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We have calculated above-threshold-ionization �ATI� spectra for argon in a strong, few-cycle 400 nm laser
pulse with an ab initio solution of the time-dependent Schrödinger equation and by using a model based on the
strong field approximation. We find additional peaks in the resulting ATI spectra which are not present for
longer pulses. This substructure is due to the rapidly changing ponderomotive potential in the short laser pulse.
It is sensitive to the pulse duration and the pulse envelope and is a general feature of ionization spectra
originating from a short, intense laser pulse.

DOI: 10.1103/PhysRevA.73.011401 PACS number�s�: 32.80.Rm, 32.80.Fb, 42.50.Hz

In recent years, the phenomenon of above-threshold-
ionization �ATI� has been extensively studied with femtosec-
ond laser pulses �1,2�. In this process an atom absorbs more
photons than the minimum number required for ionization
�3,4�. The overall characteristics of ATI spectra are peaks
separated by the photon energy and shifted by the pondero-
motive potential. However, the concept of the ponderomotive
potential, which is the cycle averaged kinetic energy of an
electron in an oscillating field, is questionable in the few-
cycle regime �5�. Since the field rises from zero to its peak
value within a few femtoseconds, each cycle has a corre-
sponding ponderomotive potential. The question arises as to
how well ATI spectra originating from intense few-cycle
pulses resemble the well-known ATI structure by the longer
pulses. Recently, in Ref. �6� it has been shown that the ion-
ization of atoms with few-cycle pulses makes a qualitative
difference to ionization with longer pulses, since the pulse
duration is shorter than the Kepler period of most Rydberg
states. Resonancelike features are therefore suppressed for
the shorter pulses.

The goal of this work is to understand and analyze a cer-
tain substructure which we found in the ATI spectra of argon.
The results presented in this paper are from an ab initio
solution of the time-dependent Schrödinger equation �TDSE�
and by using a model based on strong field approximation
�SFA� �7�. The TDSE is solved for a model argon atom �8� in
the single active electron approximation with a generalized
pseudo spectral method in the energy representation. The de-
tailed procedure can be found in Refs. �9,10�. Atomic units
�me=�=e=1� are used throughout the paper unless other-
wise indicated. Although we focus in this work on argon, the
discussed structure is universal and is also theoretically ob-
served in the ionization spectra of neon, hydrogen, and H−.

We use a 10 fs full width at half maximum �FWHM�,
linearly polarized laser pulse with a carrier wavelength of
400 nm and a peak intensity of 1.7�1014 W/cm2. The elec-
tric field of the laser pulse can be written in the form F�t�
=F0�̂a�t�cos��t+��, with �̂ the polarization vector, � the

carrier frequency, and � the carrier-envelope phase. The en-
velope function a�t� is chosen to be

sin2���t + �/2�
�

� −
�

2
� t �

�

2
�1�

and zero elsewhere. In the model calculation the momentum-
dependent ionization amplitude is given by �7�

b�p� = i�
−	

	

dt ei
V�p,t��p − A�t�	HL�t�	g
t, �2�

where HL�t�=F�t�z is the dipole operator. The polarization
axis is along the z direction. We have calculated the dipole
moment using the correct energy scaled hydrogenic 3p wave
function. The Volkov phase in Eq. �1� can be written as


V�p,t� = − �
t

	

dt�
�p − A�t���2

2
. �3�

In Fig. 1 we present the photoelectron spectra obtained by an
ab initio solution of the TDSE �lower curve� and for com-
parison by using the SFA �upper curve�. We have observed a
good agreement between the two calculations which allows
us to use the simple SFA model for the further analysis of the
substructure.

Three ATI peaks which are spaced by the photon energy
�=3.1 eV can be seen in the spectrum. On the right side
each ATI peak breaks up into a number of smaller subpeaks
with varying amplitudes. Although these subpeaks in the ATI
spectra look similar to Freeman resonances �11�, here we
prove that they are of a different nature. The inset in Fig. 1
shows the spectra in the neighborhood of the first ATI peak
for three increasing intensities, 1.7, 1.75, and 1.8
�1014 W/cm2, respectively, obtained by solving TDSE. The
overall structure is identical for all three intensities. How-
ever, the peak positions differ. Apart from ionizing the atom,
the laser field also induces an ac Stark shift to the atomic
level. This shift increases the ionization potential by the pon-
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deromotive energy, Up= I / �4�2�. Because of energy conser-
vation the energy of an ATI peak originating from ionization
with absorbing n photons is given by

E = n� − �Ip + Up� , �4�

where Ip is the ionization potential of the unperturbed atom
and Up is calculated from the peak laser intensity. According
to this equation we can identify �Ip+Up� as the field-dressed
ionization potential. Thus the ATI peak originating from the
highest intensity pulse is shifted most to the left, since it
experiences the largest field-dressed ionization potential.
Since the energy positions of all the subpeaks in the ATI
spectra move with changing intensity, they do not show the
typical behavior of a Freeman resonance, where the energy
position stays fixed �11,12� when the laser intensity is varied.

Another proof of the nonresonant character of the small
peaks is provided by a comparison of the TDSE calculation
with the results obtained from the SFA. All main features
from the numerical calculation, including ATI peaks, as well
as subpeaks, can be reproduced with the SFA model. In this
model, besides the ground state, only the continuum states
are included; therefore, the small peaks cannot originate
from any intermediate resonances. Furthermore, the similar-
ity in the results between the two different calculations indi-
cates that the effect of the long-range Coulomb force, which
is neglected in the SFA, has only negligible influence on the
substructure in the ATI spectrum.

We note that in this paper the presented spectra do not
depend on the carrier envelope phase, as can be expected for
a 10 fs laser pulse. In the following we show that the sub-
structure is caused by the changing field-dressed ionization

potential during the ionization process. It is significant for
short, intense laser pulses and is therefore a general feature
which does not depend on the atomic target.

As seen from Eq. �4� the ponderomotive energy shifts the
position of an ATI peak. Since in a few-cycle laser pulse the
intensity changes rapidly in a relatively short time period, the
contributions to ionization from different cycles of the pulse
each observe a different ponderomotive potential and are
thus not centered at the same energy. Therefore the ioniza-
tion amplitudes from different cycles do not add up fully
coherently while forming an ATI peak. The contribution
coming from the region around the peak laser field is most
shifted to the lower energy side compared to ionization from
regions of the pulse with smaller intensity. These are shifted
to the right side. Since a laser with peak intensity of 1.7
�1014 W/cm2, as we have used for our simulations and
which is a typical experimental value, has a ponderomotive
energy of 2.55 eV at 400 nm compared to a spacing between
the ATI peaks of 3.1 eV, this shift cannot be neglected.

For a better understanding we have a closer look at equa-
tion �1�. The term A�t�2 /2 in the Volkov phase averaged over
one cycle equals the ponderomotive potential and acts as a
time-dependent energy shift. To prove our assumption that
the small peaks are caused by this time dependent shift we
subtract the corresponding term from the Volkov phase so
that


̃V�p,t� = − �
t

	

dt��p2

2
− pA�t��� �5�

remains. Figure 2 shows the results obtained with the model
when using 
̃V as the phase factor. All other parameters are
the same as in Fig. 1. Obviously, all the substructure in the
ATI spectrum disappears. The ATI peaks are shifted with
respect to Fig. 1 since the ponderomotive shift is missing.

In Fig. 3�a� we present the spectrum originating from ion-
ization from only one optical cycle at three different posi-
tions in the laser pulse. This calculation was performed
within the SFA since there we can easily distinguish between
ionization, which is described by the dipole matrix element,
and the propagation of the ionized electrons which is repre-

FIG. 1. �Color online� Photoelectron spectra of argon calculated
by solving the TDSE and by using a model based on SFA. We
normalize the SFA calculation to the same maximum amplitude as
the TDSE result and add a constant to distinguish the two lines
more clearly. Each of the three ATI peaks is separated into a number
of smaller peaks with varying amplitudes. Laser parameters are �
=400 nm, I=1.7�1014 W/cm2. The pulse length �FWHM� is 10 fs
Inset: Photoelectron spectra in the region of the first ATI peak for
three different intensities, 1.7 �blue�, 1.75 �green�, and 1.8 �red�
�1014 W/cm2, respectively, obtained by solving TDSE. The peak
positions shift closer to the threshold with increasing intensities.

FIG. 2. �Color online� Photoelectron spectrum calculated using
the same parameters as in Fig. 1 obtained within the SFA, but with
the redefined Volkov phase 
̃V which does not include the pondero-
motive energy shift. All subpeaks disappear from the spectrum. The
peaks are shifted compared to Fig. 1 as a result of the missing
ponderomotive energy.
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sented by the Volkov phase factor. The three curves in Fig.
3�a� originate from ionization only during the intervals
�0, T�, �T ,2T� and �2T ,3T�, respectively, where T=1.33 fs is
the laser period. �At time t=0 in our simulation the laser
pulse has reached its peak intensity.� After ionization we
propagate each time until the pulse is over.

Obviously, ionization from one optical cycle �Fig. 3�a�� is
already enough to observe the typical ATI structure in the
spectrum, though the peaks are broader than they will be-
come after ionization from the whole pulse. The peak posi-
tions from the contributions of the different cycles are shifted
accordingly to the instantaneous field-dressed ionization po-
tential at the time of release of an electron. Also visible is the
decreasing probability for ionization from the different
cycles. Figures 3�b� and 3�c� show the spectrum from ion-
ization of t=1, 2, 3, and 4 optical cycles, respectively. While
the absolute position and number of peaks obviously depend
strongly on the phase with which the ionization amplitudes
from the different cycles interfere, we note that a general
trend can be seen: The number of peaks increases with the
number of cycles relevant for ionization and is therefore an
indicator for the pulse length.

Another interesting property of these peaks is presented in
Fig. 4. In this figure we compare the energy positions of the
different subpeaks as a function of intensity. The peak posi-
tions have been determined from numerical solutions of the
TDSE for the corresponding intensities. While the shift of
the main peak agrees well with the ponderomotive potential
calculated at the peak laser field, the shift of the smaller
peaks is getting less, as clearly seen from their decreasing
slopes. The energy shift is a measure of the average intensity
which is present during the ionization process which contrib-

utes most to a certain peak. Thus the decreasing shift follows
approximately the envelope function of the laser pulse.

We have performed simulations for longer pulse dura-
tions. In both the numerical as well as the model calculation,
we see an increase in the number of subpeaks with the pulse
duration. Within the SFA all subpeaks remain separately vis-
ible. However, in the numerical calculation we observe a
different trend. As the spacing between the various peaks
becomes narrower with increasing pulse length, the interme-
diate regions begin to fill up. Since the main difference be-
tween the SFA and the numerical calculation is the absence
of the Coulomb potential in the former, we suspect that the
Coulomb force, which leads to a phase correction �13� in Eq.
�2�, is responsible for this behavior. This observation is also
in agreement with experimental data and calculations for
longer pulses which do not show the discussed structure in
the ATI spectra.

In Fig. 5 the ATI spectrum for a 10 fs, 800 nm pulse is
presented. Again we compare the TDSE with the SFA calcu-
lation, though this time we do not observe a good agreement.
The difference between the two results probably can be at-
tributed to Freeman resonances which are not included in the

FIG. 3. �Color online� �a� Spectra originating from ionization
from one single optical cycle at three different periods of the laser
pulse, �0, T�, �T ,2T�, and �2T ,3T�, respectively. Note the logarith-
mic scale. The contributions from the different cycles are shifted
relatively to each other according to the different ponderomotive
potential at the time of ionization. �b� Spectra resulting from ion-
ization through one, and two optical cycles, respectively, starting at
the peak laser field. �c� Spectra resulting from ionization through
three and four optical cycles, respectively. The number of peaks in
the ATI spectra increases with the number of laser cycles relevant
for the ionization process. Calculations carried out within the SFA.

FIG. 4. �Color online� Energy positions of the three leftmost
peaks in Fig. 1 as a function of peak laser intensity. The shift of the
leftmost peak �lowest line� agrees well with the ponderomotive en-
ergy calculated with the peak laser intensity. The shifts of the fol-
lowing subpeaks are less due to the smaller intensity the electrons
experience during the ionization process.

FIG. 5. �Color online� Photoelectron spectra of argon calculated
by solving the TDSE and by using SFA for a 10 fs, 800 nm pulse
with 2�1014 W/cm2 peak intensity. Compared to the 400 nm case
in Fig. 1, the characteristic ATI peaks are still visible, but the spec-
trum shows a more complex structure. Differences between TDSE
and the model calculation originate from the presence of Freeman
resonances in the former. We normalize the SFA result to the same
maximum amplitude as the TDSE calculation and add a constant to
distinguish the two lines more clearly.
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SFA model. There are two reasons why this effect is more
pronounced for 800 nm compared to the 400 nm case: Be-
cause of the smaller photon energy, the number of photons
participating in the ionization process is doubled and there-
fore the chance of hitting a resonance increases. Secondly,
the ponderomotive potential at the same intensity is larger by
a factor of four which makes it easier to shift an atomic state
into resonance. Additionally, the ATI peaks are more closely
spaced so that even within the model calculation, the sub-
structure is not so clearly visible in the 800 nm spectrum
since the small peaks from one ATI peak could appear at the
position of the next ATI peak. We summarize that the dis-
cussed substructure is also expected in the 800 nm case.
However, it is almost impossible to separate it from Freeman
resonance contributions.

In conclusion, we have investigated the ATI spectra for
argon by short laser pulses, both by solving the time-
dependent Schrödinger equation and with a model based on
SFA. We have observed and analyzed a new class of sub-
peaks in the ATI spectra which is caused by the rapidly
changing envelope of the laser field in a short pulse. The
field-dressed ionization potential of the atom follows the rise

and fall of the pulse envelope, and thus ionization at different
optical cycles is mapped onto correspondingly different en-
ergies. A similar time to energy mapping in the laser field has
been observed in experiments by the group of Krausz. In
their case, an extreme ultraviolet attosecond pulse ionized
the electron and a femtosecond laser pulse was used as a
probe �14,15�. In both experiments the intensity of the laser
was about two orders of magnitude lower than the one used
here so that the change in the ponderomotive potential was
negligible. The change in the electron spectra in their experi-
ments originates mainly from the factor pA�t� in the Volkov
phase. In contrast, we have reported in this paper on the
influence of the time-dependent ponderomotive potential on
the ionization process. The time-to-energy mapping occurs
by shifting the field-dressed ionization potential of the
atomic system itself on a femtosecond time scale.
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