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High harmonic generation (HHG) in atomic gases is generally assumed to originate from photoelectrons that are not
perturbed by neighboring particles. In this paper, we study theoretically and experimentally the regime where this
approximation breaks down. At high laser intensities, we experimentally find that producing soft x-rays beyond this
single-collision condition leads to a strong reduction of the coherent HHG response and appearance of incoherent radi-
ation. We generalize our results to phase-matched HHG with mid-infrared drivers, and determine that a minimum pulse
energy is needed to simultaneously phase match the HHG process and keep photoelectrons unperturbed by surrounding
particles. Therefore, while previous research showed that HHG efficiency is independent of the driving pulse energy if
other experimental parameters are scaled accordingly, we find that this rule no longer applies for high photon energies.
Our study thus provides important guidelines for the laser parameters needed for the generation of high flux soft x-ray
high harmonics. © 2022 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement
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1. INTRODUCTION

High harmonic generation (HHG) is an extremely nonlinear proc-
ess that converts intense laser radiation into extreme ultraviolet
(XUV) or soft x-ray (SXR) radiation. While a macroscopic build-
up (phase matching) of the SXR radiation is necessary to obtain
a significant HHG flux, the light generation in gaseous targets
can be explained at the level of a single atom through the so-called
three-step model [1,2]. In this framework, it is assumed at the
microscopic level that the ion and its liberated electron are isolated
from other atoms, ions, and electrons in the gas, and in particular
that the ejected electron does not collide with neighboring particles
during its propagation in the continuum. In the following, we will
refer to this as the single-collision condition (SCC). We show in
Fig. 1 a sketch describing a scenario where the SCC is met, and
another one where it is not.

For photon energies below 100 eV, the electron excursion in
the continuum is typically of the order of a few nm and the phase-
matching pressures are generally on the order of a few mbar to a
bar. This corresponds to interatomic distances of the order of a few
tens of nm up to severalµm, which implies that the SCC holds. By
contrast, generating higher photon energies requires the electron
to gain more kinetic energy before recombination. In most cases,
this translates into longer electron excursion distances. In addi-
tion, photon energies above 0.3 keV are usually generated using a
short- or mid-wavelength infrared driver, where phase-matching
pressures are generally of the order of a few bar to several tens of
bar [3–6] because of the refractive index of the gas approaching

unity. Those two facts combined imply that beyond a certain
photon energy, most photoelectrons producing high harmonics
will interact with surrounding particles during their propagation
in the continuum, such that the SCC does not hold anymore. In
this paper, we study theoretically and experimentally the transition
regime where the SCC breaks down and give simple guidelines on
how to overcome this limitation.

2. THEORY

One of the most accurate ways of describing the effect of surround-
ing atoms on the HHG spectrum is to solve the three-dimensional
time-dependent Schrödinger equation with the combined poten-
tials of many atoms. Such work has already been performed [7], but
only for a limited set of parameters. To obtain more general results
applicable to different pressures, wavelengths, and intensities, we
propose a simple analytical model to obtain estimates for when
the SCC is valid or not, and test it with our experimental results.
For this, we compare two parameters: the electron excursion in
the continuum before collision with its parent ion and the average
distance a free electron can travel before colliding with another
atom.

To obtain the simplest model possible, we neglect electron–
electron and electron–ion interactions and consider only
interactions of the electron with neutral atoms. This is well jus-
tified for phase-matched SXR HHG since the ionization level is
relatively low [8].
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Fig. 1. Sketch depicting the single-collision condition (SCC). When the electron excursion in the continuum x0 is smaller than the electron mean free
path λe− (as in most XUV-HHG sources), the electron is normally unperturbed by surrounding particles during its excursion in the continuum. In the case
where x0 >λe− (as in some SXR-HHG cases), the electron is likely to be scattered by a surrounding particle, leading to a decrease of the coherent HHG
response and an increase of the spatially and temporally incoherent radiation.

A. Electron Mean Free Path

In the kinetic theory of gases, each particle has a non-zero velocity
due to thermal motion, leading to random collisions between gas
particles. The average distance a particle can travel before colliding
with another one is referred to as the mean free path, and the sphere
in which a scattering event is likely to happen is described by the
so-called kinetic diameter [9]. In our case, we study atom–electron
collisions instead of atom–atom collisions. We therefore need to
know the average distance traveled by a photoelectron before col-
lision with another atom. We refer to this distance as the electron
mean free pathλe− .

To estimate this quantity, instead of considering the collision
between two atoms modeled by hard spheres (HS) with the same
kinetic diameter, we replace one of the collision bodies by an elec-
tron, which we assume to have zero kinetic diameter. As justified
in Supplement 1, due to the large electric fields needed to generate
high harmonics, we can make the simplification kBT� Ekin,e− .
We then find that the electron mean free path is (details about the
calculation are given in Supplement 1)

λe− =
4kBT
π pd2

, (1)

where λe− is the electron mean free path, kB the Boltzmann con-
stant, T the gas temperature, and d the kinetic diameter of the
atom [9]. In Fig. 2, we show how the electron mean free path scales
with gas pressure p for all gases studied in this paper.

B. Analytical Estimates of the Peak Intensities Needed
for SCC Breakdown

We now compute the electron excursion in the continuum. In
phase-matched SXR-HHG experiments, ground-state depletion is
generally low [8]; we can therefore neglect it here. The maximum
electron excursion for an electron producing HHG from a linearly

Fig. 2. Colored solid lines represent the electron mean free path λe− for
different gases calculated at T = 293 K using Eq. (1) and using the kinetic
diameters from [10]. The dashed iso-lines show the maximum electron
excursion x0 for phase-matched cutoff harmonics for two-cycle pulses
in He with different pulse energies, and the color-shaded area represents
the corresponding cutoff energies for pulse energies between 0.1 and
10 mJ and pulse durations between two and six cycles. In all cases, the
wavelength and peak intensities are adjusted to remain below the critical
ionization level [11]. Details on the calculation are given in Supplement 1.

polarized laser field is then given by (details about the calculation
are given in Supplement 1)

x0 =
qe
√

2Z0 Ipeakλ
2
laser

2π2c 2me
, (2)

where qe is the elementary charge, Z0 the vacuum impedance, Ipeak

the laser peak intensity, λlaser the laser wavelength, c the speed of
light, and me the electron mass.

As shown in Supplement 1, it is possible from the laser wave-
length and the driving field pulse duration to compute the
maximum cutoff energy that can be phase matched and the
peak intensity of the driving field at which those harmonics
are produced. Since no simple exact relationship between all

https://doi.org/10.6084/m9.figshare.21444822
https://doi.org/10.6084/m9.figshare.21444822
https://doi.org/10.6084/m9.figshare.21444822
https://doi.org/10.6084/m9.figshare.21444822
https://doi.org/10.6084/m9.figshare.21444822


Research Article Vol. 9, No. 12 / December 2022 / Optica 1450

Table 1. Estimated Intensities above which the SCC
Is Expected to Break Down for Our Experimental
Parameters

Gas ISCC

(W · cm−2)
a

d(Å)
b

ε/kB (K)
c

He 4× 1017 2.556 10.22
Ne 3× 1017 2.749 35.60
Ar 1× 1017 3.405 119.8
Kr 1× 1017 3.597 158
Xe 7× 1016 3.963 217

aThe I_SCC values are computed using Eq. (3).
bValues of d and ε/kB come from Ref. [10].
cε/kB is the minimum of the Lennard-Jones (LN) potential, which will be

used in Section 4.B [10].

those quantities can be derived, we show in Fig. 2 the maximum
collision-free electron excursion for phase-matched HHG in He
for typical experimental parameters. For the pressures used in
most XUV-HHG experiments, Fig. 2 shows that the SCC holds.
However, as one aims to increase the cutoff energy, the maximum
electron excursion x0 becomes comparable to the electron mean
free pathλe− , such that the SCC is not fulfilled anymore.

To generate high photon energies, high laser intensities or
long wavelengths can be used, since the HHG cutoff scales as
E cutoff = Ip + 3.17Up, where Ip represents the ionization poten-
tial of the gas, and Up ∝ Ilaser · λ

2
laser [12]. In this section, we will

focus on the intensity-scaling approach, as it is the approach we
could study in detail experimentally, and in Section 4, we will also
consider the wavelength-scaling approach. From Eqs. (1) and
(2), we can then estimate the intensity at which x0 = λe− , which
determines the limiting intensity for the validity of the SCC:

ISCC =
1

2Z0

(
8πkBmec 2

qe

T

d2 pλ2
laser

)2

. (3)

In our experiment, the gas is sent through an open-ended nozzle at
a pressure of ∼10 bar before undergoing a supersonic expansion
into vacuum. We therefore estimate p ≈ 5 bar and T ≈ 200 K
in the interaction region for our non-phase-matched experi-
ment [13]. With those parameters, we find SCC intensities of the
order of 1017 W · cm−2 for all noble gases, as shown in Table 1.
Experimentally, we observe that the SCC breaks down already at
intensities approximately four times lower than those predicted by
Eq. (3), as we will see in Section 3.

C. Simulation

The predicted SCC intensities are all well within the barrier sup-
pression ionization (BSI) regime [14] for all noble gases, implying
that the electron release times—and by extension x0—differ
significantly from a tunneling scenario, and that ground-state
depletion cannot be neglected.

To find more accurate estimates for electron excursions for
our experimental conditions, we use a three-dimensional classi-
cal trajectory Monte Carlo (CTMC) simulation that includes a
time-dependent Coulomb field and that accounts for the magnetic
component of the Lorentz force. More details about the simulation
can be found in Supplement 1.

First, we will study trajectories that recombine with their parent
ion, namely, that produce high harmonics. For this, we consider
all trajectories that enter a recombination sphere of 5 a.u. around
the parent ion as producing harmonics [15] and record their maxi-
mum excursion during the first optical cycle following ionization.
In Fig. 3(a), we compare the simulation results with the predic-
tions from Eq. (2). The excursion range of electrons generating
harmonics is smaller than the analytical model prediction mostly
because of ground-state depletion and the initial momentum of the
photoelectron at the moment of ionization in the case of BSI [16].

However, not all electrons recombine with their parent ion.
For those remaining electrons, the simulation indicates that their
average excursion within one cycle after ionization is up to three
times higher than for recombining electrons. Interaction with a
surrounding particle can then lead to the emission of light or a
modification of the electron kinetic energy, or both. We therefore
examine in Fig. 3(b) the kinetic energy of those non-recombining
electrons at the end of the laser pulse.

For linear polarization, the spectrum has a clear maximum at
zero kinetic energy for all noble gases, mostly because the momen-
tum gained by the electron during one half cycle is almost fully
canceled out during the next half cycle. Indeed, under the slowly
varying envelope approximation, the amplitude of the electric field
at a given time and one cycle later is almost the same, leading to a
relatively small net energy gain at the end of the pulse.

For circular polarization, the peak of the electric field is
√

2
smaller than for the linear polarization case at the same peak inten-
sity. Moreover, the circularly polarized field mostly pushes the
electron away from the ion without ever bringing it back to its
parent ion. Overall, this leads to the emission of a higher number
of high energy electrons as compared to the linear polarization
case [Fig. 3(b)]. It is important to note, however, that the highest

Fig. 3. CTMC simulation results for a 10 fs pulse centered at 0.8 µm with a peak intensity of 3× 1016 W · cm−2. (a) Average and maximum electron
excursion in a linearly polarized field during the first laser cycle after ionization for electrons producing harmonics, compared with Eq. (2). (b) Electron
kinetic energy Ekin,e− spectrum for non-recolliding electrons in Ar at the end of the pulse for linear polarization (ε = 0) and close-to-circular polarization
(ε = 0.94).
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electron kinetic energies are still reached with linear polarization,
since the peak of the electric field is higher.

D. SXR Generation at High Intensities beyond the SCC
Breakdown

As Fig. 3(a) shows, Eq. (2) correctly estimates the order of magni-
tude of the electron excursion, even for very high laser intensities.
Thus, we can now consider the effects expected from generat-
ing SXR beyond the SCC, which corresponds to x0 >λe− . As
a first effect, we expect a perturbation of the microscopic HHG
response. Indeed, an earlier simulation showed that at intensities of
∼1014 W · cm−2, the phase acquired by the electron wave packet
in the continuum starts to be modified by surrounding particles for
ionic densities between 1018 and 1020 cm−3 [7]. This modification
primarily impacts the long trajectories, leading to a narrowing of
the harmonic lines and a shortening of the XUV pulse duration.

On top of the modification of the HHG spectrum, one can also
expect a decrease of the microscopic HHG response, because the
scattering of the electron wave packet by surrounding atoms can
cause it to miss its parent ion.

Another effect to be expected is a direct recombination of the
photoelectrons with neighboring ions without previous scattering
by other particles. It was numerically predicted [17] that such
recombination would lead to the appearance of an extended HHG
cutoff, beyond the usual Ip + 3.17Up, with isotropically emit-
ted SXR light, as Fig. 1(b) illustrates. The order of magnitude of
the SXR pulse duration would, however, remain the same as the
duration of the driver.

Finally, if the ionic density is high enough, it is possible that
collisional plasma excitation through inverse bremsstrahlung starts
to play a role in the ionization dynamics. Ditmire et al. showed
that for a 0.8 µm, 100 fs pulse focused to 1016 W · cm−2, inverse
collisional bremsstrahlung becomes the dominant ionization
process when the ion density is above ∼1019 cm−3 [18]. In that
case, the light emission happens mostly through the thermal cool-
down of the plasma, leading to a SXR pulse duration given by the
thermalization time of the plasma, which is typically on the ns time
scale.

3. EXPERIMENT

A. Experimental Setup

In our experiment, we use a 0.8 µm optical parametric chirped
pulse amplifier (OPCPA) delivering 10 fs pulses with up to 34 W
of average power after compression at 100 kHz repetition rate
[19]. For SXR generation, we use the same setup for generation
and detection as in [20], and we thus focus the beam to an esti-
mated intensity of 3× 1016 W · cm−2 on noble gases supplied at
∼10 bar. The gas is provided through an open-ended nozzle with
0.2 mm inner diameter.

In our previous investigation [20], we found that using a drilled
gas cell filled with He or Ne leads to approximately the same SXR
flux as with an open-ended nozzle. However, when we replace He
or Ne by Ar, Kr, or Xe, we do not observe any light between 0.1
and 1 keV photon energy, likely because of the larger B integral
and plasma defocusing, which can both decrease the peak intensity
in the high pressure zone. In this study, we therefore use only an
open-ended nozzle where such effects are minimized.

B. Experimental Results

As discussed above, in this regime of intensities and pressures, both
coherent and incoherent SXR emissions are possible. To assess the
coherence of the radiation, we vary the polarization from linear to
circular by placing an achromatic quarter-wave plate (λ/4; RAC
5.4, Bernhard Halle Nachfl. GmbH) in the beam. The strong
dependence of the HHG efficiency on ellipticity [2] should then
allow us to discern HHG from incoherent emission. The ellipticity
calibration procedure is provided in Supplement 1.

In the left column of Fig. 4, we show the SXR spectra obtained
in He, Ne, Ar, Kr, and Xe. We observe in He, Ne, Kr, and Xe that
the SXR flux decreases for increasing ellipticity in some photon
energy ranges, which can be due to either the presence of HHG or
the incoherent radiation generated by the higher kinetic energy
electrons that are freed with linear polarization, as discussed above.
To distinguish between these two possibilities, we perform a second
experiment where we observe the SXR light perpendicular to the
laser propagation direction, since HHG is known to be emitted in
a spatially confined beam along the driver pulse propagation direc-
tion, while incoherent radiation is emitted isotropically. We also
change the polarization state with the same λ/4 to find whether
the SXR we observe originates from thermal plasma cool-down or
inner-shell excitation from direct recollision [21–23]. We show in
the right column of Fig. 4 the SXR spectra obtained perpendicular
to the laser propagation direction with illumination conditions
remaining as close as possible to the first experiment.

C. Discussion of the Experimental Results in He and
Ne

Comparing the left and right columns allows for an unambigu-
ous identification of HHG and incoherent radiation within the
small variations of experimental parameters. It is clear that both in
He and Ne, HHG is present between 200 and 600 eV. However,
while we do not observe any SXR light from He when measuring
at 90◦ with respect to the laser propagation direction with linear
polarization, we observe a small background in Ne, showing the
simultaneous presence of HHG and incoherent plasma radiation
at the same photon energies.

Although the level of incoherent radiation remains low com-
pared to the coherent beam within the solid angle seen by the
spectrometer, it demonstrates the importance of verifying the
coherence of the beam, in particular for HHG driven at high
intensity [24]. We note that this verification cannot be made by
observing only the spectrally integrated HHG beam, since both
coherent and incoherent radiation can co-exist at the same photon
energies.

In He, we observe incoherent radiation only when the polari-
zation is close to circular. This is in good agreement with our
CTMC simulation, which predicts the generation of a relatively
large number of high energy electrons for circular polarization.
Interestingly, in Ne, we observe a weak line around 800–850 eV,
which is close to the ionization potential of a Ne K-shell electron.
This may originate from laser-accelerated valence electrons reach-
ing sufficiently high energies to excite core electrons to the valence
levels. Recombination may then lead to SXR emission [21–23].
However, contrary to [21–23], we do not observe a dipole-like
emission pattern when rotating the polarization plane. We assign
this to an emission originating mostly from indirect recollisions, as
suggested in [23].

https://doi.org/10.6084/m9.figshare.21444822
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Fig. 4. Experimental SXR spectra showing the transition between SXR originating mostly from HHG in light gases (He, Ne) to SXR generation dom-
inated by incoherent radiation when using heavier gases (Ar, Kr, Xe). The left and right columns show the SXR yield measured along and perpendicular
to the laser propagation direction, respectively. The distance between the nozzle and the focus is∼30 µm. The spectra are not corrected for the transmis-
sion characteristics of the filters, CCD efficiency, and grating reflectivity to improve readability. The features around 280 and 400 eV originate from organic
deposits in the beamline and the Ag filter, respectively. All color bars on the sides of the graphs have units of counts · pixel−1

· s−1. In He and Ne, the graphs
on the left and right columns have different color scales because the HHG flux is much higher than the incoherent radiation. OAP, off-axis parabola.

D. Discussion of the Experimental Results in Ar, Kr,
and Xe

Surprisingly, most of the SXR emission from Ar is spatially inco-

herent, demonstrating that the microscopic HHG response is

almost completely suppressed by interactions with surrounding
atoms, and that the SCC is not met. Since we observed some coher-
ent radiation in Ne but not in Ar, it is interesting to determine the
ratio x0/λe− in both gases. For our experimental parameters at
the interaction point (∼5 bar, 200 K for all gases), and using the



Research Article Vol. 9, No. 12 / December 2022 / Optica 1453

results from the CTMC simulations for x0, we find x0/λe− ≈ 0.20
in Ne and x0/λe− ≈ 0.26 in Ar.

Despite the modest difference of x0/λe− in both cases, the tran-
sition between the HHG-dominated and incoherent-dominated
regimes is relatively sharp between the two gases. This may be due
to the large difference of the electron mean free path of Ne and Ar
at electron kinetic energies between 0.1 and 1 keV, as shown in
Supplement 1. Since the spectrometer entrance slit (7× 1 mm2)
is located 0.8 m from the generation point, this implies that the
spatially integrated incoherent SXR flux is at least 106 times more
intense than the co-propagating coherent HHG beam.

When switching from Ar to Kr, we observe a substantial SXR
flux increase, consistent with the lower ionization potential of Kr,
leading to the release of more electrons, which heats the plasma
more efficiently. As in Ar, most of the emission is incoherent. As
for the other gases, the SXR flux greatly increases when the polari-
zation is close to circular, due to the larger number of high energy
electrons being released compared to the linear polarization case.
Finally, we find that the flux in Xe is even higher than for Kr. We
attribute this to the even lower ionization potential of Xe.

Yet, it is worth noting that the x-ray flux generated in Kr and
Xe between 0.6 and 1 keV is significantly higher along the beam
propagation direction compared to perpendicular to it. Moreover,
for Kr and Xe, the x-ray yield along the beam propagation direction
decreases with increasing ellipticity in this photon energy range.
These two observations are consistent with the presence of HHG.
Interestingly, a recent study where laser pulses with a peak intensity
of 2.5× 1016 W · cm−2 were focused into 0.9 bar of Kr also seems
to indicate that coherent radiation between at least 2 and 5 keV can
originate from highly multivalent ions [25].

While further research is required to explain the extreme beam
divergence of the claimed harmonic emission and to determine the
ratio of coherent light over incoherent light, SXR emission from
multiply charged ions may also at least partially explain our obser-
vations in Kr and Xe between 0.6 and 1 keV. Assuming a coherent
origin of the SXR light in our experiment, which uses few-cycle
pulses, the harmonic flux may have been increased by the non-
adiabatic self-phase-matching (NSPM) process, which manifests
itself mostly at high photon energies [24,26–28]. In that case, one
possible reason that harmonics would be present at high photon
energies and not at low photon energies would be due to the lower
interaction of high kinetic energy electrons with surrounding
particles compared to electrons with lower kinetic energy. A second
possible explanation is that the strong plasma-induced defocusing
leads the long electron trajectories to contribute more strongly to
the coherent flux than short trajectories [29].

4. GENERALIZATION AND IMPLICATIONS FOR
PHASE-MATCHED SXR HHG

A. Pressure Required for Phase Matching

SXR-HHG photons can be generated by using high laser inten-
sities or by using a long-wavelength driver [20]. Since the previous
section showed that the high intensity approach leads to a reduc-
tion of the coherent response accompanied by an increase of the
incoherent radiation when x0 & 0.2λe− for our experimental
parameters, we will now study the second approach to generate
SXR high harmonics, which consists of using a long-wavelength
driver in a phase-matched regime with intensities typically of the
order of a few 1014 W · cm−2.

Phase matching the HHG process is achieved by matching the
phase velocities of the infrared and generated SXR waves, which
is attained by balancing the neutral dispersion, dipole, plasma dis-
persion, self-phase modulation, and Gouy phase-mismatch factors
[4]. Experimentally, this is often done by tuning the pressure and
maximizing the HHG flux. At the focus, the dipole phase mis-
match vanishes, and phase matching is obtained when the neutral
dispersion phase-mismatch factor compensates for the plasma dis-
persion, Gouy phase, and self-phase modulation phase-mismatch
contributions. At the focus, the phase-matching pressure then
reads [30]

p(1k = 0)= p0
Ipeakλ

3
laser Ncycles

2πc K1 K2 Epulse1n
(

1− η

ηc

) , (4)

where p0 is the standard pressure (105 Pa), and Ncycles is the num-
ber of optical cycles of the laser pulse. K1 and K2 are correction
factors for the peak fluence and peak intensity of the laser pulse
compared to their equivalents for a square-shaped pulse (2.0 and
0.94 for a spatially and temporally Gaussian beam, respectively).
Epulse is the pulse energy,1n the difference of the refractive index
of the gas between the fundamental laser wavelength and the cutoff
wavelength at ambient temperature and pressure, η the ionization
level at the peak of the pulse, and ηc the critical ionization level
[30]. Equation (4) indicates that phase matching is possible only if
η < ηc, which sets an upper limit on the laser intensity that can be
used to produce phase-matched high harmonics.

B. Minimum Pulse Energy Required to Generate
Phase-Matched Harmonics within the SCC

Combining Eqs. (1) and (4), we find that the electron mean free
path at the phase-matching pressure scales as λ1k=0

e− ∝ I−1
peakλ

−3
laser.

At the same time, the critical ionization level for phase-matched
SXR HHG is of the order of a percent or below; Eq. (2) is then an
excellent approximation for x0 and shows that the electron excur-
sion scales as x0 ∝

√
Ipeakλ

2
laser. Because of how the peak intensity

needed to reach the critical ionization level scales with wavelength,
we find that x0 >λe− if the pressure is higher than

p(x0 = λe−)=
8πmec 2kBT

d2qe
√

2Z0 Ipeakλ
2
laser

. (5)

Therefore, the SCC is met as long as p(1k = 0) < p(x0 = λe−).
This inequality implies that the SCC can be fulfilled in a
phase-matched regime only if the pulse energy is higher than

E HS
min,SCC =

p0qe
√

2Z0d2

16π2c 3mekBT K1 K2

I 3/2
peakλ

5
laser Ncycles

1n
(

1− η

ηc

) . (6)

As shown in Supplement 1, it is possible to derive a more elaborate
model accounting for the kinetic energy dependence of the elec-
tron mean free path. In this framework, the minimum pulse energy
required not to infringe the SCC then reads

E σ
min,SCC =

p0

πc kBT K1 K2

Ipeakλ
3
laser Ncycles

1n
(

1− η

ηc

) ∫ x0

0
g (x )σ (x )dx ,

(7)
where g is the radial distribution function of the atom [31], which
describes how the atomic density varies in the vicinity of the atom.

https://doi.org/10.6084/m9.figshare.21444822
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The electron–neutral atom collision cross section, which is the sum
of the elastic scattering, excitation, and ionization cross sections, is
denotedσ [32,33].

It is a priori not possible to express the variables of the right hand
sides of Eqs. (6) and (7) as a function of the other variables using
a closed-form expression. However, as we show in Supplement 1,
from the laser wavelength, one can determine the critical ionization
level, the maximum cutoff energy that can be phase matched, its
corresponding Ipeak, and 1n [11] through an iterative algorithm.
Then, the only remaining unknown is the ratio of the ionization
level with the critical ionization level η/ηc. Using a previously pub-
lished experimental result [6], we find η/ηc = 91.8% for HHG
with a 620 eV cutoff in He. Inserting this value in Eq. (6) yields
the minimum energy needed to obtain phase-matched harmonics
while keeping x0 <λe− .

Figure 5(a) shows the results of this calculation in He for various
driving wavelengths and number of cycles for the driving laser field.
The corresponding cutoff energies and phase-matching pressures
are shown in Fig. 5(b).

C. Availability of Laser Sources that Can Fulfill the
SCC

We find that generating phase-matched harmonics throughout
the complete water window (283–543 eV) while keeping the SCC
valid requires, for example, a four-optical-cycle, 1.9 µm driver
with a pulse energy of at least 0.4 mJ with the HS model, or at least
0.04 mJ with theσat/e−(E e−)model. Similarly, with the HS model,
we find that a four-optical-cycle, 2.8 µm driver with more than
2 mJ pulse energy is needed to generate keV harmonics within the
SCC, while the σat/e−(E e−)model predicts that more than 0.1 mJ
are needed for this. Those values are at the limit or beyond of what
the current laser technology allows for 100 kHz systems [5,6], but
clearly within what has been achieved with state-of-the-art lasers
operating at 10 kHz [58].

For longer wavelengths, tremendous developments in 2 µm
pump lasers and parametric amplifiers have already enabled the
generation of 0.75 mJ, 7µm, eight-cycle pulses [41]. However, it is
to be expected that pulses at the 1 to 10 mJ pulse energy level will be
needed for an efficient generation of harmonics beyond 3–4 keV.
Therefore, while it was shown theoretically and experimentally
that the HHG efficiency is independent of pulse energy when
absorption-limited HHG can be realized [8,67,68], our study
shows that the HHG efficiency becomes dependent on the driv-
ing pulse energy when the SCC starts to be violated. This limit is
particularly important for the generation of high photon energies.
Furthermore, the minimum pulse energies required not to infringe
the SCC found with the σat/e−(E e−) model should be regarded
as lower bounds. Indeed, as shown in Supplement 1, we assumed
a probability of collision of 1 for the calculation of E σ

min, SCC.
However, we expect that even a lower probability of collision would
already significantly impact the microscopic HHG yield.

As detailed in Supplement 1, calculations similar to those
shown in Fig. 5 reveal that, compared to other gases, using He as
the harmonics generation medium is optimum from the SCC
point of view, since among all noble gases, it is the gas that requires
the smallest laser pulse energy to generate a given SXR photon
energy without infringing the SCC. Further, it is worth noting
that another analysis part of Supplement 1 reveals that among
elastic momentum transfer, atom excitation, and ionization, the
latter process is the dominant mechanism responsible for the SCC
breakdown in the SXR. This is because most collisions happen in
the electron kinetic energy region between 0.1 and 1 keV, where
the ionization cross section of all noble gases is higher than those of
the other two processes.

D. Discussion of the Impact of the SCC Breakdown

We note that the values given in the previous paragraph are only
estimates and should be regarded as orders of magnitude for pulse
energies needed to prevent neighboring atoms from affecting the

1.6 keV HHG

First water-window
HHG at 100 kHz

Fig. 5. Parameters required to phase match HHG in He keeping the SCC valid as a function of the driving wavelength using the hard-sphere- and
kinetic-energy-dependent electron mean free pathσat/e−(E e−)models. (a) Minimum pulse energy needed to keep the SCC valid and phase match the HHG
process (solid lines), and overview of laser systems delivering sub-two-cycle pulses (stars), 2< Ncycles < 4 (circles), and 4> Ncycles > 20 (triangles). Systems
with a repetition rate lower than 1 kHz [34–43] are in black, those with 1 kHz≤ frep < 10 kHz [44–57] are in red, those with 10 kHz≤ frep < 100 kHz
[58–61] are in blue, and those with frep ≥ 100 kHz [5,6,62–66] are in white. The background gradient represents the transition from the regime where the
SCC is expected to be valid (green) to where it is infringed (red). For the kinetic-energy-dependent electron mean free path model σat/e−(E e−), we use the
parameters shown in Table 1 for the radial-distribution function. (b) Cutoff energies corresponding to the parameters shown in (a). The inset in (b) shows
the phase-matching pressures corresponding to what is plotted in (a) and (b). Details about the calculation are in Supplement 1.
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microscopic HHG response. Indeed, HHG up to 1.6 keV has
already been demonstrated, with x0 ≈ 3.5λe− [3]. Despite the
35 bar pressure required for phase matching, the SXR flux was
shown to still scale quadratically with pressure even at 1 keV, where
x0 ≈ 2λe− . This suggests that the microscopic HHG response was
not greatly affected by surrounding atoms.

On the other hand, our previously published result [6] for
phase-matched HHG in He up to 0.6 keV with x0 ≈ 1.6λe−

showed that the SXR flux scaled as∝ p4 instead of the usual∝ p2

found in a typical phase-matched regime, indicating that the
microscopic HHG response may have been affected by the high
pressures used. As shown in Supplement 1, the difference between
those two results may be due to the higher contribution of elastic
momentum transfer at 2 µm compared to 3.9 µm, or to the dif-
ferent generation geometry: a waveguide was used for the 1.6 keV
result, leading to an additional phase-matching term, while we
used an unguided gas cell in our result.

To the best of our knowledge, those two results are the only
ones where HHG was generated beyond the SCC breakdown.
Further research is therefore required to determine the extent of the
modification of the microscopic HHG response beyond the SCC
breakdown, how phase matching may affect the coherent response
depending on the generation geometry, how multiply scattered
electrons are affected by surrounding atoms [69], and how each
of the electron scattering processes affects the photoelectron wave
packet and HHG efficiency. All those studies should soon become
possible, due to the rapid progress in the development of high
power OPCPAs pumped at 2µm.

Finally, we stress that in a phase-matched regime, while the
microscopic HHG response should be impacted by surrounding
particles, incoherent emission is not expected to be significant.
Indeed, phase matching HHG is usually achieved by keeping a low
ionization level—typically below a percent in the SXR—leading
to an incoherent emission level orders of magnitude lower than
what we measured in the context of the high-intensity approach,
where the ionization level is considerably higher than the critical
ionization level.

5. CONCLUSION

We studied theoretically and experimentally the HHG regime
where the photoelectron excursion in the continuum is of the
order of the electron mean free path of the gas. For a typical 0.8µm
driver, we first found that this SCC breakdown occurs when
intensities above 1016

−1017 W · cm−2 are used together with
gas pressures around 10 bar. We then identified that producing
phase-matched high harmonics with low pulse energies leads to
a significant perturbation of the electron wave packet propaga-
tion by neighboring atoms. Indeed, phase matching SXR HHG
requires high pressures, eventually leading to SCC breakdown.
The main consequence of this is that a minimum pulse energy is
required to stay in a regime where the SCC remains valid. This
implies that mJ-level pulses are needed to generate phase-matched
harmonics in the keV range without violating the SCC, even for
few-cycle pulses. A second consequence is that, among all noble
gases, using He as the generation medium is optimum from a SCC
standpoint, as it is the noble gas that requires the lowest laser pulse
energy to obtain a given HHG cutoff without infringing the SCC.
A third consequence is that the shortest pulses possible should be
used for the production of high harmonics, mostly because the
phase-matching pressure is proportional to the number of optical

cycles of the HHG driver. While further research is required to
determine how the microscopic HHG response is affected by
surrounding atoms when the SCC breaks down, we expect the
HHG flux to decrease because of the modification of the pho-
toelectron wave packet by surrounding particles. While so far
very few experiments have been performed beyond this approxi-
mation, studies confirming the importance of SCC breakdown
on the phase-matched HHG flux should become possible in the
years to come, thanks to the fast development of long-wavelength
lasers. Moreover, our findings may already explain the moderate
conversion efficiencies of recently developed high-repetition-rate
mid-infrared-driven HHG sources, and show that 1-to 10-mJ-
level ultrashort laser sources will likely be needed for an efficient
generation of multi-keV harmonics.
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