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Chapter 6

Probing Orbital Symmetry of Molecules Via Alignment-Dependent
Ionization Probability and High-Order Harmonic Generation

by Intense Lasers
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It is shown that measurement of alignment-dependent ionization probability and
high-order harmonic generation (HHG) of molecules in an intense laser field
can be used to probe the orbital symmetry of molecules. In this review, recent
progress of molecular tunneling ionization (MO-ADK) model of Tong et al.
[Phys. Rev. A 66, 033402 (2002)] is first reviewed. In particular, an efficient
method to obtain wavefunctions of linear molecules in the asymptotic region was
developed by solving the time-independent Schrödinger equation with B-spline
functions, and molecular potential energy surfaces were constructed based on
the density functional theory. The accurate wavefunctions are used to extract
improved structure parameters in the MO-ADK model. The loss of accuracy of
the MO-ADK model in the low intensity multiphoton ionization regime is also
addressed by comparing with the molecular Perelomov–Popov–Terent’ev (MO-
PPT) model, the single-active-electron time-dependent Schrödinger equation (SAE-
TDSE) method, and the experimental data. Finally, how the orbital symmetry
affects the HHG of molecules within the strong-field approximation (SFA) was
reviewed.
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1. Introduction

Probing molecular orbitals is one of the fundamental goals in physics and chemistry
[1–5]. The conventional methods for studying the highest occupied molecular
orbital (HOMO) are to use scanning tunneling microscopy (STM) [6, 7] and the
angle-resolved photoelectron spectroscopy [8]. In 2004, based on the plane wave
approximation, Itatani et al., performed a complete tomographic reconstruction of
the molecular orbital wavefunction of HOMO in N2 from high harmonic spectra
measured at various alignment angles [9]. Le et al., examined the assumptions used in
the tomographic procedure [10] and its underlying limitations. Since wavefunction
in quantum mechanics is a complex function in general, it is a representation and
not measurable. Thus the imaging of orbital wavefunction has to be taken with
caution, and only within the confine of assumptions defined by the practitioners.
The tomographic method has since been corrected by using scattering waves for
the continuum states [11, 12], or by considering multielectron effects [13]. It has
also been recently generalized to image the HOMO of asymmetric molecules [14].
The tomographic imaging is evidently based on the third recombination step of
the three-step model of high-order harmonic generation (HHG) [15]. It is an
indirect method and various approximations were made in the procedure. A more
direct scheme, based on the first step (the ionization step), is to use the angle-
dependent ionization rate (or probability) P(θ) of molecules, where θ is the angle
between the molecular axis and the laser’s polarization direction. Experimentally,
the P(θ) has been obtained by ionizing a partially aligned ensemble of molecules
[16–18, 20, 21]. Alternatively, the P(θ) can also be determined by measuring
the molecular frame photoelectron angular distribution (MFPADs) [22–28] or
by detecting the angular distribution of the emitted ionic fragments [29–34].
Theoretically, P(θ) can be calculated by solving the time-dependent Schrödinger
equation (TDSE) of molecules, but often based on the single-active-electron (SAE)
approximation [35–44] or by using the time-dependent density functional theory
(TDDFT) [45–50]. Very recently, the time-dependent Hartree-Fock (TDHF) theory
is also used to calculate the P(θ) of CO2 [51]. Since these ab-initio calculations are
rather time-consuming and still quite challenging for molecules, simpler theoretical
models are quite desirable for interpreting experiments, such as the molecular
Ammosov–Delone–Krainov model (MO-ADK) [52–55], the molecular strong-field
approximation (MO-SFA) [56–60], the molecular Perelomov–Popov–Terent’ev
(MO-PPT) model [61–63] and others [64–69].

Recall that the MO-ADK is a generalization of the atomic ADK model by
Ammosov et al. [70] which was initially used to study the tunneling ionization
of atoms. In the MO-ADK model [52], the static tunneling ionization rate is
given analytically, and the rate depends on the molecular alignment angle, the
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instantaneous electric field of the laser, the structure parameters Clm of the outermost
molecular orbital and its ionization potential. Once the structure parameters of a
specific molecule are available, one can easily calculate the orientation-dependent
ionization rate with the MO-ADK. Moreover, the ionization probabilities and
signals can also be obtained readily by including the temporal profile and spatial
distribution of a focused laser beam in order to compare with experiments. Thus
it is essential to determine and tabulate accurate structure parameters for several
occupied orbitals of molecules. These structure parameters can be extracted directly
from the molecular orbital wavefunction in the asymptotic region. In Tong et al. [52],
the molecular wavefunctions were calculated originally with the multiple-scattering
method [71]. At the present time, molecular wavefunctions are commonly calculated
from quantum chemistry codes, such as GAUSSIAN [72], GAMESS [73] and
others [74, 75]. Using the Hartree-Fock (HF) approximation and the conventional
Gaussian bases, molecular wavefunctions calculated from these packages have
been used to extract structure parameters of HOMO for several linear molecules
[39, 47, 48, 76] and for some nonlinear polyatomic molecules [55, 77]. With
structure parameters determined from these two methods, the MO-ADK model
fits reasonably well for most experimental P(θ), except for CO2 [17]. In Zhao
et al. [78], it was found that the large discrepancies of P(θ) between the MO-ADK
and the experimental data [17] can be attributed partly to the inaccurate structure
parameters of CO2. To determine the accurate structure parameters of molecules,
accurate wavefunction of the ionizing orbital in the asymptotic region is required.
In [54, 78–81], an efficient method was proposed to fix the asymptotic tail of the
molecular wavefunction by solving the time-independent Schrödinger equation with
B-spline functions, where the molecular potential was constructed numerically based
on the density-functional theory (DFT). Accurate structure parameters of the HOMO
and some inner orbitals (i.e., HOMO-1 and HOMO-2) for many linear molecules
have been determined and tabulated [54, 78–81]. Using these improved structure
parameters in the MO-ADK model, the P(θ) of CO2, C2H2, H+2 and H2 were
improved significantly by comparing with those from more elaborate calculations
and experimental data in deed. This method has also been used to extract structure
parameters from molecular wavefunction calculated by propagating the TDSE in
imaginary time [39]. Recently, Madsen et al. [65] demonstrated that wavefunction
of the HOMO with the correct exponential behavior can also be obtained directly
by solving the HF equations with the X2DHF code for diatomic molecules. These
accurate wavefunctions have been used to determine the structure parameters for
the MO-ADK model [82] and the weak-field asymptotic theory (WFAT) [65]. For
triatomic molecules such as CO2, OCS and H2O, the possibility of obtaining the
correct asymptotic tail of the HOMO wavefunction using optimized Gaussian basis
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sets from GAUSSIAN [72] or GAMESS [73] packages has been systematically
studied [65, 66].

It is known that the alignment dependence of HHG is determined mostly by the
orbital symmetry of molecules [9, 83]. In other words, it is possible to probe the
HOMO orbital via the alignment-dependent HHG signals when contributions from
inner orbitals (i.e., HOMO-1 and HOMO-2) are negligible. So far the alignment-
dependent HHG has been studied theoretically by solving the TDSE of the simplest
molecules such as H+2 [84–87] and HeH2+ [88, 89], or by performing the TDDFT
calculations [90–93]. Since these two methods are rather time-consuming even for
the single-molecule response of the HHG, most of the existing calculations for HHG
from molecules were performed using the strong-field approximation (SFA) (to be
called molecular Lewenstein) model [76, 94–101] which is a generalization of the
atomic Lewenstein model [102]. In recent years, improvement on SFA has been pro-
posed using the quantitative rescattering (QRS) theory [3, 103]. For large molecules,
SFA can still be of interest in view of its simplicity and its reasonable accuracy.

The rest of this chapter is arranged as follows. In Sec. 2, the method of
constructing one-electron potential of a linear molecule is summarized. This
potential can be used to solve the time-independent Schrödinger equation with B-
spline basis functions to fix the asymptotic tail of the molecular wavefunction. The
basic equations of the MO-ADK, MO-PPT, MO-SFA and molecular Lewenstein
models are then briefly reviewed. In Sec. 3, the improvement on the alignment
dependence of ionization probability with the more accurate structure parameters
is demonstrated. In this section, it is shown how to probe the orbital symmetry of
molecules using the P(θ) and the alignment-dependent HHG signals by intense
laser fields. A conclusion is given in Sec. 4.

2. Theoretical Methods

The theory part is separated into five subsections. First, it is shown on how to
construct numerically one-electron potentials of linear molecules based on the
DFT. Second, the method to improve the asymptotic tail of molecular wavefunction
by solving the time-independent Schrödinger equation of linear molecules with
B-spline functions and extract accurate structure parameters of molecules in the
asymptotic region is given. Finally the basic equations of the MO-ADK, MO-PPT,
MO-SFA and molecular Lewenstein models are reviewed, respectively.

2.1. Construction of one-electron potentials of linear molecules

The one-electron potentials are constructed numerically using the modified
Leeuwen–Baerends (LBα) model [79, 80, 104, 105] where the electrostatic and
exchange-correlation terms are included.
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For linear molecules, based on the single-center expansion, the one-electron
potential can be expressed as

V (r, θe) =
lmax∑
l=0

υl(r)Pl(cos θe). (1)

Here, υl(r) is the radial component of the molecular potential and Pl(cos θe) is
the Legendre polynomial, θe is the angular coordinate of the active electron in the
molecular frame. The radial potential is given by

υl(r) = υnuc
l (r)+ υel

l (r)+ υxc
l (r), (2)

where the first two terms represent the electrostatic potential and the last term is the
exchange-correlation interaction.

The electron-nucleus interaction υnuc
l (r) can be written as

υnuc
l (r) =

Na∑
i=1

υ i
l (r), (3)

where i sums over all the Na atoms in the molecule. By assuming the linear molecule
is aligned along the z-axis, υ i

l (r) is given by

υ i
l (r) =



−
(

r i
<

r i
>

)l
Z i

c

r i
>

if zi > 0

−(−1)l
(

r i
<

r i
>

)l Z i
c

r i
>

if zi < 0.

(4)

Here, r i
< = min(r, |zi |) and r i

> = max(r, |zi |). Zi
c and zi are the nuclear charge and

the z coordinate of the i th atom, respectively.
The partial Hartree potential υel

l (r) is written as

υel
l (r) =

4π

2l + 1

∫ ∞
0

al(r
′)r ′2

rl
<

rl+1
>

dr ′ (5)

with r< = min(r, r ′) and r> = max(r, r ′). Here al(r ′) is determined by

al(r
′) = 2l + 1

2

∫ 1

−1
ρ(r ′, θ ′e)Pl(cos θ ′e)d(cos θ ′e) (6)

where ρ(r ′, θ ′e) is the total electron density and

ρ(r ′, θ ′e) =
Ne∑

i=1

1

2π

∫ 2π

0

∣∣�i(r
′, θ ′e, ϕ

′
e)
∣∣2dϕ ′e (7)

 A
dv

an
ce

s 
of

 A
to

m
s 

an
d 

M
ol

ec
ul

es
 in

 S
tr

on
g 

L
as

er
 F

ie
ld

s 
D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 W

SP
C

 o
n 

10
/2

0/
15

. F
or

 p
er

so
na

l u
se

 o
nl

y.



September 1, 2015 5:7 Advances of Atoms and Molecules in Strong Laser Fields 9.75in x 6.5in b2217-ch06 page 162

162 Atoms and Molecules in Strong Laser Fields

with i runs over all the Ne electrons. The wavefunction of each molecular orbital
can be calculated from quantum chemistry codes such as GAUSSIAN [72] and
GAMESS [73].

In the LBα model, the partial exchange-correlation potential can be expressed
as

υxc
l (r) =

2l + 1

2

∫ 1

−1
V L Bα

xc,σ (r, θe)Pl(cos θe)d(cos θe) (8)

where

V L Bα
xc,σ (r, θe) = αV LDA

x,σ (r, θe)+ V LDA
c,σ (r, θe)

− βχ2
σ (r, θe)ρ

1/3
σ (r, θe)

1+ 3βχσ (r, θe) sinh−1[χσ (r, θe)] (9)

withχσ (r, θe) = |∇ρσ (r, θe)|ρ−4/3
σ (r, θe) andρσ (r, θe) is spin density. Hereα and β

are two empirical parameters. V LDA
x,σ (r, θe) is the local density approximation (LDA)

exchange potential

V LDA
x,σ (r, θe) = −

[
6

π
ρσ(r, θe)

]1/3

. (10)

In the present LBα calculations, the LDA correlation potential V LDA
c,σ (r, θe) is

calculated by using the Perdew–Wang representation for the correlation functionals
[106]

V LDA
c,σ (r, θe) = εc(rs, ζ )− rs

3

∂εc(rs, ζ )

∂rs
− (ζ − sgn σ)

∂εc(rs, ζ )

∂ζ
, (11)

where rs and ζ are the density parameter and the relative spin polarization,
respectively, and εc(rs, ζ ) is the correlation energy. Note that sgnσ is 1 for σ = ↑
and −1 for σ = ↓.

2.2. Calculation of molecular wavefunction with correct asymptotic tail by
solving the time-independent Schrödinger equation

Using the molecular potentials constructed in the previous subsection, the molecular
wavefunction with the correct asymptotic behavior can be obtained by solving the
following time-independent Schrödinger equation for linear molecules [54, 78–81]

Hel�
(m)
n (

⇀
r ) ≡

[
−1

2
∇2 + V (r, θe)

]
�(m)

n (
⇀
r ) = E (m)

n �(m)
n (

⇀
r ), (12)
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where m is z component of the electronic orbital momentum and n is the orbital
index. Because of the cylindrical symmetry, the wavefunction �(m)

n (
⇀
r ) can be

written as

�(m)
n (

⇀
r ) = 1√

2π
eimχeψ(r, ξ ). (13)

Here, ξ = cos θe and χe is the angular coordinate of the active electron in the
molecular frame. The wavefunction ψ(r, ξ ) can be expanded by B-spline functions
as [80, 107]

ψ(r, ξ ) =
Nr∑

i=1

Nξ∑
j=1

Cij Bi(r)(1− ξ 2)|m|/2 B j(ξ), (14)

where Bi(r) and B j(ξ) are radial and angular B-spline functions, respectively. By
substituting Eqs. (1), (13), and (14) into Eq. (12) and projecting onto the basis set
Bi ′(r)(1− ξ 2)|m|/2 B j ′(ξ), we obtain the following matrix equation

HC = ESC, (15)

with

Hi ′ j ′,i j =
∫ rmax

0

∫ 1

−1
Bi ′(r)(1− ξ 2)|m|/2 B j ′(ξ)Hel

× Bi(r)(1− ξ 2)|m|/2 B j(ξ)r
2drdξ, (16)

and

Si ′ j ′,i j =
∫ rmax

0
Bi ′(r)Bi(r)r

2dr

×
∫ 1

−1
B j ′(ξ)(1− ξ 2)|m|B j(ξ)dξ, (17)

where E and C are energy matrix and coefficient matrix, respectively. The
eigenfunctions and eigenvalues for a given m can be obtained by diagonalizing
Eq. (15).

For linear molecules, based on the single-center expansion, wavefunctions can
also be expanded as

�(m)
n (

⇀
r ) =

∑
l

Flm(r)Ylm(θe, χe), (18)
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where Ylm(θe, χe) is the spherical harmonic functions. The radial wavefunction can
be calculated by

Flm(r) =
∫
�(m)

n (
⇀
r )Y ∗lm(θe, χe) sin θedθedχe. (19)

Then accurate structure parameters Clm can be determined by matching these radial
functions to the form

Flm(r) = Clmr (Zc/κ)−1e−κr (20)

where Zc is the asymptotic charge, κ = √2Ip , and Ip is the ionization energy.
In the molecular frame, the angular distribution of the asymptotic electron density

for the active electron can be written as

ρ1(θe, χe) =
∫ ∞

r1

∣∣�(m)
n (r, θe, χe)

∣∣2 r2dr (21)

r1 is the starting point of the fitting range. The θe-dependent electron density is
given by

ρ(θe) = 1

2π

∫ 2π

0
ρ1(θe, χe)dχe. (22)

2.3. The MO-ADK and MO-PPT models

According to the MO-ADK model [52, 55, 77], the cycle-averaged ionization rate
is given by

wM O−ADK (F,
⇀

R) =
[

3F

πk3

]1/2∑
m′

B2(m ′)
2|m′ ||m ′|!

1

κ2Zc/κ−1

(
2κ3

F

)2Zc/κ−|m′|−1

e−2κ3/3F ,

(23)

where F is the peak field strength and
⇀

R ≡ (φ, θ, χ) is the Euler angles of the
molecular frame with respect to the laboratory frame. Note that θ is the angle
between the Z and z axes, φ and χ denote rotations around the Z axis and the z axis,
respectively. For linear molecules, B(m ′) can be expressed as

B(m ′) =
∑

l

Clm Dl
m′,m(

⇀

R)Q(l,m ′). (24)

For nonlinear molecules, m is no longer a good quantum number and thus B(m ′) is
written as

B(m ′) =
∑
lm

Clm Dl
m′,m(

⇀

R)Q(l,m ′), (25)
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with

Q(l,m ′) = (−1)(m
′+|m′|)/2

√
(2l + 1)(l + |m ′|)!

2(l − |m ′|)! , (26)

and Dl
m′,m(

⇀

R) is the Wigner rotation matrix

Dl
m′,m(

⇀

R) = e−im′φdl
m′,m(θ)e

−imχ . (27)

Based on the MO-PPT model [61, 63], the cycle-averaged ionization rate can be
calculated analytically by

wMO−PPT(F, ω,
⇀

R) =
(

3F

πk3

)1/2∑
m′

B2(m ′)
2|m′| |m ′|!

Am′(ω, γ )

κ2Zc/κ−1
(1+ γ 2)|m

′|/2+3/4

×
(

2κ3

F

)2Zc/κ−|m′|−1

e[−(2κ3/3F)g(γ )],

(28)

where γ is the Keldysh parameter and ω is the angular frequency of the laser pulse.
The coefficients Am′(ω, γ ) can be found in Refs. [62, 108, 109]. g(γ ) is given by

g(γ ) = 3

2γ

[
(1+ 1

2γ 2
) sinh−1 γ −

√
1+ γ 2

2γ

]
. (29)

With the cycle-averaged ionization rates of molecules, one can calculate the total
ionization probability by a laser pulse by

P(I,
⇀

R) = 1− exp(−
∫ +∞
−∞

wm(F,
⇀

R)dt), (30)

where m stands for the MO-ADK or the MO-PPT model.
To compare with experimental data, the ionization signal of molecules has to be

calculated by

S(
⇀

R) ∝
∫

P(I,
⇀

R)2πrdrdz =
∫ I0

0
P(I,

⇀

R)

[
−∂V

∂ I

]
d I (31)

Here, I0 is the peak intensity at the focal point and the volume element takes the
form −dV/d I ∝ (2I + I0)(I0 − I )1/2 I−5/2. The spatial component of the electric
field is assumed to be a Gaussian beam in our simulations.
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2.4. Calculation of the orientation-dependent ionization probability of
molecules with the MO-SFA model

Based on the MO-SFA [80, 103], the total ionization probability of molecules by a
laser pulse can be written as

P(
⇀

R) =
∫ ∣∣∣ f (

⇀
p,

⇀

R)
∣∣∣2d3⇀p, (32)

with

f (
⇀
p,

⇀

R) = i
∫ +∞
−∞

〈
⇀
p + ⇀

A(t)
∣∣∣⇀r · ⇀E(t)|�0(

⇀
r )〉e−i S(

⇀
p ,t)dt, (33)

where
⇀
p is the momentum of the emitted electron,

⇀

E(t) and
⇀

A(t) are the electric
field and the vector potential, respectively. The action S(

⇀
p, t) is given by

S(
⇀
p, t) =

∫ ∞
t

dt ′



[
⇀
p + ⇀

A(t ′)
]2

2
+ Ip


. (34)

In Eq. (33), the ground-state wavefunction�0(
⇀
r ) can be obtained from GAUSSIAN

[72] or GAMESS [73] and the continuum state is approximated by a Volkov state.

2.5. The molecular Lewenstein model for HHG from molecules

In earlier work [94, 95], the Lewenstein model [102] was first generalized to diatomic
molecules. It is then modified by others [76, 96–101]. According to the SFA, the
parallel component of the induced dipole moment of a molecule driven by a linearly
polarized laser field can be written as [110]

x(t) = i
∫ ∞

0
dτ

(
π

ε + iτ/2

)3/2

×[sin θ cosχd∗x (t)+ sin θ sin χd∗y (t)+ cos θd∗z (t)]
× [sin θ cosχdx(t − τ)+ sin θ sin χdy(t − τ)+ cos θdz(t − τ)]
× E(t − τ) exp [−i Sst(t, τ )] a∗(t)a(t − τ)+ c.c., (35)

with ε being a positive regularization constant. Here, dx(t), dy(t), and dz(t) are the
x , y, and z components of the transition dipole moment between the ground state
and the continuum state. The quasiclassical action at the stationary points for the
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electron propagating in the laser field is given by

Sst(t, τ ) =
∫ t

t−τ

([
pst (t, τ )+ A(t ′)

]2

2
+ Ip

)
dt ′, (36)

where the canonical momentum at the stationary points is expressed as

pst (t, τ ) = −1

τ

∫ t

t−τ
dt ′A(t ′). (37)

In Eq. (35), a(t) is introduced to account for the ground-state depletion and

a(t) = exp

[
−1

2

∫ t

−∞
w(t ′)dt ′

]
, (38)

with the ionization ratew(t ′) obtained from the MO-ADK model [52, 54, 55]. Again
the ground state wavefunction of the molecule is calculated using the standard
quantum chemistry program like GAUSSIAN [72] and the continuum state is
described approximately with a plane wave. We note that Eq. (35) can be reduced
to Eq. (4) in Ref. [95] if a linear molecule aligned along the z axis is exposed to a
laser field, linearly polarized on the y-z plane.

3. Results and Discussions

3.1. The one-electron potentials for Cl2

The model potentials of H2 and N2 were proposed in Refs. [41, 111], respectively.
However, most of the effective potentials are calculated numerically based on the
DFT [38, 39, 45–50, 54, 78–80, 90–93]. The one-electron potentials for linear
molecules are created numerically following the procedure described in Sec. 2.1.
Figure 1 shows partial wave expansions (υnuc

l (r), υel
l (r), υ

xc
l (r), and υl(r)) of the

effective potential V (r, θe) (see Eqs. (1) and (2)) for Cl2.

3.2. Extracting structure parameters for several highly occupied orbitals of
linear molecules

Once the wavefunctions with the correct asymptotic tail and the corresponding
orbital binding energies of linear molecules are obtained by solving Eq. (12), accu-
rate structure parameters can be extracted from these molecular wavefunctions in
the asymptotic region. It has been confirmed that the calculated LBα orbital binding
energies are in good agreement with the experimental data [45, 46, 50, 79, 80].
Figure 2 shows the radial wavefunctions of H+2 and CO2 for the first three partial
waves and compared to those obtained directly from the GAUSSIAN. In the small-r
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Fig. 1. (Color online) (a) Partial wave decomposition of the electron-nucleus potential; (b) the
same for electron-electron repulsion potential; (c) for the exchange-correlation potential; (d) the total
potential for each partial wave. We take lmax = 80 for Cl2, but only low l = 0, 2, 4, 6, 8 terms are
shown for clarity. Adapted from [80]. © (2013) by Taylor & Francis.

region, the present radial function agrees quite well with those from the GAUSSIAN
for each partial wave. In the large-r region, one can see clearly the present calculated
radial function displays the exponential decay form of Eq. (20). However, those
from the GAUSSIAN exhibit oscillations and drop much faster like a Gaussian
function. Note that conventional Gaussian bases are used in our present GAUSSIAN
calculations. To determine the structure parameters of molecules, i.e., comparison
of the asymptotic behavior of the calculated radial function to the correct asymptotic
behavior [see Eq. (20)], the method proposed in Ref. [57] was followed. In Fig. 3,
the structure parameters of H+2 at the equilibrium distance are obtained by fitting
the calculated radial function to the correct one. The structure parameters C00, C20

and C40 are 4.52, 0.62, 0.03, respectively. Using this method, we determined and
tabulated structure parameters of the HOMO and of some inner orbitals for 37 linear
molecules [54, 78–81].
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Fig. 2. (Color online) Partial wave radial function in the small-r region: (a) H+2 ; (b) CO2 and in the

large-r region: (c) H+2 ; (d) CO2. For clarity, in (c) and (d), the radial functions for the last two partial

waves are divided by 102 and 104, respectively. Figs. 2(b) and (d) are adapted from [78]. © (2009) by
the American Physical Society.

3.3. Comparison of alignment dependent ionization probabilities between the
MO-ADK model and other more elaborate calculations

Using the improved coefficients tabulated in Refs. [39, 54, 78–82], one can
now calculate alignment dependent ionization probabilities for several selected
molecules that have also been carried out by other theoretical methods. The
comparison of these results is shown in Fig. 4. For simplicity, all the probabilities
are normalized to 1.0 at the peak. For H+2 and H2, one can see the MO-ADK results
using the improved Clm exhibit stronger angular dependence than the old ones (see
Figs. 4(a) and 4(b)). The present MO-ADK results are in good agreement with those
from TDSE [37, 40] for H+2 and with those from TDDFT [47] for H2, respectively.
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Fig. 3. (Color online) Comparison of the asymptotic behavior of the present calculated radial
wavefunction (solid) to the correct asymptotic behavior (dashed) for H+2 .
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Fig. 4. (Color online) Normalized alignment-dependent ionization probability. (a) H+2 at 5 ×
1014 W/cm2; (b) H2 at 1× 1014 W/cm2; (c) CO2 at 1.1× 1014 W/cm2; (d) C2H2 at 5× 1013 W/cm2.
MO-ADKa denotes MO-ADK results using the present improved Clm coefficients [54, 78], MO-
ADKb stands for MO-ADK results using the original Clm coefficients determined from the multiple
scattering theory [52, 76], TDSEa from Kamta et al. [40], TDSEb from Kjeldsen et al. [37], TDSEc

from Petretti et al. [35], TDDFTa from Chu [47], and TDDFTb from Otobe et al. [49]. Fig. 4(a) is
adapted from [54]. © (2010) by the American Physical Society.
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For CO2, the present MO-ADK peaks at 35◦ instead of 24◦ from the MO-ADK using
the old coefficients. The improved MO-ADK result is much closer to the peak at
40◦ predicted by TDSE [35]. For C2H2, the older MO-ADK result has a peak at 45◦

and gives a minimum at 90◦, while the TDDFT result [49] shows a peak at 90◦. The
new MO-ADK result agrees well with that from the TDDFT.

3.4. Comparison with experiments

It has been confirmed that the MO-ADK results using old coefficients agree
reasonably well with the experimental data for N2 and O2 [16, 17, 31, 54]. For CO2,
The larger discrepancies of alignment-dependent ionization probabilities between
the older MO-ADK results and the experimental data were found in Ref. [17]. The
discrepancy brought out by the experiment [17] attracted a number of more accurate
theoretical calculations such as the TDSE [39, 112], TDHF [51], and TDDFT [45].
For H2, the original MO-ADK underestimates the experimental ratio of ionization
rate for molecules aligned parallel vs. perpendicular with respect to the molecular
axis [22, 31], while the present MO-ADK overestimates the experimental ratio [54].
The correct ratios have been obtained by solving the TDSE with a model potential at
different laser intensities [41]. In Fig. 5(a), the normalized ionization probabilities of
CO2 from several theoretical methods with the experimental data for laser intensity
I = 1.1 × 1014 W/cm2 are compared. One can see the peak positions determined
from the TDSE and the TDDFT are much closer to the experimental one than the
MO-ADK result. However, so far all the theoretical results available fail to predict
the narrow ionization distribution reported in the experiment. For laser intensity
I = 0.3×1014 W/cm2, the experimental data show a very broad angular distribution,
consistent with all the theoretical results (see Fig. 5(b)). The reasonable agreement
of the peak positions between these theoretical calculations and the experimental
measurement can be observed in Fig. 5(b).

3.5. Alignment dependence of ionization rates from HOMO, HOMO-1,
and HOMO-2 orbitals

In recent years, strong-field phenomena involving inner orbitals of molecules have
been studied widely [23, 27, 28, 31, 35, 36, 45, 54, 79, 80, 113–122]. Since tunneling
ionization is the first fundamental step to all rescattering processes including the
HHG, it is important to investigate at what orientation (or alignment) angles the
contributions from inner orbitals have to be considered by comparing the P(θ)
of the HOMO with those from inner orbitals of molecules. Clearly the P(θ) of
inner orbitals can also be calculated easily by the MO-ADK model using the corre-
sponding experimental ionization potentials and structure parameters tabulated in
Refs. [54, 79, 80]. Figure 6 shows the orientation-dependent ionization rates from the
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Fig. 5. (Color online) Normalized alignment-dependent ionization probabilities of CO2. (a) Laser
intensity is 1.1× 1014 W/cm2; (b) Laser intensity is 0.3× 1014 W/cm2. Note that 0.5× 1014 W/cm2

and 0.56×1014 W/cm2 were used in Refs. [39, 45], respectively. TDDFT from Ref. [45], TDSEa from
Ref. [39], TDSEb from Ref. [112], Experimenta from Ref. [17], and Experimentb from Ref. [18].

HOMO, HOMO-1, and HOMO-2 for N2, CO2, and Cl2 and those from HOMO and
HOMO-1 for the HBr molecule, respectively. Note that the angular dependence of
ionization rates, P(θ), reflects vividly the shape of molecular orbitals. For the P(θ),
a σg (or σu) orbital tends to have a peak at 0◦ and a minimum at 90◦, a π orbital has
the peak at 90◦ and minimum at 0◦ and 180◦, a πg orbital gives the peak near 45◦ and
minimum at 0◦ and 90◦, and a πu orbital demonstrates a peak at 90◦ and a minimum
at 0◦. In Figs. 6(a) and 6(b), one can see that the contributions of ionization from
HOMO-1 near 90◦ for N2 and from HOMO-2 near 0◦ for CO2 should be taken into
account. Indeed, the contributions from the HOMO-1 (HOMO-2) to the HHG of N2

(CO2) have been reported widely [115–122]. For Cl2, the contributions of ionization
from the HOMO-1 near 90◦ and from the HOMO-2 near 0◦ are comparable to those
from the HOMO (see Fig. 6(c)). For HBr, the ionization rates of the HOMO-1 are
much higher than those of the HOMO near 180◦. The significant contributions of
ionization from the HOMO-1 near 0◦ and 180◦ can be seen in Fig. 6(d).

3.6. Probing the shape of the ionizing molecular orbitals with the
orientation-dependent ionization rates

It has been confirmed that the orientation dependent ionization rates can reflect
vividly the orbital symmetry of molecules [16, 17, 22, 28, 40, 54, 55]. In Fig. 7,
the orientation dependent ionization rate P(θ)with the angle-dependent asymptotic
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Fig. 6. (Color online) Orientation-dependent ionization rates of HOMO, HOMO-1, and HOMO-2 for
N2, CO2, and Cl2 and of HOMO and HOMO-1 for HBr. (a) N2 at laser intensity of 1.5×1014 W/cm2;
(b) CO2 at 1.1× 1014 W/cm2; (c) Cl2 at 6.9× 1013 W/cm2; (d) HBr at 7.2× 1013 W/cm2. Figs. 6(a)
and (b) are adapted from [54]. © (2010) by the American Physical Society. Figs. 6(c) and (d) are
adapted from [80]. © (2013) by Taylor & Francis.

electron density ρ(θe) of the HOMO orbital for N2, O2, CO, and HBr are compared,
respectively. Here, the MO-ADK model is used to calculate the P(θ) of these four
linear molecules. One can see that the P(θ) follows well the shape of ρ(θe), as
shown in Fig. 7. Note that the structure parameters Clm of CO are taken from
Ref. [80]. For the planar H2O molecule, the molecule lies on the y-z plane, with the
O atom along the z axis. The isocontour plot of the HOMO wavefunction is shown
in Fig. 8(c). Clearly the HOMO orbital contains a nodal plane (i.e., y-z plane). The
angular dependence of electron density is quite similar to that of ionization rate (see
Figs. 8(a) and 8(b)). By averaging the electron density ρ1(θe, χe) and ionization
rate P(θ, χ) over χe or χ , the θ dependent ionization rate agrees very well with
the electron density, as shown in Fig. 8(d). Thus it is possible to probe directly the
electron density of the molecular orbital from which the electron is tunnel ionized
using the corresponding alignment-dependent ionization rates when the ionization
contributions from other occupied orbitals can be ignored.

3.7. Examination of the validity of the MO-ADK and MO-PPT models

Next the MO-ADK and MO-PPT models are examined by comparing them to the
SAE-TDSE calculations and the experimental results. It has been confirmed that
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Fig. 7. (Color online) Comparison of the orientation-dependent ionization rate (solid line) to the
angular distribution of asymptotic electron density (dashed line). The ionization rates are obtained
from the MO-ADK model. (a) N2 at laser intensity of 1.0×1014 W/cm2; (b) O2 at 1.0×1014 W/cm2;
(c) CO at 1.9× 1014 W/cm2; (d) HBr at 7.2× 1013 W/cm2.

the MO-ADK model works well in the tunneling ionization regime. This model has
also been empirically modified to study the ionization of the H+2 molecule in the
over-the-barrier ionization (TBI) regime [123]. However, the MO-ADK model is
not valid in the multiphoton ionization regime [52, 62, 63]. Figure 9 compares the
present calculated ionization probabilities of H2 from the MO-ADK and MO-PPT
models with those SAE-TDSE results using the Hartree-Fock functionals [43]. All
the ionization probabilities from the MO-ADK and MO-PPT models are normalized
to those of the SAE-TDSE at the saturation laser intensity of 2.29×1014 W/cm2. One
can see that the MO-ADK fits quite well the SAE-TDSE in the tunneling ionization
region (i.e., γ < 1), while it underestimates remarkably the ionization probabilities
in the multiphoton ionization regime indeed (i.e., γ > 1). The MO-PPT agrees
very well with the SAE-TDSE in the whole range covering from the multiphoton
to tunneling ionization regimes. In Fig. 10, ionization signals of NO, Cl2, N2 and
O2 obtained from the MO-ADK and MO-PPT models with the experimental data
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Fig. 8. (Color online) (a) Angular distribution of the normalized asymptotic electron density for H2O.
(b) Normalized alignment-dependent ionization rate of H2O at laser intensity of 8× 1013 W/cm2. (c)
The isocontour plot of the HOMO wavefunction for H2O. The sign of the HOMO wavefunction is
indicated by different colors, i.e., red denotes positive sign and blue stands for negative sign. (d)
Comparison of the normalized χe or χ averaged electron density and ionization rate for H2O. The x,
y, z axes of the molecular frame are also shown. Adapted from [55]. © (2011) by IOP Publishing.

[52, 61, 124] are compared. Clearly the MO-PPT fits well with the experimental
results, while the MO-ADK deviates seriously from the experimental data in the
multiphoton ionization region.

3.8. Probing the molecular orbital with the alignment-dependent
HHG signals

Finally, the possibility for probing the molecular orbital using the alignment-
dependent HHG signals from molecules fixed in space is investigated. Here, HHG
signals at several alignment angles from the molecular Lewenstein model are shown.
In Fig. 11(a), the angular dependence of the yields of the 35th, 39th, and 43rd
harmonics with angle-dependent asymptotic electron density for N2 are compared.
The HHG yield of each of the (2n + 1)-th harmonic is obtained by integrating
over the intensity within the energy between the 2n-th and (2n + 2)-th order. For
simplicity, all the HHG yields and electron densities in Fig. 11 are normalized to
1.0 at the peak. For O2, direct comparison of the alignment-dependent yields of
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Fig. 9. (Color online) Ionization probabilities of the H2 molecule as a function of laser peak intensity
at central wavelengths of (a) 266 nm; (b) 400 nm; and (c) 800 nm. The laser field is a cosine square
pulse with 36 cycles, 24 cycles and 12 cycles for 266 nm, 400 nm and 800 nm, respectively. SAE-TDSE
from Ref. [43]. Adapted from [63]. © (2014) by Elsevier.

the 23rd, 27th, and 31st to the electron density is also shown in Fig. 11(b). In the
present simulations, a Gaussian pulse with laser intensity of 3 × 1014 W/cm2 for
N2 and 2× 1014 W/cm2 for O2 was used, respectively. The central wavelength and
the pulse duration are chosen to be 800 nm and 30 fs, respectively. In Figs. 11(a)
and 11(b), the angular dependence among the different harmonics does not change
much for N2 and O2, respectively. It is emphasized that the alignment dependence
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Fig. 10. (Color online) Ionization signals as a function of laser peak intensity. (a) NO at laser central
wavelength λ = 800 nm and pulse duration (FWHM) τ = 25 fs; (b) Cl2 at λ = 790 nm and τ = 25 fs;
(c) N2 at λ = 800 nm and τ = 30 fs; and (d) O2 at λ = 800 nm and τ = 30 fs. The laser field
is a Gaussian pulse in the calculations. Exp.a from Ref. [52], Exp.b from Ref. [61] and Exp.c from
Ref. [124]. Adapted from [63]. © (2014) by Elsevier.

of HHG yields is determined mostly by the orbital symmetry within the molecular
Lewenstein model. For example, the HOMO of N2 (O2) is a σg (πg) orbital, thus
both the HHG yields and electron density have a peak near θ = 0◦ (θ = 45◦) (see
Figs. 11(a) and 11(b)). For the planar H2O molecule, the alignment dependence of
the 37th harmonic follows closely the angular distribution of electron density (see
Figs. 11(c) and 11(d)). A Gaussian pulse with the laser intensity of 0.6×1014 W/cm2,
central wavelength of 1200 nm, and pulse duration of 25 fs was used in the calculation
for H2O. Therefore, the alignment-dependent HHG yields can be used to probe the
molecular orbital from which the electron is removed if the contributions from
other occupied orbitals to the HHG can be ignored. Note that these results are not
surprising since in the molecular Lewenstein model only the initial wavefunction
of the molecule enters into the theory. The original tomographic paper [9] was also
based on the molecular Lewenstein model.
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Fig. 11. (Color online) Comparison of alignment dependence of selected high-order harmonic yields
in the plateau region and angular distribution of the asymptotic electron density for (a) N2 and (b) O2.
(c) Angular distribution of electron density for the H2O molecule; (d) Alignment dependence of the
37th harmonic from H2O. For the laser parameters used, see text.

More accurate treatment of HHG like the QRS model [3, 103, 125] requires that
the recombining electrons be described by scattering wavefunctions instead of plane
waves used in the Lewenstein model. In addition, experimental HHG spectra are
due to the coherent emission of light from all molecules in the medium and thus
propagation effects should be included [126]. For HHG due to simpler molecules,
such as N2, O2 and CO2, accurate calculations based on the QRS model, including
multiple orbital contributions as well as propagation effect, has been carried out
and the results have been compared well with experiments [121, 127–129]. In fact,
HHG from large polyatomic molecules have also been carried out within the QRS
model [130–132]. Such calculations are quite tedious. In such situations, molecular
Lewenstein model would offer a convenient qualitative theory for interpreting
experimental observations.

4. Conclusions

In this chapter, it is shown that molecular orbital in a molecule can be directly
probed using the alignment-dependent ionization probabilities or HHG yields from
molecules exposed to an intense laser field. The ionization probabilities can be
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calculated easily with simple models like MO-ADK, MO-PPT, MO-SFA et al. In the
MO-ADK model, the static ionization rate depends on the structure parameters (i.e.,
expansion coefficients) of molecules. An efficient method to obtain the molecular
wavefunction with the correct asymptotic behavior by solving the time-independent
Schrödinger equation with the B-spline functions has been described where the
one-electron potential is constructed numerically based on the DFT. These correct
wavefunctions are used to extract accurate structure parameters of molecules in
the asymptotic region. The failure of the MO-ADK model in the multiphoton
regime was also addressed. Interestingly the MO-PPT model was able to fit both the
TDSE results and the available experimental data covering from the multiphoton
to tunneling ionization regimes. Based on the MO-ADK model, it is shown that
tunneling ionization rates of inner orbitals are comparable to that of the HOMO
at some alignment angles. Indeed, contributions from inner orbitals to strong-field
phenomena have been observed experimentally [23, 27, 28, 31, 113–119]. Moreover,
it is also demonstrated that the molecular orbital from which the electron is removed
can be probed using alignment-dependent ionization probabilities or HHG signals
by an intense laser field when the contributions from inner occupied orbitals can be
neglected.
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