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Analysis of THz generation by multicolor laser pulses with various frequency ratios
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Terahertz (THz) generation in a gas medium is simulated by quantum calculations with multicolor intense
laser pulses of various frequency ratios. By correlating THz radiation with the above-threshold-ionization
photoelectron spectrum, we confirm that our previously proposed free-free transition model for the generation of
THz radiation is also applicable to multicolor pulses. THz photon emissions can proceed through transitions
between continuous states with similar energies that have opposite parities. This mechanism predicts that
THz waves can be efficiently generated at special two-color laser frequency ratios when the multiphoton
mixing condition is satisfied. Applying this model to multicolor fields (sawtooth wave shape), we provide a
quantum-mechanical interpretation for the reason for THz radiation enhancement. A scheme combining multiple
lasers to raise THz radiation satisfying multiphoton mixing conditions is also proposed.
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I. INTRODUCTION

Terahertz (THz) radiation has gained wide attention in re-
cent years because of its multitude of applications in physics,
medical imaging, and security [1,2]. Generation of intense
THz sources remains a major challenge for these applications.
Among various experimental schemes, it is widely accepted
that an effective THz generation is to focus intense laser
pulses into a gas cell to create a plasma. THz waves are
emitted by the ionized electrons from individual gas target
atoms or molecules in the low-pressure limit [3–6]. Many
theoretical calculations have been carried out in the last few
decades by solving the time-dependent Schrödinger equation
(TDSE) [7–11] to study THz signals in an effort to find
efficient methods that would benefit THz generation.

Up to now, it has been widely accepted that THz can be
efficiently generated by using a two-color pulse, and the laser
frequency has mostly been taken with the ratio ω2 : ω1 = 2 :
1 [12–16]. Here ω1 and ω2 are usually the frequencies of
the 800- and 400-nm lasers, respectively. Since 2013, it has
also been proposed that other frequency combinations could
also enhance THz emission [17,18]. In 2016, Kostin et al.
[19] showed that THz emission can be enhanced when the
frequency ratio corresponds to a rational fraction. Experimen-
tally, Zhang et al. [20] demonstrated efficient THz generation
for two-color laser fields with special frequency ratios, such
as 400 + 1600 and 800 + 1200 nm. In addition, González de
Alaiza Martínez et al. [21] proposed that a multicolor laser
pulse with a sawtooth wave shape could also significantly
increase the THz radiation. With these new combinations
of laser pulses, the mechanism for THz emission is often
explained with the semiclassical photocurrent (PC) model
[17,18,20,21] or the nonlinear multiwave mixing model [19].

*cnzhzhy@nudt.edu.cn

The above models have achieved great success in explain-
ing the THz radiation mechanism and providing good guid-
ance for experiments. However, most of them are based on
semiclassical theory. It will be a useful supplement to discuss
the THz radiation mechanism from the perspective of THz
photon radiation. In 2017, we calculated the THz radiation
as well as the above-threshold-ionization (ATI) photoelectron
spectrum simultaneously by solving the quantum-mechanical
TDSE for a (800 + 400)-nm two-color laser field [22]. We
were able to correlate THz emission with the asymmetry of
the ATI photoelectrons along the “left” versus the “right”
side of the linear polarization axis of the laser. In addition,
we showed that the degree of overlap between even-parity-
dominant electrons and odd-parity-dominant electrons within
each ATI peak directly determines the strength of THz emis-
sion. This conclusion helps to explain THz generation based
on the quantum picture. It also favors the model that THz
is generated through free-free transitions of electron wave
packets associated with ATI peaks.

In this paper, we extend this method and calculate THz
generation and ATI spectrum simultaneously in laser fields
with uncommon frequency ratios, including the two- and mul-
ticolor cases, by solving the TDSE. We verified the same cor-
relation between THz generation and ATI spectra for various
laser frequency combinations. By associating THz radiation
with the occupancy distribution of the continuous electron
states, we identified the mechanism of THz radiation from the
multiphoton ionization pathways to reach continuum states of
semiequal energies of opposite parities. Free-free transitions
between such states are attributed as the main mechanism
of THz generation. Based on such analysis, conditions for
advantageous generation of THz radiation in multifrequency
combined laser fields are theoretically verified.

In the remainder of the paper, we first summarize how the
calculations were carried out. Then the main results are pre-
sented together with a discussion of the theoretical model for
interpreting the calculated results, including THz generation
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by two- and multicolor laser pulses with various frequency
ratios. The last section concludes the findings of this work.

II. THEORETICAL METHODS

We calculate the THz spectrum and the photoelectron
momentum spectra by numerical solution of the three-
dimensional (3D) TDSE,

i
∂

∂t
ψ (r, t ) = (Ĥ0 + ĤI )ψ (r, t ), (1)

where Ĥ0 is the field-free Hamiltonian and ĤI is the interac-
tion term of the atom with the laser field, given in the length
gauge. Atomic units (a.u.) are used unless otherwise indicated.

In the dipole approximation,

ĤI = −E(t) · r, (2)

where E(t) is the incident laser field. The laser is linearly
polarized; thus, we have to consider only the m = 0 compo-
nent of the magnetic quantum number of the atom. The time-
dependent wave function ψ (r, t ) is expanded with Legendre
polynomials in the θ coordinate as

ψ (ri, x j, t ) =
L∑

l=0

cl (t )Rl (ri )Pl (x j ), x j = cos θ j, (3)

and the radial function Rl (r) is expanded using the
discrete-variable-representation (DVR) basis set associated
with Legendre polynomials [23–25]. The coefficients cl can
be calculated using the split-operator method [26]. Here we
expand the wave functions with 4000 DVR points for rmax =
2000 a.u. and 120 partial waves. Once the time-dependent
wave function is determined, the induced dipole moment is
calculated using the acceleration form

a(t ) = 〈ψ (r, t )|∂V

∂z
|ψ (r, t )〉, (4)

where V is the total potential field that the electron ex-
periences, including Coulomb and laser-electron interaction
potentials. The emission spectrum including the THz emis-
sion can be obtained by Fourier transformation of the time-
dependent dipole moment [9]. To obtain the THz spectrum
without continuing the calculation to the long time of several
picoseconds, in fact, we use the wavelet analysis to sample
the frequency of the radiation in the THz region. This is
performed by a wavelet transformation [27]:

Aω(t0, ω) =
∫

a(t )wt0,ω(t )dt, (5)

with the wavelet kernel wt0,ω(t ) = √
ωW [ω(t − t0)], where

W [x] = 1√
τ

eixe−x2/2τ 2
. τ is chosen to be 5 a.u., and ω is

18 THz (0.0028 a.u.), which is the peak frequency of the THz
wave according to our previous study [10]. If τ is increased to
15 a.u., the spectrum would not change much. Changing the
duration and the wavelength of the laser fields will have an
effect on the THz wave form [9,28–30], while the time profile
calculated from Eq. (5) does not change much. In other words,
Aω(t0, ω) is insensitive to changes in ω within a few terahertz.

The two- or multicolor laser fields used here will result in
an asymmetric photoelectron spectrum. The two-dimensional

electron momentum distribution can be calculated by project-
ing out the final time-dependent wave function at the end of
the laser pulse to the eigenstates of the continuum electron of
momentum p [27]:

∂2P

∂E∂θ
= |〈�−

p |ψ (t = t f )〉|22π p sin θ, (6)

where E = p2/2 is the kinetic energy of the photoelectron and
θ is the angle between the momentum vector p and the laser
polarization directions (along the z axis). The electron energy
spectrum can be obtained by integrating over θ ,

∂P

∂E
=

∫
∂2P

∂E∂θ
dθ. (7)

The asymmetry of the ATI spectrum is defined by [31,32]

A = (P+ − P−)/(P+ + P−), (8)

where P± is the electron spectrum strength on the ±z sides
from Eq. (7) by setting the integration range to be 0 to π/2
and from π/2 to π , respectively.

III. ANALYSIS OF THz GENERATION IN TWO-COLOR
LASER FIELDS OF VARIOUS FREQUENCY RATIOS

A. Asymmetry of the average electron velocity
vs THz generation

We first make calculations for a hydrogen atom in two-
color laser fields,

E (t ) = EL f (t )[cos(ω1t ) + cos(ω2t + ϕ)], (9)

where EL is the amplitude of the incident laser field. We fix
the wavelength of the first laser at 800 nm and change the
wavelength of the second laser so that the frequencies of the
two incident laser pulses satisfy a certain ratio. The same
envelope of the laser pulse, f (t ), is chosen for both laser
frequencies. It takes the sine-square form, and the duration
is 20 optical cycles (oc) of the 800-nm laser field.

Because THz strength can be strongly affected by the
ionization probability, we adjusted the laser amplitude EL as
ω2 is varied to maintain the maximum free-electron density
at the 1% level. The free-electron density can be calculated
using the Ammosov-Delone-Krainov model [27].

THz has been widely interpreted using the PC model
[11,33]. In the quantum calculations performed here, we
have used Eq. (4) to calculate the acceleration. We define an
average velocity from the dipole acceleration of Eq. (4) via

v(t ) =
∫ t

−∞
a(t ′)dt ′. (10)

From a classical point of view, the electron current can be
related to its average velocity. It has been pointed out that
THz emissions are enhanced when the frequency ratios of the
two-color laser fields take some special values [19,20], such as
ω2 : ω1 = 1 : 4, 2 : 3, and 3 : 2. Figure 1(a) shows the average
velocity calculated according to Eq. (10). It can be seen in
Fig. 1(a) that in addition to the oscillatory feature, a nonzero
DC electron current appears along with the laser pulse. Ac-
cording to the PC model, the THz wave is in proportion to the
transient current of ionized electrons. It is expected that the
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FIG. 1. (a) The average time-varying electron velocities for a hy-
drogen atom in two-color laser fields for frequency ratios ω2 : ω1 =
1 : 4 (black), 2 : 3 (red), and 3 : 2 (green). (b) The corresponding
time profile of the 18-THz radiation. The first pulse (ω1) is fixed
to be an 800-nm, 20-oc, and sine-square enveloped infrared laser
pulse. The relative phases ϕ were set to 0, 0, and 0.5π for the three
cases to guarantee that THz radiation is near the maximum. The laser
intensities are chosen such that the ionization level is fixed at 1% after
the pulse is over. The intensities are 3.54, 3.48, and 3.48 in units of
1013 W/cm2, respectively.

intensity of THz radiation can be qualitatively related to the
average velocity of the electron. From the oscillatory feature,
it appears that asymmetry is largest for ω2 : ω1 = 2 : 3, then
3:2, and smallest for 1:4. We calculate the integral of each
curve in Fig. 1(a); their respective DC terms are 2.65, −2.10,
and 1.22, respectively, where the negative sign means the
velocity is in the opposite direction. These values should be
compared to the THz yields given in Fig. 1(b), where the
yields are consistent with the value of the average velocity.
Even though we have not calculated the photocurrent, the
average velocity which was calculated from the quantum
model is an equivalent approximate quantity.

Note that the THz yield was calculated from time-
frequency wavelet analysis, Eq. (5), i.e., Aω(t0, ω). An exam-
ple of Aω(t0, ω) can be found in Fig. 6 of Ref. [9]. In Fig. 1(b),
we plot the time-dependent growth of THz at 18 THz. On the
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FIG. 2. Yields of ATI electrons calculated from Eq. (7) on the
right side (z > 0, dashed red line) and on the left side (z < 0, solid
black line) of the polarization axis generated by two-color laser
pulses of various frequency ratios. (a) ω2 : ω1 = 1 : 4, (b) 2 : 3, and
(c) 3 : 2. The laser parameters are the same as those in Fig. 1.

scale of Fig. 1(b), the growth of the THz signal with time
is not clearly seen, but for the three curves (ω2 : ω1 = 2 : 3,
3:2, and 1:4) they grow from 271.2 to 277.2, from 207.5 to
212.2, and from 79.2 to 80.5, in arbitrary units, respectively.
Their relative magnitudes are consistent with the DC terms
calculated from the average velocity in Fig. 1(a) and are
consistent with the expectation according to the PC model.
Laser parameters used in the three calculations are given in
the caption of Fig. 1.

B. Asymmetry in the ATI electron spectra

From the TDSE calculations, the ATI photoelectron distri-
butions can be calculated. Figures 2(a)–2(c) show the asym-
metric left-right electron energy distributions along the polar-
ized axis for the three special frequency ratios. Such asymme-
try is also reflected in the intensity of the photocurrent along
each direction. We can obtain the asymmetry coefficient of the
ATI spectra for the three cases by integrating the electrons in
each direction for energies from zero to 2Up, where Up is the
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ponderomotive energy. For the three cases, the asymmetries
are 0.06, 0.25, and −0.12, respectively. Their absolute values
are consistent with the THz intensity shown in Fig. 1(b). Their
signs are consistent with the direction of the electron velocity
in Fig. 1(a), indicating that the DC electron current is biased
toward the +z direction for ω2 : ω1 = 1 : 4 and 2 : 3 and the
−z direction for ω2 : ω1 = 3 : 2. This character of asymmetry
is more clearly demonstrated by the energy distribution of
photoelectrons obtained from quantum calculation, as shown
in Figs. 2(a)– 2(c). In calculating the asymmetries, we used
Eq. (8), where the probability of an electron signal on each
side (+ or −) is integrated from threshold to 2Up. The values
of the latter are 46.3, 8.7, and 3.9, in units of the photon energy
of the fundamental laser field, respectively.

The asymmetry of the photoelectron distribution also al-
lows us to obtain more information on the THz waves, which
will be further discussed below.

C. THz emission versus strong overlap of even- and
odd-parity photoelectrons

We next address THz photon emission based on the ATI
photoelectron spectra. To this end, we separate the compo-
sitions of odd- and even-parity photoelectrons by extracting
contributions of odd- and even-integer orbital angular mo-
mentum quantum numbers of the continuum electron wave
functions. The good overlap of even and odd photoelectron
spectra guarantees a strong forward and backward asymme-
try in the photoelectron spectra. Figures 3(a)–3(c) show the
distributions of even- and odd-integer orbital angular momen-
tum components versus electron energy. The region where
the overlap is large in each frequency ratio is marked by a
blue dotted ellipse. This overlap provides a measure of the
probability amplitude for THz photon emission. Similar to a
four-photon process in the combined two-color laser fields of
the fundamental and its second harmonic [9], THz emission in
two-color laser pulses of various frequency ratios can also be
explained by multiphoton processes in the quantum picture.

Since each ATI peak has a narrow bandwidth [9,22], the
even-odd peak overlap means that the electron can start from
an intermediate state (generally, a high Rydberg state) by
absorbing n1 of ω1 photons to a continuum state with energy
E + ε with even angular quantum numbers or by absorbing
n2 of ω2 photons to a continuum state with energy E with
odd angular quantum numbers. Such pairs of states provide
a dipole-allowed transition for THz photon emission with
energy ε. Based on this picture, radiation of THz photons
requires two conditions. First, because THz photon energy
is low, the two continuum states involved in the transition
require similar energies, i.e., n1ω1 ≈ n2ω2, where n1 and n2

are irreducible integers. Second, if n1 is an odd number, n2

must be an even number and vice versa. In other words, the
sum of n1 and n2 is an odd number. This is consistent with the
conclusion reported by Kostin et al. [19].

In our model, besides providing the condition of the fre-
quencies of the two-color laser, additional information on
the yields of THz waves can be obtained from the energy
distribution of photoelectrons obtained from the quantum
calculations. When the above conditions are met, the values
of n1 and n2 also will affect THz radiation intensity. When
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FIG. 3. The ATI spectra of electrons with odd- (solid black
line) and even- (dashed red line) integer orbital angular momentum
quantum numbers along the polarization direction for (a) ω2 : ω1 =
1 : 4, (b) 2 : 3, and (c) 3 : 2. The blue dotted ellipse indicates the
region where odd- and even-parity photoelectrons coincide for each
of the three cases. As the ratio of the frequency of the second laser
with respect to the fixed frequency of the first laser increases from
1/4 to 2/3 to 3/2, the ellipse moves from low to higher energies.

their values are large, the electron needs to absorb many
photons, leading to a smaller probability to attain contin-
uum electrons and to weaker THz waves. For example, the
lowest THz radiation intensity for the three cases in Fig. 1
occurs because the electron needs to absorb at least four
photons from the second laser field (ω2). Thus, THz radia-
tion will be weak when n1 or n2 is large for a fixed laser
intensity.

In addition, if the frequency ratios of the two laser fields are
the same (for example, ω2 : ω1 = 2 : 3 and 3 : 2 or ω2 : ω1 =
1 : 2 and 2 : 1, etc.), the probabilities of absorbing multiple
photons are the same based on the perturbation theory for the
same laser strength. However, THz radiation will decrease as
the frequency of the second laser increases with a fixed ω1.
For example, THz radiation is stronger when ω2 = (2/3)ω1

than when ω2 = (3/2)ω1, as shown in Fig. 1. Based on
the multiphoton mixing model here, it is assumed that the
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electrons start from the same Rydberg state. For the former
case (ω2 : ω1 = 2 : 3), the electrons will absorb at least two
fundamental photons or three ω2 photons to achieve contin-
uum states with similar energies and different parities. For
the latter case (ω2 : ω1 = 3 : 2), the electrons will absorb at
least three fundamental photons or two ω2 photons to satisfy
the THz radiation condition, and the electron will make a
transition to a higher-energy continuum than the former case
(ω2 : ω1 = 2 : 3). Thus, the THz radiation is weakened with
a lower occupancy of continuum states. This condition can
be seen from the results shown in Fig. 3. As the frequency
of the second laser increases, the overlap between the even-
and odd-parity photoelectron occurs at higher photoelectron
energy (the blue dotted ellipse), and its occupation probability
becomes smaller. We can also infer that THz radiation will
be stronger when ω2 : ω1 = 1 : 2 compared to that when ω2 :
ω1 = 2 : 1 when the laser intensities remains the same and
so on.

D. Role of relative phase between the two-color
fields and THz emission

Besides the selection of the appropriate combination of
laser frequencies, the relative phase of the two laser fields
also plays an important role in THz radiation. Taking the
most widely discussed (800 + 400)-nm laser as an example,
the relationship of THz amplitude to the phase difference
of the two-color laser fields has been found to be quite
controversial. According to the PC model, the THz amplitude
is proportional to sinϕ. Thus, the THz emission is highest
when ϕ = π/2. Another model is based on the third-order
nonlinear four-wave mixing (FWM). In this model, the THz
amplitude is proportional to cosϕ; thus, the optimal yield
occurs at ϕ = 0 or π . Where or how do these two models
work? In the third-order nonlinear FWM, clearly, it is for low
laser intensity, and it does not involve continuum electrons
directly. In the PC model, it is based on a classical description
of continuum electrons where the emission step was not
considered. One may want to argue that the PC model would
work better in the tunnel ionization regime where typical THz
emission experiments are carried out. Indeed, experiments
in Refs. [29,33,34] appear to support the PC model, where
optimal THz emissions were reported at ϕ = π/2. On the
other hand, other experiments favored the prediction of the
FWM model [3,5].

It is interesting to point out that the determination of the
optimal phase for THz emission should be performed with a
constant ionization yield since a change in the relative phase
alone would alter the ionization yield. In addition, precise
measurement of the absolute relative phase between two laser
pulses in the laboratory is a great challenge. Thus, it is fair
to say generally that the reported optimal phase difference
for THz emission in a two-color field should be treated with
caution. In Ref. [35], the authors mitigated these problems by
measuring the THz emission and the generation of high-order
harmonics together. Since the theory of high-order-harmonic
generation (HHG) is much simpler than the theory for THz
emission, the phase difference for maximal THz emission
can be obtained from the HHG spectra, where the latter
can be calculated accurately by solving the 3D TDSE. In

Ref. [35], the authors obtained the highest THz emission
when ϕ = 0.8π at the tunnel ionization laser intensity of
I800 = 2.3 × 1014 W/cm2, instead of ϕ = π/2 as predicted
by the PC model. The difference from the PC model is
0.3π . If one were to use the FWM model, the optimum
value would be ϕ = π , where the error would be 0.2π . In
Ref. [11], from TDSE calculations, it was also found that
the optimal relative phase for THz emission will vary with
laser intensity. In combination with results from different
calculations and experiments, it is fair to take the stand that
the relative phase for optimal THz emission predicted by the
PC model or the FWM model should be taken with caution.
In our previous paper [22] we studied THz emission together
with photoelectron spectra. Empirically, we found that for
(800 + 400)-nm two-color fields, the relative phase for maxi-
mal THz emission is closer to the cosϕ dependence, except
by some additional phase shift. This dependence is similar
to the prediction of the perturbative four-wave mixing model
even though the generation of the THz field is a strong-field
process. The underlying reason for this observation was left
unexplained in Ref. [22].

In this article, we extend the four-photon mixing model to
the multiphoton mixing case discussed above. We also discuss
the phase dependence of the THz amplitude on the relative
phase of the two-color laser fields for various frequency
ratios. Take ω2 : ω1 = 3 : 2, for instance; we consider the final
state u f1 to be reached from some intermediate state ui by
absorbing three ω1 photons, and a nearby state u f2 can also be
reached from the same intermediate state by absorbing two ω2

photons. The amplitude for reaching each final state is viewed
from the perturbation method,

a(3)
f1i ∝ E3

ω1
(11)

and

a(2)
f2i ∝ E2

ω2
e−2iϕ, (12)

respectively. For THz emission, the transition dipole from u f1

to u f2 is

dx(t ) = 〈u f2 |z|u f1〉 + 〈u f1 |z|u f2〉
∝ Re

(
a(3)∗

f1i a(2)
f2i

) ∝ E3
ω1

E2
ω2

cos2ϕ. (13)

By associating THz emission with the dipole transition be-
tween continuum states u f1 and u f2 , we should get the same
relationship of the THz amplitude to the laser parameters.
However, due to the limitations of the perturbation model,
the effect of complex atomic structure, and the shape of the
laser pulse, this simple expression may deviate from quantum
calculations.

We test the relative phase dependence of the THz ampli-
tude for the case of ω2 : ω1 = 3 : 2 by solving TDSE, and the
result is shown in Fig. 4(a). We observe that there are two full
oscillations in the THz amplitudes within a 2π range of the
relative phase, in agreement with Eq. (13). However, similar
to the ω + 2ω combined laser fields, the precise relative
phase of the ϕ dependence differs from that predicted by the
multiphoton model since effects like tunneling ionization and
Coulomb potential were not accounted for [10,11].
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FIG. 4. The normalized THz emission versus the relative phase
between the two colors of the driving laser. The amplitudes are
obtained from the peak value of the wavelet transform [as in Fig.
1(b)], and their signs are from the asymmetry of the ATI spectrum
on the ±z sides [see Eq. (8)]. (a) ω2 : ω1 = 3 : 2 and (b) ω2 : ω1 =
2 : 3. The dashed lines indicate a complete oscillation of the THz
amplitude with the change in the relative phase. The laser parameters
are the same as those in Fig. 1 except that the laser duration is
extended to 60 oc of ω1 in (b).

Extending this multiphoton model to two-color fields of
other frequency ratios, we get the universal formula

ETHz ∝ cos(n2ϕ), (14)

where n2 is the minimum number of ω2 photons needed to
reach the THz radiation conditions stated above, for example,
n2 = 2 when ω2 : ω1 = 3 : 2 and n2 = 3 when ω2 : ω1 = 2 :
3. For the latter case, the frequency ω2 of the second laser is
decreasing; for the same 20 oc of ω1, the number of cycles
for ω2 is decreased, but more laser photons are needed. We
found that clear phase dependence cannot be observed for
ω2 : ω1 = 2 : 3 under the same 20 oc of ω1. We extend the
duration of the laser fields to 60 oc of ω1; the calculated
results are then closer to the above theoretical prediction. The
clear dependence of THz radiation on the relative phase ϕ

can be observed, as shown in Fig. 4(b). Three full oscillations

appear in the THz amplitudes within a 2π range of the relative
phase. We have marked a complete cycle with two dashed
lines in Fig. 4(b), located at ϕ = 0.67π and ϕ = 1.33π ; that
is, its amplitude is proportional to cos(3π ), as predicted in
Eq. (14). Similar to the case of ω + 2ω laser fields, THz wave
dependence on the relative phase ϕ of the two-color laser
fields will deviate from the simple cosine relationship exactly.
And the optimal phase of the THz wave will also change with
different laser parameters and ionization rates. On the other
hand, the prediction of Eq. (14) appears to be quite accurate,
except that one can expect a constant phase shift that will
change with laser intensity and target.

IV. THz GENERATION IN MULTICOLOR LASER PULSES

It was proposed [21] that THz conversion can be greatly
improved with well-designed multicolor pulses of the form

E (t ) =
N∑

k=1

Ek (t ) =
N∑

k=1

fk (t )akcos(kω0t + ϕk ). (15)

Reference [21] showed that a multicolor sawtooth wave-form
laser pulse can be obtained by setting ak = 1/k and ϕk =
(−1)kπ/2. For such a pulse, according to the PC model, the
largest drift velocity can be acquired, and the THz wave can
be efficiently enhanced. Similar to the case of ω2 : ω1 = 2 : 1
pulses, in discussing the optimum phase for THz radiation, the
predictions by the semiclassical photocurrent model are ex-
pected to differ from those obtained by solving the 3D TDSE
[10,11]. From the quantum calculation and the multiphoton
mixing model, such studies would provide a complementary
perspective to the mechanism of THz generation by multicolor
pulses.

We analyze the enhancement of THz wave generation for
such a three-color pulse in the form of Eq. (15), which has
a sine-square form envelope f (t ) and the same 20 oc of the
laser pulse of frequency ω0. From the multiphoton ionization
model, the combination of multiple frequencies would pro-
vide more possibilities for the multiple ionization pathways
required for THz emissions. Electrons can absorb laser pho-
tons of different energies to reach the nearly degenerate final
states, u f1 and u f2 , as discussed in Sec. III D. For N = 3, for
example, several ionization paths favorable to THz radiation
will exist for a laser combination of ω3 : ω2 : ω1 = 3 : 2 :
1, where ω1,2,3 is the frequency of the three-color incident
laser fields. Using the sawtooth wave form given in Eq. (15)
and phases of ϕ1,2,3 = −π/2, π/2,−π/2, we calculated the
degree of overlap between the even-odd angular momentum
mixture within each ATI peak, as shown in Fig. 5(a). The large
overlap shown guarantees that THz photon emission is large
according to the present model.

Frequency mixing has been emphasized in the multiphoton
mixing model for THz enhancement. However, THz radiation
can be even stronger if the relative phases ϕk of the incident
laser fields of Eq. (15) are adjusted. Claiming optimal relative
phases among the three color fields for the highest THz emis-
sion with fixed total ionization rates would be difficult to do
in true TDSE calculations or in experiments. However, to test
the correlation between THz emission and the asymmetry of
photoelectron spectra for the three-color fields, we have found
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FIG. 5. The ATI spectra of an electron with even- (solid black
line) and odd- (dashed red line) integer orbital quantum numbers
along the polarization direction for the laser pulse of Eq. (15) when
(a) ϕ1,2,3 = −π/2, π/2, −π/2 (sawtooth shaped) and (b) ϕ1,2,3 =
0, 0, 0 for the N = 3 cases. The corresponding time profiles of the
18-THz wave for the two cases are shown in (c). The fundamental
laser pulse is set to be 800 nm, and intensity is 5 × 1012 W/cm2.

that if the relative phases are all set to zero, we obtain even
stronger THz signals by analyzing the degree of overlap of
even- and odd-parity photoelectrons in the ATI spectra. This
conclusion is explained in Fig. 5. Figures 5(a) and 5(b) display
the even- and odd-parity photoelectron overlap for the three
phases of ϕ1,2,3 = −π/2, π/2,−π/2 and ϕ1,2,3 = 0, 0, 0, re-
spectively. Clearly, the overlap is stronger in Fig. 5(b) than in
Fig. 5(a). According to the present model, the one with phases
ϕ1,2,3 = 0, 0, 0 would be stronger. The THz signals shown
in Fig. 5(c) obtained from our 3D TDSE calculations are in
agreement with the prediction.

It should be pointed out that the conclusion presented in
Fig. 5 was based on THz generated with low fields. The results
should not be taken as a prediction for other cases. However,

the link of higher THz generation with the degree of overlap
between even- and odd-parity photoelectron distributions is
valid. The latter criterion still requires accurate theoretical cal-
culations of the ATI spectra without providing any guidance
for experimentalists.

V. CONCLUSIONS

In this article, we studied the correlation of THz generation
with the nature of the asymmetry of photoelectron spectrum
along the polarization axis by two- and three-color laser
pulses with various frequency ratios. THz photons are gen-
erated through free-free transitions between continuum states
of similar energies but of different parities. A multiphoton
mixing model was further used to identify conditions for
efficient THz generation. The models were used to interpret
the relation between THz emission and the photoelectron
spectra obtained simultaneously from solving the TDSE for
various frequency combinations of the two-color and three-
color pulses. Through the numerical results, we first confirm
that THz radiation strength can be related to the degree
of overlap between the even-parity-dominated electrons and
the odd-parity-dominated electrons within each ATI peak.
The importance of such a large overlap helps us to confirm
the relevance of the multiphoton mixing conditions in THz
emissions.

For two-color laser fields with different frequency ratios,
the frequency relationship that favors THz radiation is n1ω1 ≈
n2ω2, and the sum of n1 and n2 is an odd natural number. Here
n1 and n2 are the minimum numbers of photons needed to
be absorbed to reach two continuum states of nearly identical
energies. Once the condition is satisfied, it guarantees that the
two neighboring states have opposite parities to favor free-free
transitions with the emission of THz photons. For large n1

and n2 that satisfy the above condition, THz emission is weak
because multiphoton ionization of the continuum states from
an intermediate Rydberg state decreases with the number of
photons absorbed. With this multiphoton mixing model, the
results from the TDSE calculations, such as the role of the
frequency combination, can be nicely interpreted.

For three-color lasers, predictions of the PC model have
shown that THz radiations can be enhanced with certain
frequency combinations together with certain relative phase
combinations. Our TDSE calculations do not support the
prediction of the PC model. On the other hand, our conclusion
that a large overlap of even-party and odd-parity photoelec-
tron spectra would lead to stronger THz generation was also
confirmed to apply to three-color driving lasers.
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