Notes-17. Radiative transitions
 When an atom or molecule is exposed to an electromagnetic field, it can undergo energy and momentum exchange with the photon field, i.e., it can absorb or emit radiations. 

To describe the electromagnetic field using the concept of photons, one has to use  quantum electrodynamics (QED) where the electric and magnetic fields become operators. The quantization of EM field can be carried out similar to the quantization of linear harmonic oscillators. In many applications, however, it is possible to treat the EM field classically when describing its interaction with matter.

 An idealized EM field is described by a plane wave. If the field is weak  its interaction with matter can be treated by  perturbation theory. The perturbation can be written as 
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For a plane wave, the vector potential can be written as
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where 
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is the polarization vector and A0 is the amplitude. Using the Coulomb gauge, the electric and magnetic fields can be easily expressed. 

  Using the first order perturbation theory, the transition probability from an initial state |a> to a final state |b> can be expressed as
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For the periodic perturbation, we can write 
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   The absorption probability is then given by
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           where 
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 and the function F has the form as below vs t.  The width of the central peak depends on the "detuning"  
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In real experiment in general, the 
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-dependence is not seen since the interaction must be averaged over some distributions of frequencies 
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 From the transition probability, one can define transition rates  
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. Depending on absorption, or stimulated emission, the transition rate will depend on the matrix element
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This is the only place where the EM field and the states of atoms and molecules interact.

Dipole approximation

We will concentrate on the long wavelength limit. For radiative processes involving outer shells of atoms, the size of the atom is of the order of a few angstroms, while the radiation wavelength is of the order of hundreds or thousands of angstroms (recall wavelength of 1 angstrom is 12.4 keV). Thus one can approximate 
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 in eq. (6). This is called the dipole approximation. 

A diversion-- time-dependent operator in quantum mechanics

We have  not done this part-- but it is easy. 

  From 
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 EMBED Equation.3  [image: image16.wmf]y
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  formally. This just shows that we have time-dependent wavefunction. To calculate the time-evolution of an operator B, we calculate
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where 
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This is the Heisenberg representation. The wavefunction does not change with time, but the operator does.
From the expression above, 
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This equation can be easily generalized to the Ehrenfest theorem.
From eq. (6), we need to evaluate  
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Equation (7) shows that the transition amplitude is proportional to the dipole moment between the initial and the final states.  This is called the length form of the transition operator. The form 
[image: image24.wmf]>

<

×

A

B

p

f

f

e

|

|

ˆ

r

 is called the velocity form.
Electric Dipole Selection rules: 

From eq. (7), the selection rule for dipole transition can be summarized as follows:

(1) If the field is linearlized polarized (along z), then the magnetic quantum number mB=mA. 
    If the field is circularly polarized, then 
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, for left- and right-circularly polarized lights, respectively.
   If the field is not polarized, then one has to average over all these polarizations.

(2) Since the operator in eq. (7) is a vector operator, it has one unit of angular momentum, thus the angular momenta of the initial and the final states can differ only by one. 

(3) Since 
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 EMBED Equation.3  [image: image27.wmf]r
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is an odd operator under the inversion, the parity of the initial and the final state must be different.

Selection rules (2) and (3) are the only rules for determining if the transition between two states is "allowed". The rules can be generalized to many-electron systems since both parity and total angular momentum are conserved quantities. 

Allowed vs Forbidden transitions--

 If the matrix element (7) is not zero for the two states |a> and |b>, the transition is electric dipole (E1) allowed. This is called an allowed transition. If (7) is zero, then transitions in general is still possible, but they are called forbidden transitions. The transition rates would be much smaller.

By keeping 
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 EMBED Equation.3  [image: image29.wmf]to the higher order  and including the interaction with the spin of the electrons, higher order EM transitions can occur. They are called E2, E3,.. M1, M2.., so on, or electric multipole and magnetic multipole transitions.
By going beyond the first-order perturbation theory, one can also have multi-photon transitions. For example, the 1s-2s transition in atomic hydrogen is forbidden. It can go through by two-photon transition. The lifetime of 2s is 1/8 of a second, while the lifetime of the dipole-allowed 2p state is 1.6 ns.  

-------------------------------------------------------------
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17.1. Calculate the matrix elements 
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 is the angular momentum eigenstate constructed from 
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 Consider j=3/2 only.

    Note that this is the matrix element that you need to calculate in problem 15.4.

   [hint:  expand the eigenstate using the C-G coefficients for each m. ]

17.2. Neglect the spin-orbit interaction. The 2p state of  atomic hydrogen is splitted into three levels when it is placed in a magnetic field. It can decay to 1s state by emitting a photon. Identify the polarization of the emitted photon for each transition. Calculate the relative line intensities of the three transitions.

[ hint: the dipole transition matrix element is proportional to 
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 where q=0, 1, and -1. The intensity of each line is proportional to the modulus square of this matrix element. Pay attention to the selection rule for this matrix element. ]

17.3. In the class we emphasize that rules for recognizing if a dipole matrix element is zero or not based on the angular momentum and the parity of the initial and the final states for a transition.  Identify if the dipole matrix element is zero or not for the following transitions. If it is zero, explain why.

(a) 1s( 2s, (b) 1s( 3d, (c) 2p( 3d; (d) 4p(2s

(e) 
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Note that in the second group, j is the good quantum number.

17.4. Consider electric dipole transitions only. If you have 100 hydrogen atoms initially in the 4p state, use the transition rates from the table below to figure out how many photons at what energies you will get at the end. Note that most of atoms will end up at the 1s state. Calculate how many of them will end up at the 1s state.
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