notes-10.  Scattering Theory-1
In a typical scattering event,   a slit is used in general to collimate a beam which is represented by a wave packet. The beam is scattered by the target and an outgoing wave is generated. The scattered wave is then detected at a distance far away from the target. The degree of scattering is defined in terms of 

differential cross section:

          the number of particles scattered into a given solid angle per unit time per units of   incident flux

Note that the flux is calculated in terms of current density. For an incident plane wave eik.r, the current density is
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Recall that 

                  eik.r =
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This is the incident plane wave at large distance. After the scattering an outgoing spherical wave is generated and the total wavefunction is the superposition of the two. In the asymptotic region, one can write the asymptotic wavefunction in this form
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Note that only the outgoing wave part is modified. Since the scattering is to preserve the total number of particles, we should have the condition that 
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One can also rewrite (10.3)  as 
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The expression within the bracket is called the scattering amplitude.  One can rewrite it as 
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where  
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By calculating the current density at large r, using (10.4) ,

       
[image: image11.wmf](

)

(

)

ï

þ

ï

ý

ü

ï

î

ï

í

ì

ú

û

ù

ê

ë

é

+

Ñ

ú

û

ù

ê

ë

é

+

=

×

*

×

conjugate

complex 

 

-

 

e

f

e

 

e

f

e

 

2im

j

ikr

r

ik

ikr

r

ik

r

r

q

q

h


we can show that the leading term to order of 1/r2 is 
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where the first term represents the unscattered incident flux and the second term is the radial flux in the direction with angle 
[image: image13.wmf]q

. Note that we assume that the potential is spherical symmetric, thus the collision geometry has cyclindrical symmetry if the direction of the incident wave is taken to be the quantization axis. 
Following the definition of the differential cross section, we have 
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This expression includes situations when the potential is not spherical symmetric.
If we write  
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 in terms of phase shifts, then 
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And the total cross section is integrated to give
                      
[image: image17.wmf](

)

W

s

W

=

s

ò

d

d

d

 

k

tot

= 
[image: image18.wmf](

)

(

)

k

l

k

l

l

d

p

2

0

2

sin

 

1

2

4

+

å

¥

=

                 (10.10)
Thus the total cross section is an incoherent sum of the partial wave cross sections. The summation converges if the contribution from the higher partial waves is small.
Clearly one only needs to calculate the scattering phase shifts  to get the cross sections. Some examples will be worked out in the homework.

The optical theorem: Note that the scattering amplitude is complex.  From (10.9), clearly 
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That is, the total cross section is related to the imaginary part of the scattering amplitude in the forward direction.
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