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We extend a recently demonstrated scheme [Optica 4, 976
(2017)] to overcome the limit of conventional harmonic cut-
off for different pulse durations, laser wavelengths, and gas
targets. By tuning the truncation of long wavelength lasers,
we show that the defocusing-assisted phase matching
(DAPM) can be achieved in a tightly focused beam and highly
ionized short gas cell, and can be used to effectively extend the
harmonic cutoff energy and optimize its yield. An analysis of
phase matching reveals that at longer wavelengths, greater
cutoff extension to the water window region is achieved be-
cause of the larger harmonic intrinsic phase (proportional to
the cube of laser wavelength), and because DAPM works at
relatively higher laser intensities using a Ne target. This
scheme provides a promising method for efficiently generat-
ing intense attosecond light sources in the extreme ultraviolet
to x-rays. © 2018 Optical Society of America
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High-harmonic generation (HHG) in gases offers a coherent
tabletop light source spanning from the extreme ultraviolet
(XUV) to x-rays with femtosecond or attosecond durations
[1]. Except for a few experiments employing soft x-ray
HHG [2–4], relatively low-energy XUV photons are still
intense enough for most applications. To extend the HHG
spectrum to higher photon energies, one feasibility is to use
long wavelength lasers, because the cutoff energy of a single-
atom HHG spectrum is proportional to λ2L, where λL is the
laser wavelength [5]. However, the harmonic yield from each
atom drops significantly, e.g., λ−�4−6�L [6], and further reduction
takes place if the propagation of harmonics in the gas medium
is taken into account [7]. Although this unfavorable scaling law
could be partially compensated by increasing the gas pressure in

a gas cell [8–10], shorter-wavelength lasers are still preferable
for generating stronger high-order harmonics [11].

Extending the cutoff of HHG can also be carried out with
more intense lasers, but excessive ionization will cause phase
mismatch between the harmonics and the driving laser, as they
propagate in the nonlinear medium to prevent efficient buildup
of the macroscopic harmonic field. In a weakly ionized gas
medium, the phase mismatch caused by the excessive free elec-
trons can only be compensated by neutral atom dispersion if
the ionization level is below the “critical” one [9,10]. This
mechanism determines the conventional phase-matching cutoff
(CPMC) energy which scales as λ1.6−1.7L . Several methods have
been proposed to overcome this phase-matching limit, includ-
ing quasi-phase matching [12,13], neutral atom phase match-
ing [14], and the use of multiple gas jets [15]. Recently, we have
demonstrated an alternative to extending the cutoff in Ar by
taking advantage of laser defocusing in a gas medium [16].
The self-defocusing of the driving laser [17] and the resulting
phase-matching condition at high intensity can be precisely ad-
justed by truncating an incident Ti-sapphire laser beam.
However, such defocusing-assisted phase-matching (DAPM)
mechanism has not been verified for other circumstances.

In this Letter, we show that harmonic cutoff can be efficiently
extended by truncating input laser beams under different pulse
durations in Ar gas or at different laser wavelengths in Ar and
Ne gas. We also analyze how the DAPM is achieved in a highly
ionized short gas cell due to the existence of laser defocusing.

We first show the simulated macroscopic HHG spectra of
Ar in Fig. 1. In the simulation, an initial Gaussian beam with
peak intensity of 2.0 × 1010 W∕cm2 and a waist of w0 �
8 mm is truncated by using an iris before it is focused into
a gas cell by a lens with the focal length of 30 cm. A 0.8 mm
long uniformly distributed gas cell with the pressure of
50 Torr is placed at the laser focus. The macroscopic pro-
pagation of the fundamental laser and the harmonic fields
are obtained by solving the three-dimensional Maxwell’s equa-
tions [7], with the single-atom response calculated from the
quantitative rescattering model [18]. We first examine the
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HHG spectra by a five-cycle (i.e., 13.3 fs), 800 nm laser pulse.
In Fig. 1(a), a clear extended phase-matching cutoff (EPMC) of
70 eV (red arrow) is observed when the iris is set at 0.47 w0.
Compared to the CPMC (black arrow), the cutoff energy is
extended by 21 eV. This value is very similar to the extension
observed using a longer 25 fs pulse in Ref. [16]. Further in-
crease of the iris opening, i.e., the increase of peak intensity
or the decrease of the beam waist at the focus, can no longer
extend the cutoff energy. Next, we check the HHG spectra
using longer 1200 and 1600 nm wavelengths. The pulse
durations are chosen to be five cycles, while other laser
parameters are fixed. In Figs. 1(b) and 1(c), the harmonic cutoff
energy is progressively increased with a proper aperture size.
The EPMC can be identified at 105 and 155 eV for 1200 and
1600 nm lasers, respectively. Comparisons between the CPMC
and EPMC for these two wavelengths are given in Table 1.

Note that (1) the cutoff extensions indeed occur not only for
a short-duration 800 nm pulse, but also for longer-wavelength
lasers, e.g., 1200 and 1600 nm; (2) the cutoff extension in-
creases with the laser wavelength; and (3) the harmonic yield
in Fig. 1 drops quickly with the laser wavelength in accordance
with the wavelength scaling law.

We next analyze the phase-matching mechanism for EPMC
harmonics at three wavelengths. We show the time-frequency
analysis of off-axis harmonic emission at the exit plane for three
wavelengths in Figs. 2(a)–2(c), because the off-axis positions are
found to have considerable contribution to the harmonic yield.
The figures show that cutoff harmonic emissions are concen-
trated in the leading edge of the laser pulse. In the trailing edge,
the accumulated ionization level becomes too high to limit
phase matching. We can also examine the electric fields of
the driving laser (in a reference frame moving at the speed
of light) at three positions: z � −0.4, 0, and 0.4 mm, i.e.,
at the entrance, middle point, and exit plane of the gas cell,
respectively, in Figs. 2(d)–2(f ). These figures reveal three im-
portant features. First, compared to the field at the entrance,
the fields at the middle and the exit are reduced and shifted
in time due to the dispersion and the defocusing effect caused
by the free electrons in the medium. Secondly, the field change
is larger in the first half of the gas cell (z � −0.4 to 0 mm) than
in the second half (z � 0 to 0.4 mm), because the excessive
laser intensity (see Table 1) at the entrance needs some propa-
gation distances to decay to a suitable value. Thirdly, electric
fields in the second half are close to 0.084 a.u. (the intensity
of 2.5 × 1014 W∕cm2 ), the critical field of Ar [19], above
which barrier-suppression ionization dominates, indicating
high-level ionization (∼10%, much bigger than the “critical”
ionization). Figures 2(g)–2(i) demonstrate that the cutoff har-
monics (red lines) at three optimal truncations grow steadily
from z � 0 to 0.4 mm, while the growth of plateau harmonics
(green lines) along the propagation distance z is limited.

When a laser pulse is reshaped in the medium, the phase
mismatch of HHG can be written as [16,20,21]

Δk ≈ ��q − 1�ωLΔt − αiΔI �∕Δz, (1)

where q is the harmonic order, ωL is the fundamental laser fre-
quency, and αiΔI accounts for the change of intrinsic dipole
phase with laser intensity. For cutoff harmonics, the coefficient
αi ≈ 14 × 10−14 rad · cm2∕W for an 800 nm laser [22], and Δt
and ΔI are the shifts of the peak electric field in time and in-
tensity variation over a propagation distance Δz, respectively.
These values are read from Figs. 2(d)–2(f ) and listed in Table 2.
Since both Δt and ΔI originated from plasma-induced
dispersion and defocusing, the balance between them would
minimize the phase mismatch (Δk ≃ 0), to make dramatic
harmonic growth in the medium possible. We call it a
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Fig. 1. Harmonic spectra generated in Ar gas by truncated laser
beams. The waist of the initial Gaussian beam before being focused
is w0. It is used to label the aperture size of an iris. The black and red
arrows indicate the positions of the CPMC and EPMC, respectively.
The observed EPMC is where the plateau ends abruptly. See the text
for other laser parameters.

Table 1. Critical Ionization Level (η) and Photon Energies of the CPMC and EPMC for Ar and Ne at DifferentWavelengthsa

Gas λL η CPMC EPMC Δω A I

Ar 800 nm 3.6% 49 eV 70 eV 21 eV 0.47w0 5.5I0
1200 nm 1.6% 78 eV 105 eV 27 eV 0.50w0 3.0I0
1600 nm 0.90% 112 eV 155 eV 43 eV 0.60w0 3.2I0

Ne 800 nm 0.87% 106 eV 155 eV 49 eV 0.65w0 16.6I 0
1600 nm 0.22% 272 eV 355 eV 83 eV 0.80w0 7.8I0

aΔω is the value of the cutoff extension. The CPMC is determined by a peak intensity, at which the ionization of a five-cycle pulse reaches the critical level. The
optimal aperture size (A) is labeled with respect to the initial beam waist w0, and the corresponding peak intensity (I ) at the focus (in the vacuum) is shown.
I 0 � 1014 W∕cm2.
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DAPM mechanism. From z � −0.4 to 0 mm, severe laser
defocusing results in a much larger ΔI over a propagation
distance Δz. Even though the laser intensity can generate
the cutoff far beyond the EPMC, the harmonic yield cannot
efficiently grow. In the second half of the gas cell, over an iden-
tical distance Δz, ΔI becomes smaller, roughly fulfilling
Δt∕ΔI ≃ αi∕�q − 1�ωL, thus making the DAPM occurring
at EPMC. This is further confirmed by the numerical analysis
in the following. For the 800 nm case, the coherence length
Lcoh is about 0.5 mm for the 70.7 eV harmonic shown in
Table 2, which is consistent with the harmonic growth ob-
served in Fig. 2(g). For the 1200 nm (or 1600 nm) case, com-
pared to 800 nm, ΔI does not change much, and Δt is only
about 1.3 (or 1.8) times bigger. Meanwhile, αi ∝ λ3L [23] is
3.375 (or 8.0) times bigger. Therefore, �q − 1�ωL in Eq. (1) is
increased, leading to a similar coherence length as the 800 nm
case. The increase becomes more significant for a longer wave-
length. This explains the cutoff energy increases with the laser
wavelength in Fig. 1. The coherence lengths are about 0.6 and
0.8 mm for the cutoff harmonics by 1200 and 1600 nm lasers,

respectively, which agree with the evolution of the harmonic
with z from z � 0 to 0.4 mm in Figs. 2(h) and 2(i). The co-
herence lengths calculated at the three wavelengths also indicate
that the DAPM mechanism needs a short gas medium.

We also simulated macroscopic HHG spectra in Ne gas us-
ing five-cycle 800 and 1600 nm laser pulses; see Fig. 3. Other
laser parameters are fixed. The EPMC occurs for the truncation
of 0.65 and 0.80w0, for the two given wavelengths, leading to
tighter and more intense beams (see Table 1) in the interaction
region compared to those in Ar. For the 1600 nm laser, it gives
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Fig. 2. (a)–(c) Time-frequency analysis of harmonic emission of Ar at off-axis positions of the exit plane, where the EPMC harmonic is most
intense when the iris is at optimal truncation (indicated on the top of figures). (d)–(f ) Off-axis electric fields shown at the entrance (z � −0.4 mm),
center (z � 0 mm), and exit (z � 0.4 mm) planes of the gas cell. (o.c., optical cycle of the laser). (g)–(i) Evolution of the selected cutoff and plateau
harmonics with the propagation distance z. The electric fields labeled by “B” are related to the strongest emission labeled by “E.”

Table 2. Coherence Length of the EPMC Harmonic,
Defined by Lcoh � π∕jΔk j, with Δk Calculated by Eq. (1)a

Gas λL Δt (as) ΔI (I 0) EPMC Lcoh

Ar 800 nm −53 −0.205 70.7 eV 0.5 mm
1200 nm −68 −0.272 104.0 eV 0.6 mm
1600 nm −96 −0.209 159.6 eV 0.8 mm

Ne 800 nm −107 −1.533 156.7 eV 0.3 mm
1600 nm −145 −0.630 351.3 eV 0.2 mm

aThe temporal shift of the peak electric field (Δt) and the change of the peak
intensity (ΔI ) from z � 0 to 0.4 mm around “B” labeled in Figs. 2(d)–2(f) and
4(c)–4(d). I0 � 1014 W∕cm2.
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Fig. 3. HHG spectra of Ne obtained by truncated 800 and
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w0. The black and red arrows indicate the CPMC and EPMC posi-
tions, respectively.
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the EPMC at 355 eV, right in the “water window” region. We
have checked that further changing the truncation would nei-
ther increase the yield nor the photon energy of the extended
cutoff. From the time-frequency analysis of off-axis harmonic
emission at the exit plane shown in Figs. 4(a) and 4(b), we pick
up the strongest emissions for EPMC harmonics (label “E”),
and their ionization time can be traced back to Figs. 4(c)
and 4(d) (label “B”). We also note that in these figures the elec-
tric fields in the second half are either above or a little bit less
than the critical field of 0.16 a.u. for Ne (the corresponding
intensity of 8.6 × 1014 W∕cm2 ) [19], and the corresponding
ionization level is ∼5%, much bigger than the “critical” value
in Table 1. Since Ne has a higher ionization potential, high
harmonics are generated at relatively higher laser intensity.
As shown in Table 2, ΔI is about three and seven times larger
than those in Ar for 800 and 1600 nm lasers, respectively.
Meanwhile, Δt is only 1.5 or 2 times larger. This would make
the DAPM to occur at a larger �q − 1�ωL in Eq. (1) to satisfy
the equation Δt∕ΔI ≃ αi∕�q − 1�ωL. In addition, for a
1600 nm laser in Ne, αi is eight times larger than the 800 nm
laser, thus extending the phase-matched harmonics into the
“water window.” Table 2 shows the calculated coherence
lengths for the selected EPMC harmonics in Ne. The growth
of these harmonics by the DAPM is confirmed also in Figs. 4(e)
and 4(f ).

In summary, we demonstrated the DAPM mechanism in a
highly ionized and short gas medium. The optimal phase-
matching conditions can be achieved by tuning the aperture
size of the iris to truncate the incident laser beam into a tightly
focused one. This may not be the only way to realize the
DAPM. Therefore, it is motivated to engineer the spatial beam

profile that manipulates the plasma-induced defocusing for highly
efficient cutoff extension. Very recently, a similar method of re-
shaping the driving laser pulse in a strongly ionized medium to
generate “water-window” harmonics has been demonstrated ex-
perimentally [24]. These proposed schemes can overcome the con-
ventional limit set by the “critical” ionization level and greatly
extend the harmonic cutoff, to pave the way for generating table–
top high-flux high harmonics in a variety of spectral regions.
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Fig. 4. (a) and (b) Time-frequency analysis of harmonic emission in
Ne at off-axis positions of the exit plane. (c) and (d) Off-axis electric
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of the selected cutoff and plateau harmonics with the propagation dis-
tance z. (o.c., optical cycle of the driving laser.) The electric fields
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