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Genetic-algorithm retrieval of the molecular alignment distribution with high-order harmonics
generated from transiently aligned CO2 molecules
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Using genetic algorithm, we propose a method to retrieve the alignment distribution of transiently aligned
CO2 molecules from the high-order harmonic generation (HHG) spectra. The retrieval method is based on the
quantitative rescattering (QRS) model where averaged photorecombination transition dipole can be factored
out from the parallel (or perpendicular) harmonic spectra after the propagation of the harmonic fields in the
gas medium. We examine how the retrieved alignment distributions are affected by uncertainty in alignment-
dependent ionization probability and on multiple orbital contribution to the HHG. We further confirm that
alignment distribution is more accurately retrieved by using the minima in the HHG spectra driven by a
long-wavelength laser. In addition, we show that earlier experimental data on the ratios between the perpendicular
and the parallel HHG components of aligned CO2 molecules are in better agreement with the QRS model if the
macroscopic propagation and multiple orbital interference are included in the theoretical calculation.
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I. INTRODUCTION

Since the 1990s, the availability of intense short laser
pulses makes it possible to align molecules in the gas
phase [1,2]. The most popular scheme is to kick molecules
impulsively [3–5]. In this scheme, partial alignment occurs
periodically in the form of fractional and full revivals long
after the aligning laser (also called the pump laser) is over.
Experiments with aligned molecules can be performed un-
der the field-free condition. Since fixed-in-space molecules
don’t have spherical symmetry, the molecules respond to an
intense laser field differently depending on their alignment
with respect to the laser polarization direction. Thus, it is
expected that rich dynamical information in laser-matter inter-
action can be probed beyond what is available from randomly
distributed ones [6,7]. Besides applications in probing chemi-
cal reaction dynamics [8], aligned molecules have also been
widely employed to study strong-field phenomena, such as
high-order harmonic generation (HHG) [9,10], tomographic
imaging [11,12], laser-induced electron diffraction [13,14],
multiphoton and tunneling ionization [15], etc. For these ap-
plications, it is crucial to accurately characterize the alignment
distribution (or the alignment degree). For linear molecules,
the alignment can be described by the angular distribution
function ρ(θ ) [16], where θ is the angle between the molec-
ular axis and the polarization direction of the pump laser.
However, it is challenging to precisely measure the intensity
of the aligning laser pulse or the gas temperature, both of
which are the key parameters for determining the alignment
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distribution. Although different methods have been proposed
or employed to obtain the alignment distribution from the
pump pulse, through the angular dependence of strong-field
ionization [17], or the Coulomb explosion imaging [18–21],
other more accurate approaches for measuring or retrieving
the alignment distribution of molecules are desirable. We
comment that the method of Coulomb explosion imaging has
been widely used previously for determining the alignment
distribution by double ionizing the molecules with an intense
laser. This method measures the coincident ion momentum
vectors after the ions have reached the detector. The method
would fail if the molecular axis changes from the gas cell to
the detector, or when the molecular axis has rotated in the
laser field where postionization alignment effect [22,23] is
significant.

HHG from molecules is a well-known ultrafast nonlin-
ear process in which an intense femtosecond laser ionizes
a valence electron, accelerates it, and then drives it back
to recombine with the parent ion, to emit high-energy pho-
tons [24,25]. Combined with laser alignment, the molecular
HHG has been applied for understanding molecular structure
and electron correlations [26,27] and probing ultrafast dy-
namics in molecules [28–30], reconstructing the molecular
orbital [12,31–33], and so on. Recently, it has been pro-
posed to obtain alignment distribution of molecules by using
high harmonics generated when molecules are transiently
aligned [34]. For example, in He et al. [35], by using the
sensitive dependence of the arising times of the local minima
and maxima at the rotational revivals in the time-resolved
high-harmonic spectra, the rotational gas temperature and
the intensity of the pump laser has been extracted from the
experiment. These parameters are then used to calculate the
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alignment distribution theoretically (see Sec. II E). Alterna-
tively, it has been shown in Jin et al. [36] that the minima in
the HHG spectra of aligned CO2 molecules are very sensitive
to the degree of alignment, which could be used to retrieve
the degree of alignment. Very recently, Guo et al. [37] also
suggested using the polarization properties of the harmonics
from aligned molecules to retrieve the alignment distribution.
In this later method, both the intensity ratio and the relative
phase between the parallel and the perpendicular components
of the harmonics as a function of the pump-probe angle are
needed. But realistic measurement issues (small perpendicular
component and efficiency of polarization measurement) limit
the accuracy of this method. Since harmonic spectra from
linear molecules are of great interest, here we propose an
alternative method to obtain alignment distribution from the
harmonic spectra of aligned CO2 molecules.

Among molecules, CO2 is one of the favorable can-
didates for investigating molecular HHG, it has attracted
continuous and extensive interests in both experimental and
theoretical studies [38–59]. Previous studies mostly focused
on the two types of minima in the high-harmonic spectra,
i.e., the “structural” minimum due to the photoionization
cross section (PICS) of the highest occupied molecular or-
bital (HOMO) and the “dynamical” minimum caused by the
interference of harmonics from the HOMO and from the
inner molecular orbitals. Recently, it has been shown [36]
that the discrepancy in the positions of the minima from
two previous experiments on CO2 [12,53,54] is due to the
two experiments performed for molecules that have differ-
ent alignment distributions. In drawing the conclusion, the
theoretical calculations employed the quantitative rescattering
(QRS) model [60–62] for harmonics from single molecules.
To compare with experimental HHG spectra, the single-
molecule complex dipoles were added coherently weighted
by the alignment distribution, followed by the propagation
of the harmonics in the gas medium by solving Maxwell’s
wave equations [63–65]. A prerequisite for the success of the
model is the availability of accurate complex fixed-in-space
PICS of CO2 molecules which has been obtained by using the
state-of-the-art quantum chemistry codes [66,67]. As a side
product of the present calculations, we reevaluate an earlier
experiment by Zhou et al. [68] where they demonstrated that
elliptically polarized high harmonics of CO2 molecules can
be generated on aligned molecules using linearly polarized
lasers. However, the measured intensity ratios between the
parallel and perpendicular HHG components have not been
successfully reproduced by the simulations so far [69]. Using
the improved theory in this work, we also revisit this problem.

In this work, our main goals are twofold: first, we will
simulate the intensity ratios between the perpendicular and
the parallel components of harmonics generated from aligned
CO2 molecules to compare with the measured ones; second,
by choosing the CO2 as the target molecule, we propose
a genetic-algorithm (GA) based iterative retrieval method
to obtain the alignment distribution from “experimentally”
measured harmonic spectra. In Sec. II we will give a brief
introduction to our HHG theory, including the macroscopic
propagation equations, the QRS model, and the coherent
summation of the HHG from different molecular orbitals. In
Sec. III we will first give the calculated macroscopic HHG

spectra of aligned CO2 molecules and the simulated inten-
sity ratios between two harmonic components, which will be
considered as “input” or “experimental” data; we will then
demonstrate the GA-based retrieval method and test it un-
der different conditions by using either the parallel and the
perpendicular components of the HHG or the intensity ratio
between them as a function of the pump-probe angle; finally
we will show that the existence and location of minima in
the HHG spectra would benefit the accuracy of the retrieval
procedure. A summary will be given in Sec. IV.

II. THEORETICAL METHODS

To simulate the experimentally measured HHG from
aligned molecules, three main steps are needed in the calcula-
tion. First, the HHG induced dipoles (including the amplitude
and phase) of a fixed-in-space molecule from the HOMO
and other inner orbitals, such as the HOMO-1 and HOMO-
2, are individually computed by the QRS model, and they
are then added up coherently. Second, together with the
alignment distribution, the averaged induced dipoles of the
molecules are calculated. Third, the averaged induced dipoles
are served as the source of the three-dimensional Maxwell’s
wave equations of the high-harmonic field in the gas medium,
in which macroscopic propagation and phase-matching ef-
fects are taken into account. Each of these steps will be
described in the following. Based on the above-mentioned
theoretical models, the calculated macroscopic HHG will be
taken as “experimental” data from which the molecular align-
ment distribution will be retrieved.

A. The QRS model for a multiple-orbital molecular system

According to the QRS model, in the frequency domain,
the induced dipole moment D‖,⊥(ω, θ ) of a molecule at a
fixed angle θ (defined with respect to the laser polarization
direction) for a single molecular orbital is given by [60–62]

D‖,⊥(ω, θ ) = N (θ )1/2W (ω)d‖,⊥(ω, θ ), (1)

where N (θ ) is the alignment-dependent ionization probabil-
ity, W (ω) is the complex returning electron wave packet,
and d‖,⊥(ω, θ ) is the parallel or perpendicular component of
the photorecombination (PR) transition dipole. Equation (1)
is valid for the linearly polarized driving laser and linear
molecules. W (ω) is the returning wave packet which reflects
the properties of the driving laser only, thus it doesn’t de-
pend on the angle θ and it is the same for both harmonic
components. It can be calculated by using either the strong-
field approximation (SFA) or from the equivalent atomic
target [60]:

W (ω) = D‖,⊥(ω, θ )

N (θ )1/2d‖,⊥(ω, θ )
. (2)

If the HHG is caused not only by the HOMO but also
the inner orbitals, the total laser-induced dipole moment of
a fixed-in-space molecule can be calculated as

D‖,⊥
tot (ω, θ ) =

∑
j

a jD
‖,⊥
j (ω, θ )eiφ j , (3)
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where index j refers to the molecular orbital, a j is the electron
occupation number of each molecular orbital, and φ j is the
ionization phase.

B. The coherently averaged induced dipole of aligned molecules

For transiently aligned molecules, the alignment distribu-
tion can be expressed as ρ(θ ) in the pump-laser frame. If the
angle between the polarization directions of the pump and
probe lasers is α, the alignment distribution is transformed
into a frame attached to the probe laser as [70]

ρ(θ ′, φ′, α) = ρ[θ (θ ′, φ′, α)], (4)

where θ ′ and φ′ are defined in the probe-laser frame, and
related to θ in the pump-laser frame as

cos θ = cos θ ′ cos α + sin θ ′ sin α cos φ′. (5)

After coherently averaging the induced dipole moment
over the molecular angular distribution, the averaged induced
dipole can be obtained as [60,70]

D̄‖,⊥
tot (ω, α) =

∫ 2π

0

∫ π

0
D‖,⊥

tot (ω, θ ′)ρ(θ ′, φ′, α) sin θ ′dθ ′dφ′.

(6)

C. Macroscopic propagation of the high-harmonic
field in the medium

Under the conditions of low pressure and low laser inten-
sity, the fundamental laser is not modified in the gas medium
and can be expressed in an analytical form. We consider
only the macroscopic propagation of high harmonics, which
is described by the three-dimensional Maxwell’s wave equa-
tion as [63,64,71]

∇2E‖,⊥
h (r, z, t, α) − 1

c2

∂2E‖,⊥
h (r, z, t, α)

∂2t

= μ0
∂2P‖,⊥

nl (r, z, t, α)

∂2t
. (7)

Here E‖,⊥
h (r, z, t, α) and P‖,⊥

nl (r, z, t, α) are the parallel
and perpendicular components of harmonic’s electric field
and the nonlinear polarization induced by the probe laser,
respectively.

In Eq. (7) the nonlinear polarization term is given by

P‖,⊥
nl (r, z, t, α) = [n0 − ne(r, z, t, α)]D̄‖,⊥

tot (r, z, t, α). (8)

Here n0 is the density of neutral molecules and the free-
electron density ne(t, α) is calculated as

ne(t, α) =
∫ 2π

0

∫ π

0
ne(t, θ ′)ρ(θ ′, φ′, α) sin θ ′dθ ′dφ′. (9)

In the above equation, ne(t, θ ′) is the alignment-dependent
free-electron density and can be obtained from

ne(t, θ ′) = n0

{
1 − exp

[
−

∫ t

0
γ (τ, θ ′)dτ

]}
, (10)

where γ (τ, θ ′) is the alignment-dependent ionization rate,
given by the MO-ADK theory [72,73]. In Eq. (10) only the
ionization from the HOMO is considered.

By going to a moving coordinate frame (i.e., z′ = z, t ′ =
t − z/c) and applying the paraxial approximation, Eq. (7) can

be transferred to the frequency domain by a Fourier transform

∇2
⊥Ẽ‖,⊥

h (r, z′, ω, α) − 2iω

c

∂Ẽ‖,⊥
h (r, z′, ω, α)

∂z′

= −ω2μ0P̃‖,⊥
nl (r, z′, ω, α), (11)

with

Ẽ‖,⊥
h (r, z′, ω, α) = F̂ [E‖,⊥

h (r, z′, t ′, α)] (12)

and

P̃‖,⊥
nl (r, z′, ω, α) = F̂ [P‖,⊥

nl (r, z′, t ′, α)], (13)

where F̂ is the Fourier transform operator acting on the
temporal coordinate. Note that due to the convention in the
Fourier transform the sign of 2iω/c in Eq. (11) is different
from that in Ref. [71].

Finally, the spectra of parallel and perpendicular HHG
components can be computed at the exit plane of the gas
medium (z′ = zout) as

S‖,⊥
h (ω, α) ∝

∫ ∞

0
|Ẽ‖,⊥

h (r, z′, ω, α)|22πr dr. (14)

D. Averaged PR transition dipole embodied
in the macroscopic HHG

The macroscopic HHG yields obtained from a single
molecular orbital can be written as [63,74]

S‖,⊥
h (ω, α) ∝ ω4|W ′(ω)|2|d̄‖, ⊥(ω, α)|2, (15)

where W ′(ω) is the macroscopic wave packet, d̄‖,⊥(ω, α) is
the averaged PR transition dipole, which can be expressed as

d̄‖,⊥(ω, α)

=
∫ 2π

0

∫ π

0
N (θ ′)1/2d‖,⊥(ω, θ ′)ρ(θ ′, φ′, α) sin θ ′dθ ′dφ′.

(16)

Equations (15) and (16) form the theoretical basis for
retrieving the alignment distribution from the macroscopic
HHG spectra. For each harmonic, Eq. (15) shows that the
macroscopic HHG signal is proportional to the modulus
square of the averaged PR transition dipole, which is given
by Eq. (16). Assuming that N (θ ′) and d‖,⊥(ω, θ ′) are known,
ρ(θ ) in the pump-laser frame is related to ρ(θ ′, φ′, α) in
Eq. (4), thus it can be retrieved from the pump-probe angle
(α) dependence of a fixed macroscopic harmonic order.

E. Alignment distribution of molecules by a pump laser

The alignment distribution, or the rotational wave packet,
of molecules excited by a relatively weak infrared laser (called
as pump laser) interacting with linear molecules can be pre-
cisely calculated by solving the time-dependent Schrödinger
equation (TDSE) [1,67]. Each molecule is treated as a rigid
rotor. For each initial rotational state, the TDSE is

i
∂�JM(θ, ϕ, t )

∂t
=

[
BJ2 − Epump(t )2

2
(α‖ cos2 θ

+ α⊥ sin2 θ )

]
�JM (θ, ϕ, t ), (17)
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FIG. 1. The parallel (a–c) and perpendicular (d–f) components of the macroscopic HHG spectra from aligned CO2 molecules at selected
pump-probe angles. The alignment degrees 〈cos2θ〉 are chosen at 0.40 (a, d), 0.55 (b, e), and 0.70 (c, f), respectively. Only harmonics from the
HOMO is included. See text for other laser parameters.

where Epump(t ) is the electric field of the pump laser, J is the
angular momentum operator, B is the rotational constant, and
α‖ and α⊥ are the anisotropic polarizabilities in parallel and
perpendicular directions with respect to the molecular axis,
respectively.

Equation (17) is solved independently for each initial ro-
tational state |JM〉 using the split-operator method. After the
pump laser is over, the rotational wave packet continues to
propagate in the free space, and at the intervals of “rotational
revivals” the molecules are nicely aligned or antialigned. The
time-dependent rotational wave packet can be written as

�JM(θ, ϕ, t ) =
∑

J′
aJ′e−iEJ′ t |J′M〉, (18)

where EJ′ are eigenenergies, |J′M〉 are spherical harmonics,
and the coefficients aJ′ are determined at the moment when
the pump laser is off.

The time-dependent alignment distribution at a given gas
temperature can be obtained by

ρ(θ, t ) =
∑
JM

ωJM|�JM(θ, ϕ, t )|2, (19)

where ωJM is the weight according to the Boltzman distribu-
tion, in which the nuclear statistics and symmetry of the total
electronic wave function are properly taken into account. The
alignment distribution does not depend on the azimuthal angle
ϕ for linear molecules.

III. RESULTS AND DISCUSSION

A. Macroscopic high harmonics of aligned CO2 molecules

1. Simulated macroscopic high harmonics in the parallel and
perpendicular directions

In the simulations, the alignment distribution of CO2

molecules at the first half-revival (∼21.2 ps) is calculated by
Eq. (19). The degree of alignment is defined with respect to

the alignment distribution ρ(θ ) in the pump-laser frame as

〈cos2 θ〉 =
∫ π

0
cos2 θ ρ(θ ) sin θ dθ. (20)

We first show some examples of the calculated macroscopic
harmonic yields vs the pump-probe angle. The wavelength
and the pulse duration of the probe laser are 800 nm and
15 fs. The beam waist at the laser focus is fixed at 35 μm,
and a 0.5-mm-long gas jet is assumed with a uniform density
distribution whose center is located 3 mm after the focus. The
peak intensity of the probe laser is fixed as 1.5 × 1014 W/cm2

at the center of the gas jet.
In Fig. 1 we show the simulated harmonic spectra as a

function of the harmonic order (with respect to the 800-nm
laser) in both parallel and perpendicular directions at some
selected pump-probe angles. The degree of alignment 〈cos2θ〉
is chosen to be 0.4, 0.55, and 0.7, respectively. The spectra
are calculated from Eq. (14), and only the HOMO is included
since the laser intensity is relatively low. The parallel or
perpendicular harmonic yields are normalized with respect
to the highest harmonic peak over the whole regions of the
harmonic order and the pump-probe angle at each alignment
degree, respectively. Note that the perpendicular harmonic
component drops to zero when α = 0◦ or 90◦. For the parallel
harmonics, when the alignment degree 〈cos2θ〉 = 0.40, the
shapes of harmonic spectra are similar, and they don’t change
much by varying the angle α; see Fig. 1(a). As the alignment
degree is increased, the harmonic spectra show a variety of
spectral structures at different α; see Figs. 1(b) and 1(c). For
the perpendicular component, the dependence of the harmonic
spectra on the pump-probe angle does not change much by
varying the degree of alignment; see Figs. 1(d)–1(f). The dif-
ferent behaviors of the parallel and perpendicular harmonics
can be understood by the alignment-dependent differential
PICSs of the HOMO, which can be found in Fig. 1 of
Ref. [75].

Using the data in Fig. 1, we plot the harmonic yields
(normalized using the maximum value of parallel harmonic
at each order) as a function of the pump-probe angle in
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FIG. 2. The normalized HHG yields in the parallel (Para.) and perpendicular (Perp.) directions and the intensity ratios between them vs
the pump-probe angle for H17 and H23, respectively. The results are shown at three different degrees of alignment. As indicated, some HHG
data in the perpendicular direction are multiplied by some factors for easy comparison, and these factors are not included when calculating the
intensity ratios.

Fig. 2 at the 17th harmonic order (H17) and H23, respectively.
For the parallel harmonics, it is evident that the harmonic
yields change slightly with the pump-probe angle α at the low
alignment degree of 0.40 in Figs. 2(a) and 2(d), they change
dramatically with α when 〈cos2θ〉 is increased to the higher
value of 0.55 (or 0.70) in Figs. 2(b) and 2(e) [or in Figs. 2(c)
and 2(f)]. For the HHG in the perpendicular direction, the
dependence of harmonic yields with α are similar at different
alignment degrees. We also plot the intensity ratios between
the perpendicular and the parallel harmonic components as a
function of the pump-probe angle in Fig. 2. One can see that
the variation of these ratios with α has a strong dependence
on the degree of alignment. All of these simulated results in
Fig. 2 are experimentally measurable quantities, which may
be adopted to retrieve the alignment distribution.

2. Comparison of the measured intensity ratios
and the simulated ones

We next check whether our simulations can reproduce the
measurement for CO2 molecules reported in Zhou et al. [68].
They measured the intensity ratios between the harmonic
yields in two orthogonal directions versus the pump-probe
angle when the CO2 molecules are aligned at the half revival.
Their results are shown in Fig. 3(a) for four harmonic orders.
We choose the laser parameters close to those in Zhou et al.,
and adjust the alignment degree 〈cos2θ〉 to 0.48 so to best
match the absolute values of the measured intensity ratios. The
wavelength, duration, and peak intensity of the probe laser are
800 nm, 30 fs, and 1.9 × 1014 W/cm2, respectively.

The simulated intensity ratios by only considering single-
molecule response and the HOMO are shown in Fig. 3(b)
calculated by using the QRS model from Eq. (6). The inten-
sity ratios are not distinguishable between H17 and H19 (or
H21 and H23). We have also checked that the sequence of
peak intensity ratios corresponding to each harmonic order

changes randomly by slightly changing the laser intensity.
Similar simulations have been performed by Le et al. [69]
with a higher alignment degree. In our simulation and Le
et al., based on the single-molecule theory, the results are not
in good agreement with the experiment. We next include the
propagation effect in the simulation, and keep other macro-
scopic parameters the same as those in Fig. 1. The resulting

FIG. 3. The intensity ratio between the perpendicular and par-
allel HHG components as a function of the pump-probe angle
for H17 to H23. (a) The experimental (Expt.) results are taken
from Zhou et al. [68]. (b–d) The simulated results. In (b) the
single-molecule response is calculated by including only contribu-
tion from the HOMO. In (c) and (d) the macroscopic (Macro.)
propagation simulations are carried out by including contribution
from the HOMO only and by including multiple (Multi.) or-
bital interference of the HOMO with HOMO-1 and HOMO-2,
respectively. The alignment degree is 〈cos2θ〉= 0.48.
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intensity ratios are plotted in Fig. 3(c). The values of the
intensity ratios changed with the pump-probe angle become
indistinguishable for different harmonic orders, which are def-
initely different from the measured ones. Finally, we perform
the macroscopic propagation calculations by including the
interference of the HOMO with HOMO-1 and HOMO-2. A
nonzero relative phase between the two molecular orbitals
would reflect nonadiabatic dynamics of electron rearrange-
ment during the strong-field ionization, which is sensitive to
laser intensity [27]. In Ref. [27] the relative ionization phase
between HOMO and HOMO-2 of CO2 molecules is chosen
to be −π/2 at a high laser intensity to correctly predict the
positions of the experimentally measured minima in the HHG
spectra. According to the convention of Fourier transform
in this work, we have chosen φHOMO-2 − φHOMO = π/2 in
Eq. (3), and it has been chosen as φHOMO-1 − φHOMO = −π/2
because of symmetry of the molecular orbital. A much better
agreement with the measurement is achieved in Fig. 3(d). The
curves for intensity ratios at different orders can be clearly
distinguished from each other. The peak value of intensity
ratio decreases gradually from H17 to H21, and for H23
its peak value is very close to the measured one. However,
the abnormal large value of H23 located between H17 and
H19 curves in the experiment is still not reproduced by our
simulation. Note that the peak value of the intensity ratio
changes monotonically with the harmonic order for aligned
N2 molecules in Zhou et al. [68], which has been successfully
reproduced by our HHG theory [37]. Could the discrepancy be
due to other effects that are not included in the QRS theory,
like nuclear vibrations, hole dynamics, or electron-electron
correlation? On the other hand, the measured intensity ratios
are symmetric with respect to 0◦ for aligned N2 molecules,
but not for aligned CO2 molecules in Zhou et al. [68]. It
may be of interest to carry out additional independent experi-
ments on CO2, and also extending measurement to other linear
molecules, like O2, N2O, and C2H2 [53,54,76,77], since such
measurements are rare.

B. Retrieval of molecular alignment distribution
using the genetic algorithm

For the cylindrically symmetric CO2 molecules, the align-
ment distribution function ρ(θ ) can be expanded as a
polynomial of cos2 θ :

ρ(θ ) = a0 +
nmax∑
n=1

an cos2n θ, (21)

where an (n = 0,..., nmax) is the expansion coefficient. Thus
to retrieve the alignment distribution is actually to determine
these coefficients.

We choose the genetic algorithm (GA) to obtain the pa-
rameters of {an} in Eq. (21). GA is one of the established
evolutionary algorithms that can deal with highly nonlinear
response functions and has been widely applied to study
strong-field phenomena [78–80]. It starts with a population
of randomly generated individuals, and better individuals are
selected from the current generation by evaluating the fitness
function of each individual which are then used in the next
generation. Once a satisfactory fitness level is reached, the

FIG. 4. Molecular alignment distribution function ρ(θ ) of
aligned CO2 molecules retrieved by using the intensity ratio of
the two polarization components of H17. Contribution is from the
HOMO only in the single-molecule response. The wavelength, du-
ration, and intensity of the probe laser are 800 nm, 15 fs, and 2.0
× 1014 W/cm2. The different nmax indicated is required for the dif-
ferent alignment degree of 〈cos2θ〉 in the retrieval.

evolution process is terminated. In our retrieval method, we
use the harmonic yields versus the pump-probe angle at a
fixed harmonic order to construct the fitness function, which
is defined as

F {an} =
∑

i

|Sinput(αi) − Sretrieval(αi)|2, (22)

where i is the index of the pump-probe angle α, Sinput are the
input data, and Sretrieval are the calculated ones by using one set
of {a0, a1, . . . , anmax}. We also set constraints for the alignment
distribution in the optimization procedure. For example, it
should satisfy the normalization condition of

∫ π

0 ρ(θ ) sin θ dθ

= 1. Note that, as shown in Fig. 4, real alignment dis-
tribution always peaks at 0◦ and decreases monotonically
with increasing alignment angle till 90◦. Finally, by min-
imizing F {an}, multiple parameters can be searched and
optimized.

We use the intensity ratios between the two HHG com-
ponents at H17 as “input” data to check the validity of our
retrieval method. These data are calculated with Eq. (6) by
using the single-molecule QRS model with the contribution
from the HOMO only and by varying the pump-probe an-
gle with a step of 5◦. With the known alignment-dependent
ionization probability and the PR transition dipoles of CO2

molecules, the retrieved alignment distributions are plotted
in Fig. 4. For comparison, the “input” (or “real”) alignment
distributions are also shown. For each given degree of the
alignment, if the required nmax (or the number of expansion
terms) is big enough, its angular distribution can be accurately
retrieved. The higher the degree of alignment, the bigger the
nmax is needed. For example, at least five expansion coeffi-
cients are needed for 〈cos2θ〉 = 0.70. Since GA has the ability
to handle a large number of unknown parameters, our retrieval
method works for the alignment degree higher than 0.70.
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FIG. 5. Comparison of the real and the retrieved alignment distributions and alignment degrees 〈cos2θ〉. Retrieved ones are obtained by
using the simulated macroscopic high harmonics (H17 and H23) with the contribution from the HOMO as the “experimental” data. In the
retrieval the laser intensity is taken at 1.5 × 1014 W/cm2 for calculating the alignment-dependent ionization probability N (θ ), nmax = 3 for
〈cos2θ〉 = 0.40 and 0.55, and nmax = 5 for 〈cos2θ〉 = 0.70.

For the retrieval examples in this work, we limit nmax to less
or equal to 5.

C. Retrieval of molecular alignment distribution using
simulated macroscopic HHG spectra as “experimental” data

1. Comparison of retrieved alignment distributions
from different harmonics

In this section we take the simulated macroscopic high
harmonics as “experimental” data to retrieve alignment dis-
tribution of CO2 molecules. These data are obtained at a
relatively low laser intensity such that contributions from in-
ner orbital electrons can be neglected, see Fig. 2. We choose
harmonic yields in the parallel and perpendicular directions,
as well as their intensity ratios. In the retrieval, the modulus
square of the averaged PR transition dipole in Eq. (16) is

calculated instead of the macroscopic HHG. For two harmonic
orders H17 and H23, the retrieved alignment distributions are
plotted in Fig. 5, and the known input alignment distributions
are also plotted for comparison. Furthermore, the known and
retrieved alignment degrees 〈cos2θ〉 are indicated in the fig-
ures. In the retrieval, we start with several random sets of
parameters such that a number of optimized sets can be ob-
tained after thousands of generation. We locate the parameter
set that gives the smallest value of the fitness function which
gives the best match to the “real” alignment distribution. For
different 〈cos2θ〉 and different harmonic orders, the retrieved
distributions agree very well with the “real” ones if the parallel
high harmonics or the intensity ratios versus the pump-probe
angles are employed in the retrieval. The largest relative error
in 〈cos2θ〉 is not larger than 4%. However, if the perpendic-
ular high harmonics are used, then the retrieved distributions

FIG. 6. (a, b) Same as Fig. 5 except that the laser intensity is 1.3I0 or 1.7I0 in the retrieval. Here I0 = 1.0 × 1014 W/cm2. (c) The
dependence of the ionization probability (normalized, at the end of the probe pulse) on the alignment angle θ calculated by using the MO-ADK
theory [72,73]. Laser wavelength and duration are 800 nm and 15 fs, and laser peak intensity is indicated in the figure.
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FIG. 7. (a, b) Retrieved alignment distributions and alignment degrees in comparison with real ones by using simulated macroscopic
HHG yields (H17, parallel component) in Fig. 2. (c) Alignment-dependent ionization probabilities (normalized) from experiment (blue solid
line) [82] and from TDSE calculation (red dashed line) [83], which are employed in the retrieval procedure. The ionization data from MO-ADK
theory (green dotted line) is also shown for comparison.

deviate much more from the “real” ones. This can be under-
stood from Fig. 2, where the dependence of the normalized
harmonic yields on the pump-probe angle is insensitive to
the change of the degree of alignment. In the following, we
choose only the parallel high harmonics in the retrieval.

2. Sensitivity of the retrieved alignment distributions on errors in
the angular ionization probability

In our retrieval method, the laser intensity is assumed
known, which is used to calculate the alignment-dependent
ionization probability N (θ ). However, this parameter is rarely
measured precisely in the experiment. Can the alignment
distribution be correctly retrieved if the laser intensity has
some uncertainties? We again use the parallel H17 harmon-
ics in Fig. 2 as our “experimental” data. In the retrieval,
the laser intensity is assumed as 1.3 × 1014 W/cm2 or 1.7
× 1014 W/cm2. The retrieved results are shown in Fig. 6.
By introducing about 13% error in the laser intensity, the
retrieved alignment distributions mostly agree with the “real”
ones except for some discrepancies near 0◦ and 180◦. The
biggest relative error of the retrieved alignment degree with
respect to the “real” one is about 7% and 4% in Figs. 6(a) and
6(b), respectively. Such increased error in the retrieved results
can be understood from the alignment-dependent ionization
probability plotted in Fig. 6(c). For three laser intensities, the
ionization probabilities are normalized at their maximum val-
ues to easily see their different dependence on the alignment
angle θ , which is one of the key parts in the retrieval.

In our retrieval, the alignment-dependent ionization prob-
ability is calculated from the MO-ADK theory. However,
for CO2, the prediction of the MO-ADK theory has been
shown to have some discrepancies [81] from the experiment of
Thomann et al. [82] and the TDSE calculation of Abu-samha
and Madsen [83], especially its peak position; see Fig. 7(c).
We then check how sensitive the retrieved alignment distri-
bution is if the angular ionization probability is taken from
the experiment and from the TDSE results. We still use the
parallel macroscopic HHG yields (H17) in Fig. 2 as our “ex-
perimental” data. The retrieved results are shown in Figs. 7(a)
and 7(b), which are generally in good agreement with the
“real” ones. The maximum relative error in 〈cos2θ〉 is less than

6%. Thus our retrieval method is not sensitive to errors in the
alignment-dependent ionization probability.

3. Influence of multi-orbital interference on the retrieved
alignment distributions

If the laser intensity of the probe laser is increased, both
the HOMO and inner molecular orbitals could contribute
to the HHG process. Can the alignment distribution still be
well retrieved solely by relying on the single-orbital theory
in Eq. (14)? We first simulate the macroscopic parallel high
harmonics (H17 and H23) by setting the laser intensity at the
center of gas medium at 2.0 × 1014 W/cm2 but keeping the
other laser and gas parameters the same as those in Fig. 1.
In the simulations, all the HOMO, HOMO-1, and HOMO-2
are included. The simulated harmonics are treated as “input”
ones. The retrieved alignment distributions and alignment
degrees are shown in Fig. 8. Generally speaking, the shapes
of alignment distributions can be reproduced reasonably well
at different degrees of alignment by using two different har-
monic orders. With the increase of alignment degree, the error
in the retrieved alignment degree becomes bigger, but it is still
within 10%.

FIG. 8. Comparison of real and retrieved alignment distributions
and alignment degrees. The macroscopic high harmonics (H17 and
H23) in the parallel direction with the contribution from three out-
most molecular orbitals are served as “experimental” ones. The
intensity of the probe laser in the retrieval is 2.0 × 1014 W/cm2.
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FIG. 9. The macroscopic parallel HHG spectra generated by the 1600-nm probe lasers at selected pump-probe angles. The alignment
degree 〈cos2θ〉 = 0.40 (a), 0.55 (b), and 0.70 (c). See text for other simulation parameters.

4. The minimum in the HHG spectrum of CO2 molecules and its
influence on the retrieved alignment distribution

In the above discussion, the high harmonics are limited in
the region of low photon energies due to the short wavelength
of the probe laser. Extending photon energy to 40–70 eV, pre-
vious experiments [12,54] and theories [36,64,75] have shown
rich spectral features in the high harmonics, in particular, the
conspicuous minima for aligned CO2 molecules. Can these
features be used to enhance the precision of the retrieved
alignment distribution?

To answer the above question, we first look at the simulated
macroscopic HHG spectra in the parallel direction generated
by 1600-nm lasers in Fig. 9. The peak intensity of the probe
laser (at the center of gas medium) is 1.0 × 1014 W/cm2 and
the other conditions are the same as those in Fig. 1. Only the
HOMO contribution is included in the simulation. Here the
harmonic order is defined with respect to the 1600-nm laser.
At the low alignment of 〈cos2θ〉 = 0.40, a deep minimum
occurs around H77 (i.e., 60 eV) for small pump-probe angles.
This deep minimum is directly related to the minimum in the
averaged transition dipole, whose origin has been explained in
Ref. [75]. At higher alignment of 〈cos2θ〉 = 0.55 and 0.70, the
minimum becomes shallower and its position changes rapidly
with the pump-probe angle.

We next plot the harmonic yield versus the pump-probe
angle at three selected harmonic orders in Fig. 10. For H51,
there is no minimum for three alignments shown. For H75, the
minimum occurs only for two higher alignments. For H79,

the minimum always appears, and its position shifts (in the
pump-probe angle) with the change of alignment. We choose
the harmonic yields for H51 and H79 as “experimental” data
to retrieve the alignment distributions. The retrieved results
are shown in Fig. 11. The retrieved alignment distributions
in Fig. 11(a) from H51 are in very good agreement with
the “real” ones, and the largest relative error in 〈cos2θ〉 is
less than 3%. If H79 is used, both the alignment distribution
and 〈cos2θ〉 are perfectly retrieved [see Fig. 11(b)], which is
almost identical to the “real” distribution, no matter whether
the degree of alignment is high or low. From these results,
we can conclude that conspicuous minimum structures in
the pump-probe angle-dependent harmonic spectra are favor-
able for the accurate retrieval of the molecular alignment
distribution.

Before closing, we further address a realistic measurement
issue about the minimum in the harmonic spectrum. As shown
in Fig. 12(a), the harmonic yields in Fig. 10(c) are plotted
on logarithmic scale, thus very deep minima (solid lines) can
be easily seen. In our recent investigation on the minima in
the measured HHG spectra of aligned CO2 molecules [36],
the positions of the minima are correctly reproduced, but the
measured minima are much shallower than those predicted
from the theory. Clear deep minima can be compromised
by the limited sensitivity of the spectrometer, or probably
the presence of perpendicular component of the harmonics.
Does the depth of the minimum affect the retrieved alignment
distribution? To test this concern, we fix the positions of the

FIG. 10. The parallel harmonic yields (normalized) vs the pump-probe angle for three orders (H51, H75, and H79) at different alignment
degrees.
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FIG. 11. Real and retrieved alignment distributions and align-
ment degrees. “Input” data are taken from Fig. 10(a) for H51 and
from Fig. 10(c) for H79.

minima and artificially making the depth to be shallower. The
“tweaked” spectra are shown with dashed lines in Fig. 12(a),
and they are regarded as “input” data. The retrieved alignment
data are shown in Fig. 12(b). For the alignment of 〈cos2θ〉
from 0.40 to 0.70, the retrieved alignment distributions are
all in very good agreement with the “real” ones. Thus the
sharpness of the minimum does not affect the accuracy of the
retrieved results.

IV. CONCLUSIONS

In the past two decades, high-order harmonic spectra from
aligned CO2 molecules have been extensively studied in many
experiments and theories. With improved experimental tech-
nology and advance in theories, the focus of studying HHG
is no longer limited to understanding the high harmonic spec-
trum only, but rather what structure details of the molecule
itself can be extracted from such experiment.

In this article, we addressed two issues. First, we revisited
the experimental results in Zhou et al. [68] where parallel
and perpendicular components of the harmonics from aligned
CO2 molecules have been reported. In an earlier paper, Le
et al. [69] used the QRS theory to look into this experiment,
but only under the single molecule model. With the theoretical
tools available, it is desirable to perform calculations that
account for all factors that can contribute to the experimental
results. The list includes effects of the multi-orbital interfer-
ence, average over the alignment distribution, and account for
macroscopic propagation of harmonics in the gas medium.
With these factors included, the agreement with the results in
Zhou et al. [68] has improved, but some discrepancies remain.
Polarization measurements for high harmonics are still rare
for harmonic spectra and additional experiments might reveal
new challenges.

Second, we proposed a method to retrieve the molecular
alignment distribution from the measured harmonic spectra
using the genetic algorithm. To construct a complete theory

FIG. 12. (a) Harmonic yields of H79 as a function of the pump-
probe angle replotted from Fig. 10(c) (solid lines) and modified
around the minima (dashed lines). (b) Comparison of real and re-
trieved alignment data.

for experimentally observed harmonic spectra from aligned
molecules, information about the alignment distribution is
required. If this distribution is known accurately, then start-
ing with the QRS theory, all the ingredients for carrying out
calculations that account for all the processes that lead to
the experimentally observed HHG are available, including
the accurate photo-recombination transition dipoles. In the
second topic of this article, we demonstrated that the parallel
harmonic yields or the intensity ratios between the paral-
lel and the perpendicular HHG can be used to obtain more
accurate alignment distributions, even if there are some un-
certainties in the alignment-dependent ionization probability
or when HOMO and inner molecular orbitals are contributing
to the HHG. We also examined that the minima in the HHG
spectra driven by the long-wavelength lasers are even better
for retrieving accurate alignment distribution. The ubiquitous
presence of pronounced minima in the harmonic spectra in the
40–70 eV range driven by long-wavelength laser offers a more
sensitive and accurate retrieval of the alignment distribution.

Looking ahead, it would be of great interest to look into the
possibility of generalizing this method to nonlinear molecules.
This probably will not occur anytime soon since retrieval is
an inverse scattering problem. Harmonic spectra for nonlinear
molecules have not been widely studied so far. Within the
linear molecules, perhaps the present method can be extended
to study aligned molecules that are vibrationally excited as
well.
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