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Abstract. Density matrices for the excited H(n =2 and 3) atoms produced in the electron
transfer collisions between protons and helium atoms have been calculated for impact
energies between 15 and 100 keV. The multichannel semiclassical impact parameter model
with straight-line trajectories and an expansion in travelling atomic orbitals was used. The
helium atom was approximated by a single electron moving in an effective potential. The
calculated density matrices, the electric dipole moment and the first moment of the electron
current density distribution are compared with recent experimental data of Ashburn et al.

1. Introduction

The excited states of hydrogen atoms formed by the electron capture process in
collisions of protons and helium atoms are coherently excited. The coherence, which
can be formally represented by the off-diagonal elements of the density matrix or in
terms of state multipoles, can be experimentally determined by detecting the polar-
ization and the angular distribution of the emitted photon in an external electric field
(Krotkov 1975, Eck 1973). Partial information of the coherence can also be obtained
by observing the quantum beats (Sellin et al 1973, DeSerio ¢t al 1988}, In a series of
recent papers, Jain et al (1987a b, 1988) calculated and analysed the density matrices
of the excited H{(n =2 and 3) states for p-He collisions at intermediate projectile
velocities (v=1-2 au). By adopting a model potential to describe the helium atom,
these authors solved the pseudo-one-electron collision problem using the semiclassical
impact parameter formulation where the time-dependent total electronic wavefunction
was expanded in terms of the travelling atomic orbitals placed on both centres. The
density matrices, as well as state multipoles, constructed from the calculated scattering
amplitudes were then compared with those derived previously from experiments
{Brower and Pipkin 1986, Havener ef al 1986). The predicted density matrices and the
state multipoles were found to be in gualitative agreement with the available experi-
mental data.

Recent improved measurements (after a careful determination of electric fields in
the collision region) for the same collision system have revealed quantitative discrepan-
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From the theoretical point of view, the discrepancy can be attributed to two major
assumptions adopted in these earlier calculations. (i) The use of the one-electron model
for the actual two-electron collision system. This model was ‘justified’ for the fast
collisions under study in that the passive electron does not affect the active electron
during the short period of time in which the transition takes place. (ii} The limitation
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of the size of the basis set used. In the 25-100 keV energy region, cross sections for
single ionization of the helium atom are quite large. In the presence of these large
channels, one is then interested in the elements of the density matrices for the small
channels of electron capture to the excited » =2 and n =3 manifolds of the hydrogen
atoms. Jain et al used a 19-state basis set comprising the ground state of the helium
atom, the n =1, 2 and 3 states on the hydrogen atom and a few pseudostates to represent

the ionization channels,
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proton-helium collisions over the 25-100 keV energy region have been re-examined
using the same one-electron model but with a considerably enlarged basis set. The
excitation channels neglected in the earlier calculation of Jain et al (1987a) along with
a more complete representation of the ionization channels have been included. While
computer codes for carrying out the full two-electron close-coupling calculations using
a two-centre atomic orbital expansion method do exist (Bransden ef af 1984, Fritsch
and Lin 1986, Shingal and Bransden 1989, Shingal et al 1989}, all the existing calcula-
tions have been limited to relatively small basis sets.

A brief overview of the theoretical method, the definition of several state multipoles
and the basis functions used in the calculation are given in section 2. The calculated
elements of the density matrix and the coherent parameters are compared with experi-
mental data in section 3. Finally, some conclusions are drawn in section 4.

2. Theoretical methods and state multipoles

A detaijled treatment of the theoretical method pertaining to the present investigation
has been given in Jain et al (1987a, b). The major differences and the relevant sections
are outlined here,

The two-electron proton-helium collision system was reduced to a quasi-one-
electron system where the active electron of the helium atom experienced an effective
potential presented by the helium nucleus and the passive electron. The effective
potential takes the form
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where z;,=2,=1.0, z; =0.4143 and a = 2.499.
The time-dependent Schrodinger equation

(Hy—i8/d0)¥ =0 (2)
was solved in the impact parameter formaiism The total wavefunction, ¥, of the
combined sysiem was expanded in aiomic orbitals placed on their respective ceiiiies:

\P=Z a,-¢>=-(rT)+Z_ a;h;(rp). (3)

! !

The atomic orbitals for the asymptotic hydrogen and the helium atoms were generated
by diagonalizing the respective Hamiltonian on a basis set consisting of Slater orbitals
(rP exp(—A;r)} for each angular momentum state. A basis set consisting of 64 states
comprising 6 s-type, 6 p-type and 6 d-type states on the helium target and 8 s-type, 7
p-type and 4 d-type states on the projectile was used. The energies and the constants
p: and A, for the Slater-type orbitals placed on the target and the projectile centre are
given in tables 1 and 2, respectively. We note that the present basis set is not capable
of reproducing the binary encounter peak in ionizing collisions due to the limitation
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Table 1. Eigenenergics and parameters of the Slater-type orbitals used to construct helium
eignstates.

i .2 A Eigenenergies (au)
0 0 1.6655 ~0.903
0 0.9425 —0.155
0 0.1531 —0.064
2 1.1425 —0.033
2 0.2314 0.082
3 0.5146 1.471
1 1 1.6655 —(.128
1 0.3995 —0.057
1 0.1631 —0.032
2 1.3995 0.011
2 0.3631 0.308
3 0.5631 1.979
2 2 1.6655 —0.055
2 0.3935 —-0.026
2 0.2631 0.241
3 1.3995 1.647

Table 2. Eigenenergies and parameters of the Slater-type orbitals used to construct hydrogen

eigenstates.
g2

) Pi A Eigenenergies (au}
0 0 1.0000 —{.500
0 0.5000 —0.125
0 03333 —0.055
H 3.50060 ~5.030
1 0.3333 0.007
2 .3333 0.123
2 0.8000 0.511
3 1.4000 2.875
1 1 1.0000 —0.125
1 0.5000 —0.055
1 0.3333 —0.031
1 0.2000 -0.014
2 0.3333 0.065
2 0.8000 0.312
3 1.4000 1.363
2 2 0.3333 —0.055
2 1.1000 —-0.01%
3 0.6000 0.096
3 0.8000 0.670
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on the maximum positive energy allowed for the outgoing electron. However, the total
ionization cross section is not sensitive to these high energy electrons. Furthermore,
the present results were found to be insensitive to increasing the basis set to 72 states
for test calculations. The plane-wave translational factors were included and the heavy
nuclei were assumed to follow a rectilinear trajectory. The scattering amplitudes, a,,,,
for the excitation of a particular nfm state of the hydrogen atom were obtained by
solving a set of first-order coupled differential equations for each impact parameter
{see, for example, Shingal 1988).

The passage of protons through a gas of helium atoms results in coherently excited
hydrogen atoms for a given degenerate manifold. These can be described by a pure state

\P-':Z anIm(bs tzw)(pnlm(r)- (4)

The integrated (over impact parameters) density matrix elements can be written in
terms of the scattering amplitudes

2 ol

lanlm,n‘l'm' = J' J anlm(b)af:'f'm'(b)b db. (5)
0 0

Here Im corresponds to a particular level. It is noted that the symmetry consideration

limits the number of independent elements. Furthermore, the density matrix contains

all the information regarding the collision events.

The diagonal elements of the density matrix are related to the cross section for
excitation of the particular state nlm. Direct interpretations of the off-diagonal elements
are more difficult. Instead of the density matrix itself, one can define state multipoles
which have classical interpretations (Blum 1981, Fano and Macek 1973). For the
coherence within a degenerate excited hydrogenic manifold, one of the state multipoles
{Burgdorfer 1983) which has the simple physical interpretation is the z component of
the dipole moment (or the first moment of the charge density). The average dipole
moment {D.) for the n =2 and n =3 manifold of the hydrogen atom is given by

{(D.),—2=6 Re(ﬁﬂo,m)/Tr(ﬁn=2) (6)
and
(D.)nes=6v6 Re(Booro+ V3 Broso+ V3 fir o)/ Tr(Boms). %)

It is noted that the sign of the dipole moment can be related with the position of the
electron with respect to the nucleus, namely a positive value implies that the captured
electron lags behind the proton.

The imaginary parts of the off-diagonal matrix elements can be related to the
expectation values of Lx A constructed from the angular momentum vector L and
the Runge-Lenz vector A. Classically this vector is proportional to the velocity of the
electron at the perihelion of the Kepler orbit. The average z component of the
symmetrized combination of the vector Lx A4 is

((Lx A), ) ==21m{poy10)/ Tr{pp =z} (8)
and
{((LxA), )= 4‘@ Im(ﬁoo,10+‘/§510.20+ V6 p11.21)/ Tr(pn=s) (%)

for the n =2 and n =3 degenerate manifold of the hydrogen atom, respectively.
For integral measurements where the scattering angles of the projectiles are not
determined, another coherence parameter that can be determined is the alignment
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parameter, Ay, For p states, it can be expressed in terms of the o and o, partial cross
sections for H(2p,) and H(2p,) excitation, respectively as

o, — 0y

(10)

A oyt 20,

In this paper, in addition to partial electron capture cross sections to individual
excited states, we obtain the density matrix, the dipole moment, the first-order moment
of the current density and the alignment parameter calculated from the present calcula-
tion. These results, obtained in a single calculation, are compared with existing
experiments.

3. Results and discussions

The calcuiated partial {(nl} and total cross sections for the production of hydrogen
atoms in collisions of protons with helium atoms do not differ significantly from the
early results of Jain et al (1987a,b), and are in good agreement with the available
experimental data. For brevity, these calculated cross sections are not reported here.
The results of theoretical calculations of Jain et al (1987a,b) have been compared
with the experimental data by Ashburn ef al (1990), These are also not displayed in
the present work.

3.1. Dipole moment and the first moment of the electron current density

The calculated averaged dipole moment (D.} and the averaged velocity vector {({L x A),)
for the excited n =2 hydrogen atom are displayed in figures 1(a} and (b). From (6),
{D.) measures the real part of the off-diagonal density matrix element between 2s and
2po. The calculated dipole moment is positive in the entire energy region under
consideration, indicating that the captured electron always falls behind the projectile
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Figure 1. {a) electric dipole moment {D.) for H™ + He( 15} » H{n = 2) + He*. Theory: X
present results. Experiment: B, Hippler (1990). (b) Present theoretical results for (L x A),).
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centre in the collision. The dipole moment attains a value of 1.54 au at 35 keV, which
is to be compared with the maximum allowed value of 3.0au for H{n=2). (The
maximum dipole moment is achieved when the excited hydrogen atom is placed in a
static electric field.) In figure 1{a), the measured low energy dipole moment (Hippler
1999) is also shown. Although the calculation does indicate decreasing dipole moments
with decreasing energies, in agreement with the experimental data, the theoretical
calculations below 30-40 keV should not be taken too seriously since the applicability
of the one-electron model at such low energies is questionable. Furthermore, a sig-
nificant influence of the two-electron processes cannot be excluded for the entire energy
range studied in the present work. The calculated expectation value of the velocity
vector (L x A),, as shown in figure 1(b), is positive for impact energies below 50 keV
and remains negative for higher energies. The lack of experimentai data for this quantity
for H(n =2} capture is noted.

The present calculated values of {D.) and ({L > 4).) for H(n = 3) states are compared
with the recent measured values of Ashburn et af (1990) in figures 2(a) and (b). The
comparison between earlier theoretical results of Jain er al (1987a, b} and the experi-
mental data has already been shown by Ashburn et @/ (1990). The dipole moment is
again positive throughout the energy region considered indicating that the captured
electron lags behind the proton. In contrast to the maximum theoretically ascribed
value of 7.5 au for the H{n =3) states, the maximum calculated dipole moment is
5.14 au. The calculated dipole moment is in qualitative agreement with the experimental
data. Quantitatively, it overestimates the measured values, especially at higher energies.
In contrast, a good agreement between the calculated and the measured values of the
velocity vector {(L x A}, is found.

3.2. Cross sections for capture to individual nlm states

The full density matrix for H(n =3}, normalized with respect to the diagonal 3s term,
has been deduced by the experimentalists (Cline e al 1991). In order to make a
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Figure 2. {a) Electric dipole moment {D,) for H*+ He(1s?) -+ H{n = 3) + He™. Theory:
, present results, Experiment: @, Ashburn er af (1990). (b) Averaged (L x A).}, symbols
as in (a).
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comparison between the calculated and the experimental elements of the density
matrices we first compare our calculated cross sections for capture to the 3s siate with
the experimental data of Ashburn et al (1990) and of Brower and Pipkin (1989} in
figure 3. Though agreement in general is good, yet the predicted values are lower than
the experimental data near the cross section maximum and lie between the two
experimental values at higher energies. One can expect similar errors to be reflected
in the normalized (to 3s) elements of the density matrices considered next. We further
note that the results for the 3d manifold should be taken with caution for the highest
energy considered, as some numerical inaccuracies in the calculation were observed.
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Figure 3. Electron capture cross section for H* + He{15*) > H(n = 3s)+ He*. Theory: ——,
present results. Experiment: B, Ashburn et af (1990); O, Brower and Pipkin (1989).

The present normalized 3p, and 3p, cross sections are compared with the experi-
mental data of Ashburn ef af (1990} and Brower and Pipkin (1989) in figures 4(a) and
{b) , respectively. For 3p,, the calculation agrees with both sets of data quite well,
One notes that capture to 3p, is much less than capture to 3s at energies above 30 keV.
The normalized 3p, cross section is in good agreement with experiments only at lower
energies. At higher impact energies the data from the two sets of experiments differ
significantly, by almost a factor of ten above 50 keV. Our results are closer to those of
Brower and Pipkin (1989). In figures 4(c)-(e), the predicted 3d,, 3d; and 3d, cross
sections (relative to 3s) are compared with the experimental data of Ashburn et al
{1990) and Brower and Pipkin {1989). A good agreement between the experimental
and the calculated d, and d; cross sections is found. In contrast, the calculated cross
section for the partial d, cross section is closer to the experimental result of Brower
and Pipkin ($989) which in turn is lower than the experimental data of Ashburn er al
(1990). It is noted that these cross sections are very small.

3.3. Off-diagonal density matrix elements

We next compare the calculated and the experimental (Ashburn et al 1990} normalized
off-diagonal density matrix elements in figures 5-8. For the real part of the sp, matrix
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Figure 5. (a) Real and (b) imaginary part of the off-diagonal element sp, (relative to 3s)
of the density matrix for H*+ He(1s*) > H(n = 3) + He". Theory: , present results.
Experiment: M, Ashburn er al (19%0).
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Figure 6. Same as figure 5 except for the sd, element.

element (figure 5(a)), the theoretical values are in good agreement with experimental
ones except at higher energies where the latter are smaller. For the imaginary part the
overall agreement is good over the entire range of energies (figure 5(b)). For the real
part of the sd, matrix element, both the theoretical and experimental results (figure
6(a)) show very little energy dependence over the energy region under consideration.
For the imaginary part, the experimental data show large scattering and the theoretical
results also display strong energy dependence (figure 6(b)). One may state that there
is no agreement at all for this matrix element between theory and experiment. The real
part of pedy, as shown in figure 7(a), shows that there is a general agreement between
the theory and the experiment except for lower energies. Even the imaginary component
(figure 7(b)) shows reasonable agreement between theory and experiment—unlike the
discrepancy observed in figure 6(b)} for the imaginary part of sdy. Finally, the real and
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imaginary components of the p,d, density matrix element, as shown in figures 8(a)
and (b), display surprisingly good agreement between the calculations and experiments
in spite of the smallness of the magnitude for each component.

3.4. The alignment parameter Az,

We next turn our attention to the integral alignment parameter A,, for electron capture
to 2p states in collisions of protons with helium atoms. Our calculated values and the
experimental results of Hippler er al (1986) and of Teubner et af (1970) are shown in
figure 9. The agreement between the calculated and the experimental values is reason-
able for projectile energies between 15 and 55keV. A test calculation was done at
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Figure 10. Integral alignment parameter Ay, for
H™ +He(l1s*)» H(3p) + He*. Theary: , present
results. Experiment (see text): M, Ashburn et af
(1990}, O, Brower and Pipkin (1989),

5 keV where the value of A,, was found to be positive, in agreement with the experiment,
indicating that the relative capture cross sections to 2p, and 2p, states can still be
calculated by the present one-electron model. At higher projectile energies, the theory
predicts a large negative value for A,,, indicating that the 2p, state is populated
predominantly, in contradiction to the small A, values from the experiment.

The integral alignment parameter A,, for electron capture to the 3p state has not
been measured directty. However, from the measured capture cross sections to 3p,
and 3p, states of Ashburn et al (1990) and of Brower and Pipkin (1989), one can
calculate the experimental values of A,,. The theoretical and experimental results are
shown in figure 10. Because of the large difference in the 3p, cross sections between
the two experiments, the derived A,, values are also quite different, with the theoretical
values lying in between the two experimental results.

For collisions at higher energies, it is generally expected that the multipole moments
constructed from each n-manifold scale simply with the principal quantum number #
(Burgdérfer 1986). For the alignment parameter A,,, the results for 2p and 3p states
are expected to be identical (or at least nearly identical) at the higher energies, say,
for energies greater than 60 keV. From figures 9 and 10, we note that the theoretical
results are indeed quite close to each other, but this does not mean that the theoretical
results are necessarily correct. The A, results of Brower and Pipkin (1990} for 3p are
closer to the those of Hippler et al (1986) for 2p, bui the data from the former show
large scattering among the few energy points measured. The values of Ay, for the 3p
state derived from the data of Ashburn et al (1990) are much more negative and
decrease toward —1.0 at higher energies. This data set for the 3p state is not expected
to coexist with the data of Hippler et al (1986) for the 2p state. Direct measurement
of the alignment parameter for electron capture to the 3p state (i.e. measurement of
the polarization of the Balmer-a radiation without an external electric field) is desirable.

ki ¥
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4. Conclusions

In summary, the density matrices for the production of excited n =2 and n = 3 hydrogen
atoms in the passage of protons through the helium atoms have been calculated for
15-100 keV impact energies. The independent-particle model in conjunction with the
multichannel semiclassical impact parameter approach and an expansion in travelling
atomic orbitals placed on each scattering centre was used to calculate the scattering
amplitudes. A basis set consisting of a large number of positive energy pseudostates
was used to account for the ionization channels in the collision.

The calculated elements of the density matrix, the dipole moment, and the first
moment of the electron current density for the n =3 manifold of the hydrogen atom
are compared with the recent measurements of Ashburn er al (1990). There is a general
agreement between the calculated and experimental results for most of the elements
of the density matrix over the energy range covered. However, there are still discrepan-
cies in a few elements. In particular, the cross sections for capture to the 3p, state
display large discrepancies among the experiments and with theory. This is further
reflected in the alignment parameter for the 3p state. It is suggested that a direct
measurement of the alignment parameter for electron capture to the 3p state be carried
out.

Experimental data exist for the H(n = 2) density matrices at low energies (<15 keV)
and for H(n =3) at higher energies (>30 keV). It is desirable that measurements for
both sets can cover the whole energy range from say, 2-100 keV. By comparing the
multipole moments between the two manifolds at the higher energies, one can further
check the consistency of the different sets of experiments. The present theoretical
model is not expected to work in general at lower energies, say, below 25 keV, where
a description based on the two-electron description of the collison is essential. Such
calculations can be carried out using the close-coupling method, with either molecular
or atomic orbitals. A reasonable size of basis functions is adequate since in the lower
energy region cross sections for single ionization are small. Experimental determination
of the whole density matrix for capture to the n=2 and n =13 excited states over a
wide energy range would provide the critical test needed to assess the various questions
still in existence in ion-atom collision theories, such as the electron translational factors
in the mo approaches, and the utility of united-atom orbitals in the Ao approaches.
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