. Due to these physical effects, the spins in a y-alt?
DW indeed follow a rotation path that keeps neighboring
spins close to minimizing the dipolar energies, while they
compete with weak anisotropy and Oersted energies.

The static DW equilibrium equation [32)) for large in-
plane angle ® has strong nonlinearity, however, it has
been approximated and a linear equation (B6]) holds for
the deviation ¢ of the spins’ directions away from per-
pendicular to the chain. The approximate solution (B)
is surprisingly good at capturing the y-alt?> DW struc-
ture, even in its center. A partial linearization instead
leads to a sine-Gordon equation, whose solution in Eq.
@3 does not follow the DW structure found in numerical
relaxation.

For zero applied field, a y-alt? DW’s transverse mag-
netic moment m, is zero for a DW in chains with an
odd number of sites, but takes only the discrete values
my = £1 (in spin units) for chains with an even number
of sites. For odd chains, the central site can be isolated
and contributes zero, while the two remaining halves of
the system have equal and opposite contributions to m,,,
netting out zero. Adding one more spin at an end, ei-
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ther up or down along y, then nets out m, = +£1 in
even chains. An analysis was given to interpret this as
a topological magnetic moment of the DW itself, which
also directly affects the creation energy of the DWs, es-
pecially in an applied field.

Although not analyzed here, one can ask how the re-
sults could change when long-range dipolar (LRD) inter-
actions are included. For the NN model, we noticed that
k1 = 11is a type of critical point where the DW width di-
verges, and the uniform y-alt states it connects are desta-
bilized into x-parallel states when b = 0 or oblique states
when b # 0. Including LRD interactions shifts this insta-
bility point for uniform states to k1 &~ 1.50257, a result
found both from numerics and continuum theory ﬂ] It
is expected that a similar shift of the critical point for
y-alt? DWs will happen.

Currently, a reliable way to include longer-range dipole
interactions in the continuum theory while under the op-
posing rotations assumptions has not been developed.
The reason is that the continuum limit (smooth NN vari-
ations) and LRD interactions (discrete NN variations)
are incompatible. Continuum theory for DWs found in
numerics that connect oblique states to y-alt states also
offers an unsolved challenge. Part of the motivation for
this report is to stimulate further research in related con-
densed matter models with DWs of alternating order.
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Appendix A: Expansion of the discrete equations of motion

For the continuum expansion of the dynamic equations (@) and (&) there are contributions from the dipolar inter-
actions, anisotropy, and applied field. They can be derived starting from the expansions for cosine and sine of ¢,41
(or 0p41) given in Egs. (I3) and ([@4). Dot indicates derivative with respect to time and lattice constant a will be set
to 1 at the end, which implies continuum position z is measured in units of a.
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1. Dynamics of the in-plane angles

The first dipolar contribution to ¢n for an even-n site is a sum over right and left neighbors, indicated by >, ,
dy =sinf,_1 +sinb, 1 ~ Z { —sin@O[1 — % (192 +a?02 — 2a19@z)] + cos O — a®, — %Cﬂ@m]}
+a

~ —sinO(2 — ¥? — a?02) + cos O(29 — a*0,.,). (A1)

That produces just twice the even terms in lattice constant a.

The next dipole contribution to ¢, in the 2nd line of Eq. (@), depends on a combination of cosines of 6,1 and
®n+1, followed by summing over nearest neighbors. We already know the individual expansion of cos ¢, 41 in Eq. (I3)),
and there is one of the same form for the out-of-plane angle,

o8O 41 ~ cosO[1 — 3 (9% +a?O2 — 2a90,)] + sin O — a0, — $a*O ). (A2)
Forming the products of cosines and summing over n+ 1 and n— 1 terms, while keeping up to quadratic terms, leaves,

Cn = €08 0p_1 COS Pp_1 + €08 0,11 COS Ppiq (A3)
~ cos O cos P2 — {9? + ¢* + a*(02 + 2)}] + sin O sin ®[20p + 2a°0, P,
+ cos O sin ®[2p — a*®,,] + sin © cos P29 — a?O,.].

To get its net dynamic contribution for an even-n site, one multiplies ¢,, by 2 tan 8, cos ¢,,, which requires

tan(0 4 9) ~ tan © + ¥ sec’O + ¥? sec’O tan O,
cos(® + @) ~ (1 — 2¢?) cos @ — psin @. (A4)

Combining all the factors and limiting to quadratic terms give the next contribution to gbn from dipole interactions,

dy = 2tan 6, cos ¢y, (cos 6,1 cos ¢p—1 + €08 Oy 41 COS Prpi1)
~2{(1-1¢?)tan© cos ® — p tan O sin ® + ¥ sec*O (cos @ + ¥ tan © cos & — sin @) }
x { cos© cos @[2 — {92 + ¢® + a® (02 + 2)}] + sin O sin P[20¢p + 2a°0, D, ]
+ cos O sin ®[2¢ — a®®,,] + sin O cos P20 — a0, ]}
~ 2{sin O cos’®[2 — a® (02 + ®2)] + tan O sin O sin 20 (a*0, P, ) — sin O sin 2&(3a*P,,,)
— tan © sin © cos’(a* ;) — 2¢”sin © + 29 sec O(1 + sin’O) cos”® + ¥?(4sec’O — 1) sin © cos* P }. (A5)
The third line of Eq. (7)) contains the third dipole-interaction contribution to ¢,. It depends on a combination of
cosines of 6,41 and sines of ¢, 41, followed by summing over nearest neighbors,
Sp = €08 0,1 8N ¢y 1 + €OS Op 41 SIN P 1 (A6)
~ —cosOsin ®[2 — {? + 9?2 + (02 + ®2)}] + sin O cos P[20¢ + 2020, P,]
+ cos O cos P[2p — a*®,,| — sin O sin 29 — a?O,,].
To get its net dynamic contribution for an even-n site, one multiplies s, by — tan#, sin ¢,,, which produces this last
dipole interaction contribution,
ds = — tan 0, sin ¢,, (cos O, _g sin ¢,k + oS O,k Sin D11
~—{(1-1¢%) tan©sin ® + ¢ tan © cos ® + ¥ sec’O(sin @ + ¥ tan O sin & + p cos @) }
x { —cosOsin®[2 — {p* + 9?4+ a®(O2 + ®2)}] + sin © cos P[29¢p + 20, P,]
+ cos O cos P[2p — a’®,,] — sin O sin @29 — a*O,,] }
~ —{ —sinOsin®®[2 — a?*(O2 + ®2)] + tan O sin O sin 2¢(a’O, P,) — sin O sin 2® (34’ P,,,)
+ tan O sin O sin*®(a*O,,) + 2¢” sin © — 29 sec O(1 + sin®O) sin*® — ¥ (4sec’O — 1) sin O sin® P }. (AT)
The expression inside the final braces can be obtained from the corresponding one for ds via the symmetry changes

cos?® — sin?®, sin’® — — cos’P, with sin 2® = 2sin ® cos ® being unchanged. The term with ¢?sin © also reverses
sign, because it came from the combination cos?® + sin?®, which reverses sign.
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The combination of the three dipolar parts is the time derivative contribution from dipolar effects, written for an
even-n site as
Gdip, evn = (D + @) aip = d1 + do + d3
~ sin © cos?®(2 — a?02) — (1 + cos’P) sin O (a*®2) + tan O sin O sin 2 (a*0, P,
— sin Osin2®($a*®,,) — sec O(1 + sin®O cos’®)a*O,, — 6¢” sin O
+29sec © [2 4 (1 +sin’0) cos’®| + 497 sin O [sec’O + (sec’© — 1) cos® @] . (A8)
On the odd-n sublattice under the opposing rotations assumption, however, the signs of ® and O get reversed, while
@ and ¥ are unchanged. Then it is easy to see that the dipolar effects on an odd site can be written as
bdip, odd = (=P + @)aip = d1 + da + d3
~ —sin© cos’®(2 — a®©2) + (1 + cos®) sin O(a*®2) — tan O sin O sin 2¢(a’0, P,
+ sin O sin 2@ (30’ P,,) + sec O(1 + sin?0 cos?®)a’0 ., + 62 sin ©
+29sec © [2 + (1 + sin’©) cos”®] — 49° sin © [sec’© + (sec®© — 1) cos’@] . (A9)
Following similar but simpler procedures, the contributions from anisotropy for the even-n sublattice in the 4th line
of Eq. (@) are
éani, evn — (‘I) + Qb)ani = sin(@ + 19) [2k1 sin2(<1> + (p) + 2/€3]
~2{(1—39%)sin® + I cos O} {k1[sin*® + ¢ sin2® + ¢* cos 2®] + k3 } . (A10)

For a site on the odd sublattice, the signs of the large angles are reversed,

Gani, 0dd = (=P + @) ani = sin(—O + 0) [2k; sin®(—® + ) + 2ks]
~2{—(1—19%)sin© + Jcos O} {ki[sin’® — sin 2® + ¢? cos 2®] + ks } . (A11)

Finally, there are the applied field contributions, first for an even-n site,

Dfield, evn = (P + @)fiela = btan(© + ) sin(® + ¢)
~ b(tan © + Usec®© + 92 sec’© tan ©) [(1 — 2¢?) sin @ + ¢ cos @]
~b[(1- %@2) tan © sin ® + 9 sec?O(sin @ + ¢ cos @) + @ tan © cos ® + 92 sec’O tan O sin P]. (A12)

Reverse the signs of the large angles for an odd-n site,
(j.ﬁﬁcld7 odd = (—(I) =+ Qb)ﬁcld = btan(—@ =+ 19) sin(—@ + 4/7)
~ b(—tan © — Usec’® + 197 sec’© tan ©) [— (1 — 2¢*) sin @ + ¢ cos @]
~b[ (1 —2¢%) tan O sin® + Isec’O(—sin® + pcos @) — ptan © cos ® + ¥ sec’O tan Osin ®].  (A13)

Based on the above results, the time derivatives of the in-plane continuum angles are related to those for the
sublattice angles by

éevn = +(I) + 90 (I) = %(éevn - (Z.Sodd)
. , = o (A14)
$odd = —P + ¢ ¢ = 2 (Pevn + Podd)-

Since the odd formulas are obtained from the evens by reversing the large angles, the terms of odd symmetry in ©, ®
contribute to ® and those of even symmetry contribute to ¢. What results for the large in-plane angle is:

b = J(devn — Podd) = 3[devn(©, @) — Pevn(—6, —@)]
~ sin © cos’®(2 — ©2) — (1 4 cos’®) sin O(P?2) + tan O sin O sin 28(0,.P,,)
— sin ©sin 2@ (5 ®,,) — sec O(1 + sinO cos® @), — 6¢p” sin O
+ 49% sin © [sec2® + (sec2® — i) cos2<1>]
+ 2k [(1— $97) sin © sin*® + ©* sin © cos 2® + 1) cos O sin 20| + 2k (1 — 29%) sin©
+b (¢ sec’Osin ® + ptan© cos D) . (A15)
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Similarly, for the small in-plane angle, the even-symmetry terms give:

Sb = %(éevn + éodd) = %[(lgevn(@u (I)) + (lgevn(_ga —(I))]
~ 29 sec® {2 + (1 + sin2®) cos2<1>} + 2kq (19 cos O sin’® + psin O sin 2<I>) + 2k39 cos ©
+b[(1 = 3¢* + ¥?sec’0) tan © sin ® + Y sec®O cos | . (A16)

In both equations, all terms up to quadratic order in space derivatives and small angles have been kept.

2. Dynamics of the out-of-plane angles

For the continuum expansion of 6, using Eq. (), one sees that the dipolar parts again contain the factors ¢, and s,
defined above. They are multiplied by —2sin ¢,, and — cos ¢,,, respectively. This gives the first dipolar contribution
for an even-n site,

dy = —(2sin¢y,)e, = —2sin(P + p)(cosb,—1 coS dp—1 + €08 Oy 41 COS Dpt1)
~—2[(1— 1¢?)sin® + pcos®| x { cosOcos P2 — {0% + ¢ + (02 + &2)}]
+ sin © sin ®(29¢ + 20,P,.) + cos O sin ®(2¢p — Py, ) + sin O cos P(209 — @zz)}
~ —2{ cos O [sin2® + 2¢ — 1 sin20(9* + O2 + @7) — sin’*®(Py,) ]
+sin O sin 20 (9 — $0,,) + 209 + sin*®(20,9,)] }. (A17)

The second contribution for an even-n site is

dy = —(cos ¢p)sn = — cos(P + ) (cosb,—1 sin¢,,—1 + cos 0y, 11 8N Gpyp1)
~—[(1— 1% cos® — psin®] x { — cosOsin @2 — {¢* + ¥ + (02 + ©3)}]
+ sin © cos P(20¢p 4 20,P,) + cos © cos P(2p — Pyy) — sin O sin G(20 — Oy, }
~ —{cosO[ —sin2® + 2p + L sin 209> + O + 2) — cos’ (P, )]
+sin O — sin20(J — 30,,) + 209 + cos’®(20,%,)] }. (A18)
The two factors dy, do are very similar; note the swaps of sin?® with cos?® and the sign changes on the sin 2® terms.
Combined, these give the dipolar contribution to the time-derivative on an even-n site,
édip, evn — (6 + ﬁ)dip - dl + d2
~ —{cosO[sin2® + 6p — L sin 2092 + O2 + 2) — (2sin’*® + cos’®)(Pyo)|
+ sin O sin 2@ (9 — $0,,) + 69y + (2sin’*® + cos’®)(20,%,)] }. (A19)
Similarly, for odd-n sites under the opposing rotations assumption, ® and © reverse signs, which gives,
Baip, odd = (—O + D) aip = d1 + da
~ —{cosO[ —sin2® + 6 + 3 sin 2 (9% + O2 + ®2) + (2sin’® + cos’®) (Do)
+ sin O sin 2@ (0 + $0,,) — 69 — (2sin’*® + cos’®)(20,%,)] }. (A20)
The contributions from anisotropy for the even-n sites in Eq. (8) are
éani) ovn = (6 + zé)ani = k1 cos(© + 9)sin2(P + )

~ k1[(1 = $9%) cos © — ¥sin ©][(1 — 2¢?) sin 2@ + 2¢ cos 20
~ k1 { cosO[(1 — 29> — 199%) sin 2® + 2 cos 2®] + sin OV sin 20 — 29 cos 2®] }. (A21)

For the odd-n sites, reverse the large angles, to give,

éani, odd = (—9 + zé)ani = ki cos(—0O + ) sin2(—P + ¢)
~ k1[(1 — 39%) cos© + Isin ©][—(1 — 2¢%) sin 28 + 2¢ cos 2P]
~ k1{ cos O[—(1 — 2¢* — 29°) sin 2® + 2¢ cos 20| + sin O~ sin 2& + 20y cos 20 }. (A22)
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There are also the applied field contributions, found similarly,

Oficld, evn = (+O + D)fiela = beos(+@ + ) = b[(1 —
Otield, oad = (—O + V)gieta = beos(—® + ) ~ b[(1 —

©?) cos @ — @ sin @],
©?) cos @ + @ sin D). (A23)

N[= M=

As for in-plane angles, the connection from discrete to continuum angles is

éevn = +® + 19 @ = %(éevn - éodd)
. . = o (A24)
Oodd = —O© + 9 ¥ = 5(0cvn + Ooda)-

Then, the terms of odd symmetry in ©,® in feyn contribute to O, and the terms of even symmetry contribute to 0.
Combining dipole, anisotropy, and field contributions, the dynamics for the large out-of-plane angle is then described
by
9 - %(écvn - éodd) - %[écvn(ea (I)) - écvn(_ev —(I))]
~ cos O[(—1 + 2{9? + 02 + ®2})sin 20 + (25in°® + cos’ D) Dy, ]
+ sin O[($ sin 20)0,, — 69¢ — (2sin’® + cos*®) (20, P, )]
+ k1 [(1 = 29> — 29) cos © sin 20 — 20 sin © cos 20| — by sin . (A25)

For the small out-of-plane angle, the remaining even-symmetry terms give

19 - %(écvn + éodd) - %[écvn(gv (I)) + éodd(_ea _(I))]
~ —6pcos© — Usin © sin 2& + ki (2 cos © cos 2@ — Isin O sin2®) + b (1 — 2?) cos . (A26)

Appendix B: Opposing rotations continuum dynamics with a Hamiltonian approach

The continuum dynamic equations under the assumption of opposing rotations on the two sublattices can be derived
starting from a general Hamiltonian for the system. That Hamiltonian should already be known as a functional of
the continuum in-plane angles ®, ¢ and out-of-plane angles O, 6, and their space derivatives. The goal here is to
express equations () fully in terms of the continuum angles. This approach is complementary to the alternative of
expanding the discrete equations of motion ([7) and (8) involving the discrete angles (¢, 6,,).

1. The continuum Hamiltonian

The opposing rotations assumption in Eq. (I0) maps the discrete angles into the continuum angles differently on
the even and odd sublattices. The full Hamiltonian is a sum over sublattice contributions. To get the continuum
density H(P, ¢, ©,9) for some x, an average is made over the energy contribution from a site n, allowing it could be
either an odd or even site. The net H can be expressed as an average of partial Hamiltonians,

H = % (HCVH =+ HOdd) = Z% (Hn(evn) + Hn(odd)) . (Bl)

n

The expression in the sum will be converted into H(®, ¢, ©, ) with the different opposing rotations mappings to the
continuum angles on the two sublattices.
For the transverse island model limited to NN interactions, the discrete Hamiltonian from Eq. () is

H= Z{D [~28585 1+ SuSh i + S35 4]
— K1 (SY) + K3 (83)° — uBSy}. (B2)

To convert to the continuum H, I will average over assuming n =even with n =odd.
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First consider the dipolar part involving z-components, using the opposing rotations assumption (), If n =even
and n + 1 =odd, we have

S;Sh 1 =sinb,sinf, 1 = sin[O(x) 4+ V] sin[-O(x + a) + V]
= (sin © cos ¥ + cos O sin¥)(—) sin(O + a0, + 2O, — V)
— [sin® (1 = 39%) 4 cos O (V)] x
sinO(1 — $[a*02 + ¥* — 2a¥0,]) + cos O(aO, + 3a°O,, — V)]
sin®O(—1+ 9% — a¥0, + 2a°02) + cos®O(¥° — av¥O,) — sin © cos O(aO, + 1a°O,,). (B3)

N

Q

Consider instead n =odd and n 4+ 1 =even. This results effectively in ¥ — —4.
S:S: 1 = sin[—O(x) + ] sin[O(x + a) + V). (B4)

Averaging over these cases will eliminate linear terms in . Further, we should average over right and left displace-
ments, or a — —a. This will eliminate terms linear in a or first space derivatives. What results is

(SESzi1) ~—sin® O (1 — ¥ — La?02) + cos® © (¥*) — sin© cos O (2a°0,,)
~ —sin® O (1 — 24%02) + 9% — sin20 (2a%0,,) (B5)
The term with ©,, should be integrated by parts to make it depend on ©2. Use
o0 o0 d o0
/ dr ©,,8in20 = / dz [d— (0, 5in20) — 202 cos 2@} = —/ dx 202 cos 20. (B6)
—0o0 —0o0 €L —0o0
Doing this replacement, there are cancellations, resulting in
(SESz. 1) ~ —sin®0 4+ ¥* + 1402 cos®O. (B7)

It is multiplied by +D in the Hamiltonian.
Next, consider the dipolar part with z-components, for n =even,

wSy1 = cos[O(x) 4+ V] cos[®(x) + ¢] cos[-O(z + a) + J] cos[-P(x + a) + ¢], n = even. (BY)
Use expansions keeping up to net cubic order in small terms,
cos[O(z) + V] ~ cos O(1 — 19%) — sin O (V),
cos[O(z + a) — ] = cos(© + aO, + 2a*O,, — V)
~ cos O cos(a®, + %az@m — ) — sin © sin(aO,, + %az@m — )
~ cos O[1 — 1(a*02 + 9° — 2a090,)] — sin O (aO, + 2a*O,, — V) (B9)
The product of these is
cos[O(z) + V] cos[O(z + a) — V] =
cos’O[1 — 9 + a¥O, — 1a*O2] + sin*0 (a0, — V)V — $5in 20 (a0, + 3Oy, ) . (B10)
A similar expression is found for the in-plane angles,
cos[®(z) + @] cos[®(z + a) — ¢] =
cos’®[1 — ¢ + ap®, — 1a?®2] + sin’®(ad, — ) — 1 sin2® (a®, + Fa°Puy) - (B11)

These four cosines will be multiplied together. However, we need to also consider the case n =odd, n + 1 =even, and
then average over n being even or odd. If n =odd, effectively the signs of the small angles are reversed,

SnSyy1 = cos[O(x) — V] cos[®(x) — ¢ cos[O(x + a) + V] cos[®(x + a) + ¢], n =odd. (B12)

The sign reversal applies also to the expanded expressions. One should average over selecting n even and odd (+¢
and £v), which then will cancel out odd powers of ¢, 9. At the same time, also average over left and right nearest
neighbors (i.e., +a), which cancels out odd powers of a, leading to

Srs® ~cos? ©cos® B [1 — (92 + 14?02 + p? + 1a2®2)] + L 5in 20 5in 29 [0?0, P,
n~n+tl 2 x 2 x 4
+ cos? O sin? ® (—p?) + sin? O cos? &(—1?)

— 2 cos® O5in20(a’*Py,) — 1 cos® Psin20(a’O ). (B13)
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The terms in the last line are best converted to squared gradients, by integration by parts in the net Hamiltonian,
such as,

oo oo d
/ dx @, cos® Osin 20 = / dx [d— (<I>w cos? © sin 2<I>) + $,0,sin20sin2P — 2<I>i cos® O cos 2@]
—00 —00 €

= / dz [®,0, sin 20 sin 2@ — 2¢2 cos” O(cos® ® — sin” P)] . (B14)

The other such term has © and ® swapped,
o0 o0 d
/ dz Oy, cos® P sin20 = / dx {d— (@z cos? ® sin 2@) + 0,P, sin 2P sin 20 — 2@i cos? @ cos 2@}
oo oo x

= / dz [0,®, sin 2® sin 20 — 202 cos® ®(cos® © — sin® O)] . (B15)

Using these in Eq. (BI3)), after cancellations, gives the averaged value,
(SESE. 1) ~cos® O cos® @ (1 — 97 — ¢*) — Lsin20sin 29 (a°6,P,)
— cos® Osin® @ (¢? + $a’®2) — sin® O cos® @ (V% + 1aO2). (B16)

This is multiplied by —2D to form its contribution to H.
The next dipolar part involves

SySY .| = cos[+0(x) + V] sin[+P(x) 4+ @] cos[-O(x + a) + V] sin[-P(z + a) + ], n = even,
SySY = cos[—O(x) + V] sin[-P(z) + @] cos[+O(z + a) + I]sin[+P(z + a) + ¢], n = odd. (B17)
The product of sine factors for n =even are
—sin[®(z) 4+ @] sin[®(x 4+ a) —

] ~
—sin® ®(1 — ® + ap®, — 2a°®2) — cos® B(ap®, — ¢?) — 1sin2® (a®, + La’D,,). (B18)

_1
2

For n =odd, the ¢ is reversed to —¢. This is combined with the same cosine factors of out-of-plane angles found
above. Then, when averaging over n =even and n =odd, while also averaging over right and left neighbors, there
results

(SYSY . 1) ~cos® Osin® @ [—1 + (V2 + 24”02 + ¢* + 1a?®2)] + 1 5in205in2® (a*0,,)
+ cos? @ cos? ®(p?) + sin? O sin? B(9?)
— 1 cos® O sin2®(a’®,,) + 1 sin® @ sin20(a*O,,). (B19)

Integration by parts can be applied to the last terms, such as already encountered and additionally,

o0 o0 d
/ dz O, sin® ®sin 20 = / dx [d— (@1 sin? @ sin 2@) —®,0,sn2dsin 20 — 2@% sin? ® cos 20
o x

= / dz [~®,0, sin 20 sin2¢ — 202 sin® ®(cos® © — sin* O)] . (B20)
Combining factors and simplifying, one obtains

(SYSY.,) ~cos® Osin® @ (—1 4 9* + ¢?) — L sin 20 sin 29 (a°0,P,,)
+ cos® © cos® @ (¢* + 2a®2) + sin® O sin® @ (V° + 1a°O2). (B21)

In its contribution to H, this is multiplied by +D.
The net dipole-dipole interaction in the Hamiltonian is

dx
Hp =D [ % {-2(SES5m) + (SISka) + (53830} = [ ‘T Ho. (B22)
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There are some cancellations among the terms, and one gets the dipolar energy density,

o

D =" 1 — cos? © cos? ® + (2 + cos® @) + (3 cos? ©) ?

+ cos® ©(2 — cos® @) 2 @2 + (1 +sin® O cos® @) 302 + L(sin205in29) O, P, (B23)
The first line contains (1) a constant and ©, ® only terms, and (2) quadratic terms in ¢, ). The second line contains

all the gradient terms. These all appear in Eq. ([23]), with a different organization.
The K; anisotropy term on an even site depends on

(5¢

evn

)2 = €08%0eyn SiN%Poyn = cos¥(O + 1) sin(® + )

~ [(1 = 9?)cos® © — Isin 20 + ¥?sin® O] [(1 — ¢*) sin® ® + ¢sin 2& + ¢? cos® @] . (B24)
For an odd site, this is modified to
(Sf;’dd)Q = €05%0oqq Sin%Poaq = cosX(—O + V) sin((—P + )

~ [(1—9?)cos® © + I sin 20 + > sin? O] [(1—¢?) sin? @ — @ sin 2@ + ¢ cos? P|. (B25)
Taking the average over the sublattices eliminates odd powers of ¢, and results in
((89)%) = (1 — 9% — ©?) cos® O sin? ® + ¥? sin? O sin? ® + 2 cos® O cos® B — Yy sin 20 sin 20

~ cos? O sin® ® — 92 cos 20 sin® ® 4 ¢? cos? O cos 2P — Y sin 20 sin 2P. (B26)

This is multiplied by —K; to produce the contribution to H in Eq. (23]).
For the K3 anisotropy, the calculation is similar and summarized as

((S2)%) = (sin®(£0 + 9)) = ((£sin © cos ¥ 4 cos O sinv)*)
~ (1 —9¥?)sin? © + 92 cos® © ~ sin? © + ¥? cos 20. (B27)
This is multiplied by K3 to get the contribution to H in Eq. (23)).

For the applied field interaction, one needs to keep up to cubic order terms, so that up to quadratic terms are
retained in the dynamic equations correctly. One has

Sy

evin

= cos(0 + J) sin(P + @) = (cos O cos ¥ — sin O sin ) (sin P cos ¢ + cos P sin @)
~ [(1—39%)cos© — (0 — 29%)sin®] [(1 — 1¢°)sin® + (p — £¢°) cos @]
~ (1 —29% — 14%) cos O sin® — Yy sin O cos P
— (¥ - %193 — %19902) sinOsin® + (¢ — %cp?’ — %@192) cos © cos P. (B28)
On the odd sublattice, reverse signs on © and @,
SY1q = cos(—0O + ) sin(—P + ¢) = (cos © cos ¥ + sin © sin¥)(— sin P cos ¢ + cos P sin )
~ (1= 29%)cos© + (0 — 29°) sin O] [— (1 — 3¢*)sin® + (¢ — 2¢%) cos ]
~—(1—29* — 1¢*) cos O sin @ + Yy sin © cos @
- (- %193 — %19@2) sinOsin® + (¢ — %w?’ — $¢¥?) cos © cos . (B29)
Then the sublattice average is
(S¥) ~ — (9 — 29° — L09?) sinOsin® + (p — 2¢* — 20U?) cos O cos . (B30)

This is multiplied by —uB to get the contribution to H in Eq. (25). That defines all the contributions to H in the
opposing rotations assumption, for a general case.

2. The general dynamics

The discrete dynamics on even-n and odd-n sites each depends on its partial Hamiltonian. The discrete dynamic
equations (@) show that S? = sin,, determines the momentum coordinate z,, that is conjugate to ¢,,

Zn = E sin 0. (B31)
Y
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The n index can be dropped and replaced by the sublattice name as we go to the continuum expressions, obtained

from

aHevn 3 _ aIt[evn (b o a‘IL—[odd . _ a‘IL—[odd
8chn ’ o 8chvn ’ odd = a(bodd '

¢evn =

) Zodd =
0%0dd

This is equivalent to using twice the full Hamiltonian in place of either Heyy, or Hoqq, i.€.,

0H 0H

oH oH o,
Dzodd’ Fodd = Opoda’

oyn = —2———
) evin b)
6'ZeVI] 6¢evn

q;evn =2 (Z.Sodd =2

Using the mapping in ([0, these will be converted to the continuum angles with

eevn = +® + 197 Zevn = % Sln(+® + 0)7 ¢evn =+ + ®,
Ooaa = —O + 0,  Zoda = Esin(—O +9),  doaa =P+ .

The relations can be inverted as,

0= %(eevn - eodd)a Oevn = sin”™! %Ze"“’ ¢ = %(¢e"“ - ¢°dd)’
= %(ecvn —+ 90dd)7 Ooqa = sin_l %Zodd, Y = %(chvn + ¢odd)-

3. Time derivatives of in-plane angles, general H

Taking the time derivatives of in-plane angles, while applying the Hamiltonian equations (B33]) produces

. 1 . . 1 OH OH OH OH
¢ = §(¢Cvn a (bOdd) B 5 (2 aZovn B 28Zodd) N (8zcvn B aZodd) ’
L1, . . 1/ 0H _OH\ (0H 0H
7T §(¢CVH + (bOdd) B 5 (2 aZevm + 2azodd> N (azevn + aZodd> .

The factors of 2 have all cancelled. Now express as derivative with respect to angles © and ¥, doing

OH _ OH 06  oH 9V OH _ 9H 00 0oH 9V
8chn o 8@ 8zcvn 319 8chn7 (9Zodd o 8@ 8zodd 319 8Zodd'

One needs a simple identity for sines,

d do d 1
if z=sinf then d—j:l:cosGE éazasin_lz:wse.
This provides some needed partials,
.1 .1
0= % (sm %zevn — sin %zodd) ,
ol _x _x
00 _ m 99 _ w _ M
0zeyn  2co0s(© +0)’ 020aa  2cos(—O +19)  2cos(© — 1)’
V=1 (sin_l %chn +sin! %zodd) ,
9 m 9 m B m
DZevn  2c0s(0 + 1)’ O%oaa  2cos(—O© +9)  2cos(© — 1)
The partials of H with respect to z’s are then
oH & (on on oH G (o om
DZevn  2cos(©@ +19) \ 9O = 99 )’ %dd  2cos(© — V) 00  0vY )’

(B32)

(B33)

(B34)

(B35)

(B36)

(B37)

(B38)

(B39)

(B40)

(B41)
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This leads to unsimplified expressions,

A — A B _oH  oH

v 2cos(@+9) \ 9O = W 2 cos(O —9) 00 W)’

p, 1 OH OH 1 OH  OH
7¢_2COS(9+19)<8®+619)+2cos(6—19)< 20 "o ) (B42)

Using the fact that ¢ is a small angle, and generally we may want up to quadratic terms in it, requires expansions,

1 1 1
cos(@+09)  (1-— 192)cos© FIsin®  cosO(1 F¥tan© — 1992)
~secO [1+£3Jtan© + 197 4+ ¥ tan’0] ~ sec© [1 £ 9 tan © + 9 (tan’0 + 1)] . (B43)

This produces the needed combinations,

1 1
~ 2 1+ 92 2 1
cos(© + 9) + cos(© —0) sec© [ + (tan O+ 2)] )
1 1

@1 70)  cos®—1) ~ 20 sec © tan ©. (B44)

Finally that gives the time derivatives of the in-plane continuum angles in the opposing rotations assumption,

s OH OH

;(I) = sec@ {[1 +’l92 (tan2@ + %)} % +19tan@%} )

I, OH OH

5 _sec®{19tan@%+ [1+ 9 (tan’© + 1] %} (B45)

In real application, the 92 term in (1st order) ® can likely be dropped, In contrast, ¢ is 2nd order small and so the
92 term should be kept.
The partial derivatives of H really mean functional derivatives, for example,

0H oH d ( oH ) oH (B46)

90 36 dr\oe,) 90
Additionally, H should be expanded to 3rd order small terms before finding its derivatives, if the ¢ equation is to
include all 2nd order small terms. This is necessary for the Hamiltonian method to agree exactly with the expansion
of the discrete equations, especially for ¢ and 4.
After a tedious calculation, the equations (B43) resulting from the Hamiltonian in Eq. ([28) do indeed reproduce
the dynamic equations (I8) and ([I9)) found more directly by expansion of the discrete torque equations of motion.

4. Time derivatives of out-of-plane angles, general H

Consider these time derivatives for opposing rotations,

. 1/p ) 1d o—1 o—1
0= §(eevn - eodd) = 354t (Sln %Zevn — s %Zodd) P
9 1/ ) 1d o—1 o—1
¥ = 5(0cvn + Oodd) = 55 (sm %zevn + sin %zodd) . (B47)

Using the identity (B38) and the chain rule gives

N [ Zevn Zodd } _ { Zevn  Zodd ]
2u | cos(® +19)  cos(—O 4+ 9) 2u [ cos(®@ +19)  cos(© —9) |’
Zevn Zodd
cos(© +0) * cos(© — 19)] '

15’ _ l 73cvn + 2.5odd _ Y
2u | cos(® +19)  cos(—O 4+ 9) 2u

(B48)
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Insert time derivatives as found from the averaged H, Eq. (B33) (the factors of 2 cancel),

po_ 1 oH 1 oH

v cos(O+ V) Obeyn  cos(© — V) poad

By 1 OH B 1 OH

70  cos(0 + 1) 0oy €o8(O — V) Ooaa (B49)

We want derivatives with respect to ® and ¢, which are in the continuum H, obtained via

OH 8_H 0P 8_H de oH 8_H 0P n 8_H de (B50)
a(bevm 0P 6¢6VI} 890 a(bevrl’ a(bodd 0P a(bodd 890 a(bodd '
It is easy to get the required derivatives:
o 0P
¢ = %(¢evn_¢odd)u 8¢cvn = %7 8¢odd :—%.
dp dp
¥ = %(¢evn+¢odd)u 8¢ = %7 8¢ 0 :+% (B51)
Putting these together,
OH 1 /0H O0OH OH 1 OH 0OH
P e el S i B I B52
Doorm 2<a<1>+a<p>’ Do 2< a<b+a<p) (252

This gives unsimplified time derivatives,
61 afom_om\ 1 __1( on on
~ cos(O@+19)2\ 0P Oy cos(© — 1) 2 o Jy
: 1 1 /0H O0OH 1 1 0OH O0H
= (L Ty - (g 27 B
cos(®+19)2<8<1>+830> cos(@—ﬁ)2< (9<I>+(9cp> (B53)

Using the combinations in (B44]), this leads to the time derivatives of the out-of-plane angles in the opposing rotations
scenario,

B
gl
B
gl

2o — _ 2 2 1 _E _E

76— sec@{[l—i—ﬁ (tan ®+2)} + Jtan © .

[ _E 2 2 1 _CrH

719 = —sec©® {ﬁtan@ > + [1+ 9? (tan®© + 1] , (B54)

These involve a certain symmetry compared to the in-plane angle equations. It is likely that the 92 term in © can be
dropped, as O is considered to be large. In the equation for ¢, the ¥? term should be kept.

After further tedious calculations, the equations (B54)) obtained with the Hamiltonian in Eq. ([28) do indeed repro-
duce the dynamic equations (ZI)) and ([22)) found by expansion of the discrete torque equations of motion.
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