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A general formulation utilizing three-body kinematics was developed to analyze the final-state momentum
distributions of the electron, the recoil, and the projectile ion, for the ionization process in ion-atom collisions.
Information on ionization dynamics can be identified and analyzed from the perspective of momentum distri-
butions. The mechanism of electron capture into the projectile continuum was found to contribute a finite value
at the kinematical threshold in the longitudinal recoil-ion momentum distribution. Detailed calculations using
the continuum distorted wave–eikonal initial state approximation are compared with two recent measurements
on momentum distributions of the recoiling ion and the ionized electron in single ionization of He by protons
and by highly charged projectiles.

PACS number~s!: 34.10.1x, 34.50.Fa

I. INTRODUCTION

The ionization process in ion-atom collisions provides
fertile ground to test our understanding and our ability to
describe the breakup of basic Coulombic three-body sys-
tems. While much of our knowledge of ionization dynamics
originates from the study of the ejected electron spectra and
some from the projectile angular distributions, recent devel-
opments in recoil-ion momentum spectroscopy have added
new dimensions for the detailed study of ion-atom collision
dynamics. Momentum distributions of the recoiling ions and
the electrons have been carried out in the last few years
@1–7#. Together with the measurements of ejected electron
spectra and the projectile angular distributions, these mea-
surements offer a wealth of information on ionization dy-
namics and can serve as a stringent test for theory.

Most of the existing theoretical analysis on recoil-ion mo-
mentum distributions have been carried out using the
n-body classical trajectory Monte Carlo method (nCTMC!
@1,2,4–6#. The momentum distributions of the recoil ions,
however, are not independent of the momentum distributions
of the scattered projectiles and/or of the ejected electrons. In
a recent paper, Rodrı´guez, Wang, and Lin@8# analyzed the
longitudinal recoil-ion momentum distributions in ion-atom
ionization by considering the three-body kinematics. Using
the continuum distorted wave–eikonal initial state~CDW-
EIS! approximation@9#, it was shown how the most impor-
tant ionization mechanisms in fast ion-atom collisions can be
identified from the recoil-ion momentum distributions. These
include: electron capture into the projectile continuum~ECC!
@10–12#, the emission of soft electrons~SE! @13#, and
projectile-electron binary collisions@14#. The analysis was
demonstrated for single ionization of He by protons@8# and

by highly charged Ni241 ions @15#. The only other published
‘‘non-CTMC’’ calculations were done in 1991 by Fukuda
et al. @16# who used the first Born and the eikonal distorted-
wave approximations to calculate the recoil-ion momentum
distributions. Recently the CDW-EIS method was also used
by O’Rourke, Shinamura, and Crothers to analyze the trans-
verse recoil-ion energy distribution@17#. However, none of
these calculations addressed the important consequences of
three-body kinematics on longitudinal recoil-ion momentum
distributions that were detailed in@8#.

While the major features of ionization dynamics at high
velocities are relatively well understood@18,19#, mecha-
nisms of ionization at intermediate to low energies and by
highly charged ions are still a subject of great controversy. In
the low-energy region, ionization is a rather weak process
compared with the dominant charge transfer. This is also the
region where the Coulomb interactions among the three
charged particles in the final state are expected to play an
important role. In terms of total ionization cross sections,
ionization of one-electron targets by protons and by highly
charged ions has been addressed using the adiabatic electron
superpromotion model@20–22# and by the extensive two-
center close-coupling method of Wanget al. @23#. Experi-
mental data on the momentum distributions of the ionized
electrons will undoubtedly be useful to help better clarify the
validity of the theoretical models and to provide insights into
the importance of final-state interactions among the three
charged particles.

In this paper, the analysis of recoil-ion momentum distri-
bution reported in@8# is further developed. Our goal is to
give a complete determination of the final-state momentum
distributions for the electron, the projectile, and the target
recoiling ions. From these distributions, we identify and de-
scribe the important features of the ionization dynamics. The
method is used to analyze the recent measurements by Do¨r-
ner et al. @6# and by Kraviset al. @7# for momentum dis-
tributions of the recoil ions and electrons in the single ion-
ization of helium atoms. Comparisons with other theoretical
approaches are made wherever available. Throughout this
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paper, atomic units are used unless otherwise stated.

II. THEORY

A. The quintuply differential cross sections

The most detailed information about single ionization of
atoms by heavy-ion impact can be obtained experimentally
from the measurement of five of the nine momentum com-
ponents for the three particles in the final state. The other
four components can be deduced from energy and momen-
tum conservation of the three particles. Naturally there are
numerous ways to define the quintuply differential cross sec-
tions. One choice that has been studied extensively in ion-
atom ionizing collisions is the quintuply differential cross
section in projectile scattering angle (VP) and the ejected
electron energy («e) and angle (Ve):

d5s

dVPd«edVe
5

m2

4p2 uTi f u2, ~1!

whereTi f is the transition matrix, andm is the reduced mass.
Equation~1! is given in the center-of-mass frame. For heavy-
ion collisions, we may also introduce

d5s

dhW dpW e
5

1

4p2v2
uTi f u2, ~2!

the quintuply differential cross section relating the transverse
momentum transfer (hW ) and the electron momentum (pW e).
Here vW is the velocity of the projectile and the momentum

transfer isPW P5KW i2KW f5PW P•vŴ 1hW , whereKW i(KW f) is the ini-
tial ~final! momentum of the projectile. Integrating overVP

(hW ), we can obtain the doubly differential cross section in
electron energy~momentum! and angle.

In this paper, our goal is to study the momentum distri-
butions of the recoiling ion and the electron. It is thus desir-
able to consider a quintuply differential cross section relating
the recoil-ion momentumpWR and the electron momentum
pW e . Below we obtain the quintuply differential cross section
d5s/dpW e'dpWR'dpRuu from d5s/dhW dpW e by means of energy-
momentum conservation.

The longitudinal momentum balance for the three par-
ticles along the incident beam direction,

pPuu5pRuu1peuu5Q/v5~«e2« i !/v, ~3!

wherepPuu is the longitudinal momentum transfer of the pro-
jectile, u« i u is the ‘‘binding energy’’ of the target atom in the
initial state, and«e is the ejected electron energy. This equa-
tion is correct toO(1/MP) andO(1/MT), whereMP (MT) is
the mass of the heavy projectile~target!. The fact that the
longitudinal projectile momentum transfer is related to the
Q value of the system leads to the simple transformation
among longitudinal momentum distributions of the projec-
tile, the electron and the recoiling ion. It also connects the
longitudinal recoil-ion momentum distributions with the
electron spectroscopy~DDCS! @8#. On the other hand, the
transverse momentum conservation

hW 5pW e'1pWR' ~4!

does not lead to any simple transformation. It would then be
more convenient to obtain transverse momentum distribu-
tions from theT matrix. Details will be given later. Using
Eqs.~3! and ~4!, we can show that

d5s

dpW e'dpWR'dpRuu
5UJS hW ,peuu

pWR' ,pRuu
D U d5s

dhW dpW e
, ~5!

where the JacobianuJu is given by

JS hW ,peuu

pWR' ,pRuu
D 5

v

Av212« i12pRuuv2pe'
2
. ~6!

This expression yields differential cross sections relating all
three particles. The various forms of the quintuply differen-
tial cross sections introduced above are related to each other
through the fundamental laws of energy and momentum con-
servations. They are directly related to the transitionT ma-
trix and can be used to derive a variety of differential cross
sections of fewer dimensions.

‘‘Complete’’ experiments, where the momentum of each
of the three particles in the final state is determined, are a
standard technique in electron impact ionization studies (e-
2e). For ion-atom collisions they only recently became fea-
sible @24# and no fivefold differential cross sections have
been published so far to our knowledge. However, much
information on ionization dynamics can be obtained by
studying differential cross sections concerning one or two of
the three particles. In the following we derive some differen-
tial cross sections suitable for the description of final-state
momentum distributions in ion-atom ionizing collisions.

B. Recoil-ion momentum distributions

Let us first consider the longitudinal recoil-ion momen-
tum distributions,ds/dpRuu . From the energy-momentum
conservation relation Eq.~3!, we can show that the recoil-ion
momentum distribution is related to the doubly differential
cross section in electron energy and angle~DDCS! @8#,

ds

dpRuu
5E

«e
2

«e
1
1

pe

d2s

d«ed~cosue!
d«e , ~7!

where the lower and upper integration limits are implicitly
given by @also from Eq.~3!#

pe
65v cosue6Av2 cos2ue12~pRuuv2u« i u! ~8!

and«e
65 1

2 (pe
6)2.

The basic kinematic relation given in Eq.~3! imposes a
severe constraint on the longitudinal momentum distribution
in ion-atom ionization. In@8#, Rodrı́guez, Wang, and Lin first
pointed out that there is a kinematic threshold in the longi-
tudinal recoil-ion momentum distribution given by

pRuu
min52

v
2

1
u« i u
v
. ~9!

At pRuu5pRuu
min electrons are emitted at zero degrees with the

same velocityv as the projectile. This corresponds to elec-
tron capture into the projectile continuum~ECC!. The ECC
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electrons are characterized as a cusp~Coulomb divergence!
in the zero-degree DDCS spectroscopy. In the longitudinal
recoil-ion momentum distribution, however, these electrons
contribute to a finite cross section. This can be understood
since the upper and lower integration limits in Eq.~7! ap-
proach the same value at ECC~i.e., pe

15pe
25v). Measure-

ments on the longitudinal recoil-ion momentum distributions
can therefore provide unambiguous evidence for the ECC
ionization mechanism.

We now turn to the transverse recoil-ion momentum dis-
tribution ds/dpR' . Using the quintuply differential cross
section introduced in Eq.~5! we can see that the transverse
recoil-ion momentum distribution is expressed as

ds

dpR'

52ppR'E dpW e'E
2`

`

dp
Ruu

d5s

dpW e'dpW R'
dp

Ruu

. ~10!

The kinematic relation of Eq.~4! will be used to carry out the
integrations. It should be pointed out that projectile-target
internuclear interaction is known to make an important con-
tribution to the projectile angular distribution. It also affects
the transverse recoil-ion momentum distribution.

C. Electron momentum distributions

Experiments on electron momentum distributions in coin-
cidence with recoil-ion momentum distribution have only
been done very recently. Kraviset al. @7# measured electron
momentum distributions in single ionization of He by pro-
tons and by C61 ions at low to intermediate energies.
Moshammeret al. @5# measured longitudinal electron mo-
mentum distributions in single ionization of He by highly
charged Ni241 ions. Theoretically, both the longitudinal and
the transverse electron momentum distributions can be ob-
tained directly from the DDCS or from the transitionT ma-
trix.

For a givenpeuu , the longitudinal electron momentum dis-
tribution ds/dpeuu can be obtained by integrating the DDCS
over the electron energy,

ds

dpeuu
5E

peuu
2 /2

` 1

pe

d2s

d«ed~cosue!
d«e . ~11!

The integral is regular everywhere except at the ECC where
peuu→v. In the neighborhood ofpeuu5v, the derivative of
ds/dpeuu is discontinuous. The change of slope across
peuu5v arises from the behavior of the DDCS at the ECC.

The transverse electron momentum distribution is not in-
fluenced by the internuclear interaction. One can obtain
ds/dpe' from the DDCS,

ds

dpe'
5E

pe'
2 /2

` 1

pe

pe'
pei

d2s

d«ed~cosue!
d«e, ~12!

where peuu
2 1pe'

2 52«e . In the experiment of Kraviset al.
@7#, the momentum projection along they axis was also mea-
sured. They-direction electron momentum distribution can
be obtained by

ds

dpey
5E

2`

1`

dpexE
2`

1` ds

dpW e
dpez, ~13!

where

ds

dpW e
5E dhW

d5s

dhW dpW e
. ~14!

The perpendicular distributionds/dpey is symmetric about
pey50.

D. Projectile momentum transfer distributions

The longitudinal projectile momentum transfer distribu-
tion ds/dpPuu is simply related to the singly differential cross
section of the ejected electron:

ds

dpPuu
5v

ds

d«e
. ~15!

From Eq.~3!, the longitudinal projectile momentum distribu-
tion starts atpPuu5u« i u/v, corresponding to zero-energy elec-
tron emission. For fast collisions, the longitudinal projectile
momentum transfer distribution decreases with increasing
pPuu . The distribution resembles the single differential cross
section in electron energy. SincepPuu is related to the colli-
sion Q value (pPuu5Q/v), the longitudinal projectile mo-
mentum transfer is a measure of the overall inelasticity of the
collision process.

The transverse projectile momentum transfer distribution
ds/dpP' follows from Eq.~2!,

ds

dpP'

52ppP'E dhW
d5s

dhW dpW e
, ~16!

wherehW 5pPW' . Collision dynamics on the transverse projec-
tile momentum distribution may be obtained from the con-
ventional measurement of the projectile scattering angleuP
sinceh'mvuP , for small uP . However, measurement of
the projectile angular distribution in fast ion-atom collisions
is quite difficult because of the extremely small deflection of
the projectile@25–28#. On the other hand, it is much easier to
measure the transverse recoil-ion and ejected electron mo-
menta. The conservation of transverse momentum in Eq.~4!
can be used to extract information on projectile transverse
momentum.

III. RESULTS AND DISCUSSION

The formulation outlined in Sec. II is quite general and
independent of theoretical model~s! used for evaluating the
transitionT matrix. However, no exact solution for three-
body breakup is available. In this paper we employed the
CDW-EIS approximation of Crothers and McCann@9# to
evaluateTi f . The CDW-EIS model has the salient feature
that the ionized electron sees the Coulomb field from both
the target and the projectile ions. The wave functions em-
ployed by the CDW-EIS satisfy the correct asymptotic
boundary conditions of the Coulombic three-body problem.
This model includes effects due to the long-range nature of
the target and the projectile interactions in the entrance and
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exit channels. It has been proven to be quite successful in
describing the ionization of atoms by protons, antiprotons
and by highly charged ions. Concerning the details of this
method and its application to the study of ejected electron
spectroscopy, a review has been given by Fainstein, Ponce,
and Rivarola@19#.

The standard CDW-EIS approximation of Crothers and
McCann @9# was developed for ionization of a hydrogenic
atom by a bare ion. Following the work of Fainstein, Ponce,
and Rivarola@29#, we used an independent electron model to
treat the two-electron helium target. The initial target atomic
state is described by the Hartree-Fock wave function and the
final state is given by the hydrogenic wave function with an
effective charge. We could have also adopted the recent ap-
proach of Gulya´s, Fainstein, and Salin@30# who replaced the
hydrogenic final Coulomb function with numerical con-
tinuum wave functions obtained from the Hartree-Fock po-
tential. The advantage would be that the continuum functions
are orthogonal to the bound ones. However, the use of nu-
merical wave functions will make the evaluation of multiple
integrals in the momentum distributions more complicated
and the main features of the results are not expected to
change due to this improvement.

The independent electron model adopted here is basically
identical to what has been in use for treating single-electron
processes in collisions with multielectron targets~cf. @31#!.
The model is expected to be less applicable for collisions at
lower energies. For the dominant collision process this is
expected to be valid to the first order. The present model
adopts the same approximation, with the emphasis on the
momentum distribution of the collision products.

In this paper we also evaluatedTi f using the first Born
approximation@32#. Comparison between the CDW-EIS and
the first Born approximation is used to demonstrate the im-
portance of including the long-range projectile ion-target
electron interaction in the final state.

In the following we present detailed results for final-state
momentum distributions in the ionization of helium by pro-
tons and by some highly charged ions for which the mea-
surements have been done. In carrying out the CDW-EIS and
the first Born calculations, we used two different effective
chargesZT . The first isZT51.344, arising from the ioniza-
tion potential of the He atom (« i520.903 a.u.!. The second
is the variational chargeZT51.688. Magnitudes of the cross
sections obtained from the two effective charges generally
differ by no more than 20%. For clarity of the presentation,
we present results obtained withZT51.344.

A. Longitudinal recoil-ion momentum distributions

At intermediate to high collision energies, Do¨rner et al.
@6# measured the longitudinal recoil-ion momentum distribu-
tions in single ionization of He by fast protons. In Fig. 1, we
compare their measurements with the present CDW-EIS and
first Born calculations for ionization of He by protons at
0.25, 0.5, and 1 MeV. The overall agreement between the
calculations and measurements is excellent.

The longitudinal recoil-ion momentum distributions at the
three energies shown in Fig. 1 have similar shapes. Each
distribution shows a single peak centered aroundpRuu50.
Cross sections drop rapidly on both sides of the peak. It is

clear that the peak in the longitudinal recoil-ion momentum
distribution corresponds to the emission of low-energy elec-
trons. These so-called SE are most important in the total
ionization cross section. Results shown in Fig. 1 reflect the
importance of soft-electron emission from the perspective of
recoil-ion momentum distributions.

The peak position in the longitudinal recoil-ion momen-
tum distribution needs more detailed analysis. Since we have
identified the peak as being due to the emission of soft elec-
trons, we would expect the peak position atpRuu5pRuu

s

5u« i u/v, which corresponds to the extreme situation in Eq.
~3! where electrons are emitted with zero energies. If this
were true, we would expect that the peak position for ioniza-
tion of He by 0.25-, 0.5-, and 1-MeV protons would appear
at 0.29, 0.20, and 0.14 a.u., respectively. However, a careful
observation of Fig. 1 shows that the peak position in the
longitudinal recoil-ion momentum distribution is generally
shifted to a lower value ofpRuu . The distribution is thus

FIG. 1. Longitudinal recoil-ion momentum distribution for
single ionization of He by protons at~a! 0.25, ~b! 0.5, and~c! 1
MeV. Experimental data are from Do¨rner et al. @6#. Solid line:
present CDW-EIS calculation; dashed line: present first Born cal-
culation. Arrows indicate the positions ofpRuu

s and pRuu
min ~see text!.

~a! pRuu
s 50.29 a.u., pRuu

min521.30 a.u.; ~b! pRuu
s 50.20 a.u., pRuu

min

522.03 a.u.;~c! pRuu
s 50.14 a.u.,pRuu

min523.02 a.u..
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backward shifted. In fact, the momentum distributions at the
three collision energies are all peaked nearpRuu50. The en-
hancement of the longitudinal recoil-ion momentum distribu-
tion in the backward direction is due to the enhancement of
low-energy electrons emitted in the forward direction. The
enhancement of forward low-energy electrons is a well-
known phenomenon in electron spectroscopy and has been
studied in both theory and experiment@13,33#.

In Fig. 1, the peak position predicted by the CDW-EIS
theory is in excellent agreement with the experimental obser-
vation. We note that the simple first Born approximation also
predicted a backward shift in the longitudinal recoil-ion mo-
mentum distribution although the magnitude of the shift is
too small. This is not surprising. The first Born approxima-
tion is known to partially account for the enhancement of
electrons emitted in the forward direction@33#. With the in-
crease of projectile energy, the backward enhancement of the
longitudinal recoil-ion momentum distribution decreases and
the peak position moves topRuu

s . Also, the difference be-
tween the CDW-EIS and first Born approximations dimin-
ishes with increasing projectile velocity.

In Sec. II, we pointed out that there is a kinematic thresh-
old characterizing the electron capture into projectile con-
tinuum in the longitudinal recoil-ion momentum distribution.
In Fig. 1, we can identify the kinematic threshold according
to Eq. ~3!. At 0.25 MeV, we can see a clear threshold at
pRuu
min521.296 from the CDW-EIS calculation. The mea-

sured data below this value could be ascribed to background
noise and should be discarded. At higher energies, the cross
section near the threshold becomes much smaller. There is
not enough statistics in the data to indicate the threshold.
Since the ECC threshold is a pure kinematic effect, it cannot
depend on the projectile charge. In the same paper, Do¨rner
et al. @6# also reported measurement for ionization of He by
He21 ions at 0.25 MeV/amu. The threshold occurs at the
samepRuu as in the ionization by 0.25-MeV protons.

Dörneret al. reported calculations using the classical tra-
jectory Monte Carlo (nCTMC! method@6#. The peak posi-
tion for the longitudinal momentum distribution predicted by
the nCTMC is consistently shifted tosmaller pRuu as com-
pared with the experiment. In other words, thenCTMC pre-
dicted an even larger backward shift in the longitudinal mo-

mentum distributions than the CDW-EIS theory and the
experiment. Furthermore, the agreement betweennCTMC
and the experiment does not seem to improve as the projec-
tile energy is increased. In fact, thenCTMC shows the worst
agreement with the experiment at 1 MeV, which is the high-
est collision energy measured. In our calculations, the CDW-
EIS approaches the first Born approximation with increasing
projectile velocity. The agreement with the experiment is
also improved at higher energies. Our integrated total ioniza-
tion cross sections at the three collision energies are in good
agreement with those reported by Shah and Gilbody@37#.

Dörner et al. @6# also reported the longitudinal recoil-ion
momentum distributions at a given transverse recoil-ion mo-
mentum. We will discuss this measurement in Sec. III B.

B. Transverse recoil-ion momentum distributions

The transverse momentum distribution in ion-atom ion-
ization represents a delicate energy-momentum balance
among all collision particles@see Eq.~4!#. The measurement
of the transverse recoil-ion momentum distribution can probe
the impact parameter dependence of the collision process.
Previously, our understanding of transverse momentum bal-
ance was largely based on measurements of projectile angu-
lar distributions~cf. @25–28#!. Such measurements are un-
doubtedly quite difficult at high velocities. With recent
progress in recoil-ion momentum spectroscopy, it has be-
come possible to measure the transverse recoil-ion momen-
tum distribution.

In Fig. 2, we compare our calculations with the recent
measurement of Do¨rneret al. @6# for single ionization of He
by 0.5-MeV proton impact. The transverse recoil-ion mo-
mentum distribution is presented as a function of the ratio
between the transverse-recoil ion momentum (pR') and the
initial projectile momentum (p05MPv). There is a rela-
tively large difference between the theory and the measure-
ment at largepR' . This is expected because the standard
CDW-EIS formulation@9# does not include the internuclear
interaction between the projectile and the target nucleus. In
the previous calculations on the projectile angular distribu-
tion, it was shown that projectile-target internuclear interac-
tion makes an important contribution at large scattering

FIG. 2. Transverse recoil-ion momentum dis-
tribution for single ionization of He by protons at
0.5 MeV. Experimental data are from Do¨rner
et al. @6#. Solid line: present CDW-EIS calcula-
tion.
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angles@16,35,36#. The projectile-target internuclear interac-
tion accounts for projectile angular distributions beyond the
critical angleuP

c50.55 mrad representing the maximum scat-
tering angle for a proton being deflected by an electron at
rest in a binary projectile-electron collision. In the case of the
transverse recoil-ion momentum distribution, however, the
role of projectile-target internuclear interaction is less clear
because of the delicate momentum balance Eq.~4! among
the three particles in the final state. In Fig. 2, it does not
seem to be obvious to identify a region where the internu-
clear interaction is more important although discrepancies
between the present CDW-EIS theory and the measurement
increase with increasingpR' .

In Fig. 3, we compare the calculated longitudinal recoil-
ion momentum distributions for various transverse momenta
ranging frompR'50 to 7 a.u. with the measurement of Do¨r-
neret al. @6# for p1He ionization at 0.5 MeV. Our calcula-
tions show similar dependence on transverse momentum as
observed in the experiment. Cross sections decrease rapidly
with increasing transverse momentum. The observed mo-
mentum distributions are well described by the present
theory forpR' between 0 and 3 a.u. The agreement between
theory and experiment becomes worse with increasing
pR' , indicating again the increasing importance of the inter-
nuclear interaction. Experimental uncertainties also increase
with pR' . In Fig. 3, the ECC mechanism is shown in the
calculations as a finite value at the kinematic threshold
pRuu
min522.034 a.u. We point out that at the ECC, the trans-

verse recoil-ion momentumpWR' exactly balances off the
transverse projectile momentum transferhW since pW e'50.
The broadening in the momentum distribution shown by the
experimental results is also present in the theoretical calcu-
lations. It follows from the increasing importance of the fi-
nite value at threshold. Do¨rner et al. reported thenCTMC
calculations for their measurements@6#. ThenCTMC results
also show large discrepancy with experiment on the shape of
the longitudinal momentum distribution at largepR' . It
does, however, reproduce the single differential cross section
as a function of recoil transverse momenum quite well, since
it includes the internuclear interactions classically.

C. Electron momentum distribution

At high velocities, Do¨rner et al. @6# extracted the trans-
verse electron momentum distributionds/dpe' in single
ionization of He by 0.5-MeV protons from the doubly differ-
ential electron spectra measured by Rudd, Toburen, and
Stolterfoht @37#. In Fig. 4, both the CDW-EIS and the first
Born calculations agree with the data quite well since the
projectile energy is sufficiently high. It should be pointed out
that this distribution is calculated from the DDCS@see Eq.
~12!#, and therefore does not depend on the inclusion of the
internuclear interaction in the calculations. This is true since
the DDCS are obtained by integrating over the projectile
scattering angles. In the figure we can see there is a change
of slope atpe' /p0'0.531023. This is also related to the
critical scattering angleuP

c'0.55 mrad. In this limit case the
ejected electron carries out a transverse momentum
pe'5v. Beyond that point the projectile-electron binary col-
lision mechanism cannot contribute and the distribution de-
creases quickly.

At low to intermediate energies, Kravis@7# measured both
longitudinal and transverse electron momentum distributions
in single ionization of He by protons and C61 at projectile
velocities between 1 and 2 a.u. These measurements provide

FIG. 3. Longitudinal recoil-ion momentum distribution for
single ionization of He by 0.5-MeV protons for various transverse
recoil-ion momenta. Experimental data are from Do¨rner et al. @6#.
Solid line: present CDW-EIS calculation. Arrows indicate thepRuu

min

threshold at22.03 a.u.
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information on the momentum space distribution of the ion-
ized electrons in the presence of two Coulomb potentials.
Below we focus on the longitudinal electron momentum dis-
tribution.

In Fig. 5, we compare the CDW-EIS and the first Born
calculations for the longitudinal electron momentum distri-
butions ds/dpeuu in ionization of He by protons at
v52.39, 1.71, and 1.15 a.u.~or E5143, 73, and 33 keV!.
Though the Born approximation is not supposed to be valid
at such low energies, it is interesting to see how it does in
predicting the momentum distributions. For ionization of He
by protons, the CDW-EIS theory is shown to be able to give
accurate total cross sections@9,19# at energies as low as 30
keV. The present CDW-EIS calculations agree very well
with the measurements. Most importantly, the CDW-EIS
theory correctly predicts the peak position in the electron
momentum distribution at the three energies. The peak posi-
tion predicted by the first Born approximation is almost in-
dependent of the projectile velocity, indicating that it does
not include the final-state interactions. We should point out
that even the Born approximation does not give the peak
position atpeuu50. That would be the case only if the soft
electrons are emitted isotropically. This fact is also reflected
in the description of the longitudinal recoil-ion momentum
distribution where the first Born approximation resulted in a
backward shift~see Sec. III B!.

The contribution of the so-called ECC electrons is cen-
tered precisely atpeuu /v51 in Fig. 5 in the CDW-EIS cal-
culations. These electrons are ejected with the same velocity
as the projectile. They result in a ‘‘kink’’~change of slope!
in the momentum distribution atv. The ‘‘kink’’ in the theo-
retical calculations is quite clear atv52.39 and 1.71 a.u. At
v51.15 a.u., the projectile velocity is rather small and the
ECC electron contribution is mixed with that of the soft elec-
trons. Figure 5 shows that the parallel component of the elec-
tron momentum falls most likely between the projectile and
the target. This latter observation is more obvious at low
velocities~e.g.,v51.71 and 1.15 a.u.!. The reasonably good
agreement between the CDW-EIS and the measurement re-
garding the shape and location of the electron momentum
distribution shows that the CDW-EIS can provide a qualita-
tive description of the main features of three-body ionization
dynamics.

We now turn to the ionization of He by highly charged
ions at comparable velocities. In@7#, longitudinal electron
momentum distributions were measured for ionization of He
by C61 ions atv51.63, 1.38, and 1.16 a.u. This is the low-
energy region where the cross section for electron transfer is
larger than that of ionization by two orders of magnitude
@38,39#. The CDW-EIS model is not expected to work in this
energy region and for these collision systems since the effect
of charge transfer on the ionization is not explicitly included
in the perturbative treatment. Below the CDW-EIS model
was used to check how much the so-called ‘‘two-center’’
effect is reflected in such collision systems.

In Fig. 6, we show the CDW-EIS cross sections normal-
ized to the peaks of the measured distributions. The shapes
of the momentum distributions are only moderately repre-
sented by the CDW-EIS except at the highest velocity
v51.63. In all cases, the CDW-EIS tend to highlight the
importance of projectile center or the ECC mechanism while
the first Born theory predicts that most electrons should be
emitted around the target center. The three distributions
shown in Fig. 6 for ionization by C61 seem to have quite
different velocity dependences from the corresponding dis-
tributions for proton impact ionization. The ‘‘pulling’’ of
electrons towards the highly charged projectile may indicate
a strong post-collision effect. In the case of proton impact,
such effects are weaker because of the lower projectile
charge.

In a recent calculation for total ionization of He by C61

using the two-center close-coupling method, Wanget al.
@23# found that the projectile center plays an important role.
Within the same two-center basis set, projectile continuum
states become more important with increasing velocity. The
increasing importance of the projectile center was used to
explain the observed strong onset in the ionization cross sec-
tion observed by Wuet al. @38#. With decreasing velocity,
the target center will eventually become important. We must
keep in mind that this conclusion is obtained for low-energy
ionization by highly charged ions, where the ionization prob-
ability is extremely small. When compared with the close-
coupling calculation@23#, the CDW-EIS often overestimates
the total ionization cross section by about a factor of 2@in
Figs. 6~a! and 6~b!#. At the lowest collision velocity shown
in Fig. 6~c!, however, the CDW-EIS underestimates the total

FIG. 4. Transverse electron momentum distri-
bution for single ionization of He by protons at
0.5 MeV. Experimental data are from Rudd, To-
buren, and Stolterfoht@37# as quoted in Do¨rner
et al. @6#. Solid line: present CDW-EIS calcula-
tion. uP

c'0.55 mrad is the critical scattering
angle~see text!.
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cross section by about a factor of 2, reflecting the rapid
change of the total cross section at these low velocities.

Finally, we note that the discrepancy between the CDW-
EIS and the measurement on ionization of He by highly
charged ions is not because of the use of independent elec-
tron model for treating the two-electron target. As demon-
strated by Wanget al. @23# in their close-coupling calcula-
tions, the independent electron approximation works rather
well in predicting single ionization and single charge transfer
cross sections in the C611He collision system in the present
velocity region.

IV. CONCLUSIONS

In this paper we have formulated a quantum mechanical
theory for describing the momentum distributions in ion-
atom single ionization. Our formulation is quite general and
is independent of the collision model used for calculating the
transition matrix. The energy-momentum balance among the
three particles is used to extract a variety of differential cross

sections. The three prominent features in ion-atom ionization
process~i.e., soft electron emission, electron capture into the
projectile continuum, and projectile-electron binary colli-
sion! can all have signatures in the final-state momentum
distributions of the projectile, the electron, and the recoiling
ion. Collisions at both high and low velocities and by both
low and highly charged projectiles were considered in this
paper. The standard CDW-EIS theory was applied to calcu-
late the cross sections. This theory accounts for the long-
range interaction of the projectile and target Coulomb field.
As a comparison, the first Born approximation, which does
not take into account these refinements, was also applied.
The comparison between the CDW-EIS and the Born ap-
proximations shows the importance of two-center effects. In
general, the CDW-EIS theory is able to identify and describe
the main features of ionization dynamics. It gives both quali-
tative and quantitative descriptions for final-state momentum
distributions in the single ionization of He by protons at
intermediate to low energies.

FIG. 5. Longitudinal electron momentum distribution as func-
tion of peuu /v for ionization of He by protons at intermediate to low
velocity: ~a! v52.39 a.u.;~b! v51.71 a.u.; and~c! v51.15 a.u.
Experimental data are from Kraviset al. @7#. Solid line: present
CDW-EIS calculation; dashed line: present first Born calculation.

FIG. 6. Longitudinal electron momentum distribution as func-
tion of peuu /v for ionization of He by C61 highly charged ions at
low velocity: ~a! v51.63 a.u.;~b! v51.38 a.u.; and~c! v51.16 a.u.
Experimental data are from Kraviset al. @7#. Solid line, present
CDW-EIS calculation; dashed line, present first Born calculation
~FBA!. The calculations are normalized to experimental peak val-
ues.
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