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Abstract

In this contribution to celebrate ‘25 years of recollision physics’, we reﬂect on how the
quantitative rescattering (QRS) theory was developed during the 2007–9 period. A short
summary on how QRS was applied to different rescattering phenomena, including the probing of
target structure or the characterization of the driving laser pulse is then given. The success of the
QRS theory was built upon the recollision model proposed 25 years ago.
Keywords: strong ﬁeld physics, recollision physics, quantitative rescattering theory, high-energy
above-threshold ionization, high-order harmonic generation
(Some ﬁgures may appear in colour only in the online journal)
1. Introduction

or numerical results obtained from solving the TDSE, such as
the approximate cutoff energies in high-order harmonics or in
high-energy photoelectrons, but it does not offer a means to
make quantitative predictions. Thus the recollision theory was
incomplete.
We entered the strong ﬁeld physics late, around 2002. By
then most experiments on atomic targets are already quite well
understood, or at least they can be calculated by solving the
TDSE using a single active electron model (SAE). At the time,
ionization from a diatomic molecule was taken as the interference of the ionization amplitudes from the two atomic centers
[10]. This approach has some success, but tearing a molecule
into its atomistic components is not desirable. By considering
the well-established description that an electron in a molecule is
represented by a molecular orbital, in collaboration with XiaoMin Tong and Zengxiu Zhao, our ﬁrst paper in strong ﬁeld
physics was to extend the ADK theory of Ammosov et al [11]
for strong ﬁeld ionization of atoms to molecules. Since molecular orbitals are directional, the resulting MO-ADK theory [12]
provides a simple method to calculate the dependence of tunneling ionization rate on the alignment angle of a molecule with
respect to the polarization axis of the laser ﬁeld.
The MO-ADK theory demonstrates that alignmentdependent ionization rates of molecules are proportional to
the electron density distribution of the highest occupied

In this special issue of ‘25 years of recollision physics’, the
authors would like to reﬂect on the circuitous tour that lead us
to the quantitative rescattering (QRS) theory in 2009 when the
acronym was coined [1, 2]. Of course, by 2009, rescattering
theory has been in existence for more than ﬁfteen years. In
particular, in its simplest form, the three-step model—ionization, propagation and recollision, is the ‘standard model’ of
any talks on strong ﬁeld rescattering physics, in no difference
from the introduction of three generations of quarks and leptons in any high-energy physics seminars. The concept of the
three-step model, ﬁrst appeared in the early work of of Kuchiev
in 1987 [3], became generally received in the strong ﬁeld
community after 1993 following the seminal papers of Krause
et al [4] and Corkum [5]. The theoretical foundation of
rescattering was signiﬁcantly further advanced following the
semiclassical treatment of Lewenstein et al [6] in 1994, where
the rescattering model was ‘extracted’ from an approximate
solution of the time-dependent Schrödinger equation (TDSE).
This important paper demonstrated the connection between the
classical three-step model and the quantum theory of the strong
ﬁeld approximation (SFA), from the early work of Keldysh [7],
Faisal [8] and Reiss [9]. In the ensuing years, the rescattering
model was widely used to ‘interpret’ strong ﬁeld experiments
0953-4075/18/104001+15$33.00

1

© 2018 IOP Publishing Ltd Printed in the UK

J. Phys. B: At. Mol. Opt. Phys. 51 (2018) 104001

C D Lin et al

molecular orbital (HOMO) from which the electron was
removed. It turns out that measuring the alignment-dependent
ionization rate of a molecule is not trivial because a laser can
also align a molecule before ionization. The effect of the latter
is mitigated by using a very short laser pulse as shown in the
pioneering work of Alnaser et al [13].
This initial exercise leads us to recognize the need to
bring in theoretical tools developed in atomic and molecular
physics into strong ﬁeld physics, in particular, for molecules,
to take advantage of the various quantum chemistry codes
such as Gaussian and GAMESS to obtain HOMO wavefunctions in order to extract the structure parameters in the
MO-ADK theory. Subsequently, in 2005, Zhou et al [14, 15]
extended the high-harmonic generation theory of Lewenstein
et al [6] for atoms to molecular targets. Such a simple theory
was used to interpret the alignment-dependent HHG data for
N2 molecules from Itatani et al [16] and later for O2 and CO2
from Sakai et al (2005) [17, 18]. In the meanwhile, standard
tools in conventional atomic and molecular physics laboratories like COLTRIMS and VMI for measuring the energy
and momentum distributions of electrons and ions were
quickly becoming familiar components in most ultrafast
laboratories. Thus, in the ﬁrst decade of the 21st century, we
witnessed not only the ‘discovery’ of attosecond pulses
[19, 20], but also the renaissance of strong ﬁeld physics which
was to evolve into a powerful method for probing atoms and
molecules with temporal resolution of tens of femtoseconds.
For the latter to become practical, however, the theory has to
be able to provide means to extract target structure information from the strong ﬁeld experiments.

molecule. These electrons are then driven by the oscillating
laser ﬁeld and may return as an electron wave packet to
recollide with the parent ion. This sequence constitutes the
ﬁrst and second steps of the three-step model. In the third
step, depending on the nature of electron–ion collisions, it
leads to HATI, HHG, or NSDI phenomena. Even though
electron–ion collisions are rarely studied experimentally in
the laboratory, collisions between electrons with neutral
atoms or molecules have been extensively studied experimentally and theoretically in the past six decades. Electron
collisions are powerful tools for probing the structure of
single atoms or molecules. Thus one would expect that HATI,
HHG, and NSDI spectra contain structure information of the
target atom or molecule. On the other hand, it is crucial to
point out one important distinction: HATI, HHG, and NSDI
are electron–ion collisions occurring in the presence of the
laser ﬁeld. In the three-step model, it does not address how
the presence of the laser ﬁeld would modify the conventional
ﬁeld-free electron–ion collisions. It is often generally expected that laser ﬁeld would modify ﬁeld-free electron–ion collisions but the question left unanswered for more than a
decade.
To compare a strong ﬁeld ionization theory directly with
experiment is difﬁcult since the laser parameters in a focused
laser beam are generally not precisely determined. However,
for a one-electron atom or a many-electron atom modeled in
the SAE model, accurate solution of the TDSE is possible.
Such TDSE results can be used as ‘experimental data’ to
calibrate simple models such as the rescattering model. Once
the time-dependent wavefunction is available, the HATI and
HHG spectra can be easily calculated. In fact, such a TDSE
solver was already available by early 1990s. Clearly NSDI
cannot be calculated within the SAE model. For the time
being, we will not consider NSDI.
Since the three-step model has been identiﬁed as the
main mechanism of the rescattering phenomena and its main
features can be calculated from the SFA2 theory (or the
Lewenstein model), it is tempting to build an improved
theoretical model that can ‘repair’ the inherent errors within
the SFA2. This was the route that we took to develop the QRS
theory.
To simplify the discussion below, we ﬁrst write down the
well-known equation for SFA1 for describing the emission of
direct electrons by the intense laser, and SFA2 for the mission
for HATI electrons. The SFA2 can also be written down for the
HHG processes if the recollision is replaced by recombination.
The probability amplitude for obtaining photoelectron
with ﬁnal momentum k within the SFA1 is

2. Basic theoretical tools in strong ﬁeld physics
Since the early days, one of the main quantum mechanical
frameworks for studying strong ﬁeld physics is the strong
ﬁeld perturbation expansion method. The ﬁrst-order term of
the expansion has been called the SFA. It will be called SFA1
in this article to distinguish it from the next order, which is to
be called the SFA2. The SFA1, which is closely related to the
KFR theory, describes direct ionized electrons that emerge
with energy up to 2Up, where Up is the ponderomotive (or
quiver) energy of a free electron over one optical laser cycle.
The SFA2 is responsible for the rescattered electrons, in
particular, for electrons with kinetic energy beyond about 4Up
to about 10Up . These high-energy above-threshold-ionization
(HATI) electrons are from laser-driven returning electrons
that have been rescattered by the parent ion into the backward
direction. The SFA2 term is also responsible for high-order
harmonic generation (HHG) where the returning electrons
recombine with the ion with the excess energy emitted as
high-energy photons. Another rescattering phenomenon is the
nonsequential double ionization (NSDI) where the returning
electron knocks out another electron from the ion at recollision to result in doubly charged ions with the release of two
free electrons.
In all three rescattering phenomena, the returning electrons come from the initial ionization of a neutral atom or

A1 (k) = - i

¥

ò-¥ dt áck (t )∣Hi (t )∣ Y0(t )ñ

(1 )

and for SFA2 is
A2 (k) = -

¥

ò-¥ dt òt

¥

dt ¢

ò dpáck (t ¢)∣V ∣ cp (t ¢)ñ

´ á cp (t )∣ Hi (t )∣ Y0(t )ñ.

(2 )

In the above, Ψ0 and χk are the ground state and Volkov state
wavefunction, respectively. Hi=r·E(t) is the laserʼs
2
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interaction with an atom or molecule in the length gauge, with
E being the laserʼs electric ﬁeld. V is the ‘effective’ electronparent ion potential.
For HHG, the time-dependent laser-induced dipole in the
SFA2 model is written as
D (t ) = - i

magnitude of the transition dipole of a molecule can be
expressed as
∣ d(k , q )∣ = N (q )-1∣ dref (k )∣

t

(3 )

Here d (p) = áp∣r∣Y0ñ is the dipole transition matrix element
between the bound state and a continuum state, and S is the
action. We note that the induced dipole in the frequency
domain would have an additional integration over the
‘recombination’ time t. This would bring the ﬁnal equation
for HHG in close resemblance to equation (2) for HATI.

d(w , q ) = (2p )-3

2

ò drY0(r; q) r exp [ik (w) x].

(6 )

In equation (6), Ψ0 is the ground state wavefunction and
exp [ik (w ) x ] is a plane wave representing the wavefunction of
the continuum electron. To get better results, the kinetic
energy of the electron was taken as k2/2=ÿω in Itatani et al.
This last expression clearly violates Einsteinʼs relation for
photoelectric effect: k 2 2 = w - Ip , with Ip being the
ionization energy of the ground state orbital. In equation (6)
the continuum electron is represented by a plane wave. Based
on equation (6) and a similar expression for polarization along
the y-direction, a two-dimensional Fourier transform was then
used to extract the ground state wavefunction Ψ0(x, y).
The tomographic imaging method of extracting the
ground state molecular orbital by Itatani et al [16] has created
a great deal of excitement in the strong ﬁeld community, but it
also has drawn a lot of skepticism from the atomic and
molecular physics community. The wavefunction of a molecular orbital is a mathematical construct in quantum
mechanics and in principle is not measurable. Besides, the
ground state alone does not give information about the
spectroscopy nor the interatomic separation of the molecule.
In Le et al [23], the limitations of the tomographic imaging
method were discussed. It is clear that the use of equations (5)
and (6) is equivalent to the calculation of HHG spectra using
the SFA2 (Lewenstein) model. Such a simple model is known
to be unable to describe the HHG spectra of atoms already.

3. The QRS model
3.1. The pre-QRS period

Before 2008 there have already been quite a number of
experimental and theoretical papers on HATI and HHG
spectra. For example, in 1993 Yang et al [21] studied the
angular distributions of high-energy photoelectrons on Xe and
Kr atoms using 50 ps, 1.05 μm lasers. It was observed that
strong peaks appeared at large angles near 45◦ off the
polarization axis in Xe, but not in Kr. These strong peaks
were interpreted as due to large-angle back-rescattering of the
returning electrons by the ionic core. In 2004, Spanner et al
[22] theoretically addressed ‘Reading diffraction images in
strong ﬁeld ionization of diatomic molecules’. Using photoelectron angular distributions calculated from solving the
TDSE for H+
2 molecular ions, they analyzed the procedures
that would allow them to recover the undistorted diffraction
image from the laser generated electron spectra. The method
was too complicated and it was not put in actual application to
experimental data.
On the HHG front, harmonic spectra generated from
aligned N2 molecules were reported in Itatani et al in 2004 in
Nature [16] under the title ‘Tomographic imaging of molecular orbitals’. In the experiment, N2 molecules are partially
aligned and HHG spectra are measured as a function of the
alignment angle of the molecules with respect to the laser
polarization direction. The authors assumed that the harmonic
spectra polarized along the x-direction can be expressed as
S (w , q ) = N (q )2 w 4 ∣ a [k (w )] d(w , q )∣2 .

(5 )

In the experiment, the reference atom is Ar, which has
nearly the same binding energy as N2. The expression (4) was
an ansatz based on the three-step model. In Itatani et al [16]
the photo-recombination transition dipole (PRTD) moment in
the length gauge is written as

ò-¥ dt ¢ ò dp d*(p + A(t )) E(t ¢)

· d(p + A (t ¢)) e-iS (p, t , t ¢) + c.c.

S (w , q ) Sref (w ) .

3.2. Extracting returning electron wave packet from SFA2 and
from TDSE for HATI electrons

In conventional atomic and molecular physics, photoelectron
angular distributions are often measured for the study of the
structure of atoms and molecules. For multiphoton ionization
of atoms by linearly polarized lasers, the ATI electrons are
strongly peaked along the polarization axis with the increase
of the number of photons absorbed. For rare gas atoms,
results from TDSE calculations have shown that at low
energies the momentum distributions exhibit fan-like structure [24] and a semi-empirical scaling law for the number of
nodes in the angular distributions has been identiﬁed [25].
The existence of scaling means that there is little target
structure information contained in the low-energy electron
spectra. This is in strong contrast to one-photon ionization
where photoelectron angular distributions are very different
for different targets.
In 2007, we began to study two-dimensional high-energy
ATI photoelectron momentum distributions using the SFA2

(4 )

Here N(θ) is the ionization amplitude, a[k(ω)] is the returning
electron wave packet, d(ω, θ) is the dipole transition amplitude between the HOMO and the continuum state, ω is the
energy of the emitted photon, and θ is the angle between the
laser polarization and the molecular axis.
Under the assumption that the returning electron wave
packet is not sensitive to the target, the wave packet can be
factored out when the molecular harmonic spectra are compared to the harmonic spectra of a reference atom. Thus the
3
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It is related to the momentum of the photoelectron in the
laboratory frame by equation (7).
To support that photoelectrons along each ring satisfying
equation (7) can indeed be interpreted as due to elastic collision of the returning electron with a momentum pr, it is
imperative to demonstrate that the photoelectron distributions
along the semi-circle can be expressed as
I ( p , q ) = W ( pr ) s ( pr , qr ) ,

(8 )

where the momentum and angle in the two frames are related
by equation (7). Note that the right-hand side of equation (8)
is the standard expression for deﬁning the differential cross
sections (DCS) for the collision of an electron with an atomic
ion without the presence of the laser. This is a very strong
statement of the third step of the three-step model: the DCS in
equation (8) is the ﬁeld-free DCS. Both W(pr) and σ(pr, θr)
can only be extracted from equation (8) in the region of {p, θ}
where equation (8) holds.
Mathematically it is always possible to deﬁne
I ( p , q ) = W ( pr , qr ) s ( pr , qr ).

To establish that equation (8) is not limited to SFA2, we need
to verify that it also holds for solutions obtained from the
TDSE. For this purpose, we obtain I(p, θ) from solving the
TDSE equation. To obtain σ(pr, θr), we solve the standard
(laser-free) time-independent Schrödinger equation for electron–parent ion scattering. Within the SAE picture, the same
model potential is used in both TDSE and scattering calculations. From these calculations, the ratio W(pr, θr)=I(p, θ)/
σ(pr, θr) is obtained. If the resulting W(pr, θr) is independent
of θr, then we can write W(pr, θr)=W(pr) such that W(pr)
behaves like a beam of incident electrons with momentum pr.
For convenience, W(pr) is called the returning electron wave
packet. Note that there are different concepts of electron wave
packet used in the literature which might bear no resemblance
to the concept of the wave packet used in the QRS model.
Within the QRS, the returning electron wave packet is deﬁned
as if it is prepared at the asymptotic distance from the target.
To get Ar in equation (7), classical equation of motion of a
free electron in an oscillatory laser ﬁeld is solved to ﬁnd the
returning electron with momentum pr at the time tr when it
reaches the ion core. Here Ar in equation (7) is the vector
potential at the time of recollision. Even though in general there
are two return times for the electron to return with the same pr,
it is safe to just use the return time for the long-trajectory
electrons. These are electrons born at the time when the electric
ﬁeld is large and thus have much higher ionization probability.
In addition, for HATI electrons, pr is large where the vector
potential for the long and short trajectory electrons differ only
slightly. The wave packet W(pr) obtained this way is called
Wtdse(pr). If I(p, θ) is calculated from the SFA2, then σ(pr, θr) is
the DCS calculated in the Born approximation. The wave
packet obtained from the similar ratio will be called Wsfa(pr).
Figure 1(b) shows the typical W(pr, θr) calculated from
the SFA2. Indeed it exhibits no dependence on θr, thus the
validity of equation (8) is established for the SFA2 theory,
indirectly verifying the validity of the three-step model.
However, equation (8) should also be checked against real

Figure 1. (a) Two-dimensional photoelectron momentum distribu-

tions parallel (denoted as pz) and perpendicular (py) to the laser
polarization axis for atomic hydrogen ionized by a few-cycle,
800 nm laser pulse obtained using SFA2 theory. (b) The wave
packets of the returning electrons are shown to be independent of the
direction of the photoelectrons, i.e., the scattering angles. This
condition has to be satisﬁed if the recollision model is correct.
Reprinted ﬁgure with permission from [26]. Copyright (2007) by the
American Physical Society.

model and solving the TDSE [26]. Since the yields of HATI
electrons are very small compared to direct electrons at lower
energies, we ﬁrst investigated the normalized momentum
spectra, i.e., the total integrated angular distributions at each
photoelectron energy is renormalized to one. A typical result
of this representation from SFA2 is shown in ﬁgure 1(a). At
large momenta, a semi-circle on each side along the laser
polarization axis is clearly visible. The center of the semicircle is shifted from the origin of the momentum spectra
along the polarization axis. The electrons along each semicircle are readily understood as resulting from the elastic
scattering of an electron by the ion core and the shift of the
center is due to the additional momentum gained by the
electron as it emerges from the laser ﬁeld. The momentum
gain is given by the vector potential of the laser ﬁeld at the
time of recollision, i.e.,
p = - Ar + pr .

(9 )

(7 )

This transformation is similar to a two-body collision
seen in the laboratory frame versus in the center-of-mass
frame, with −Ar being the ‘velocity’ of the center of mass
with respect to the laboratory frame. To describe a two-body
collision, the scattering is better formulated in the center-ofmass frame even though the measurement is performed in the
laboratory frame. Thus to understand recollision dynamics in
a strong laser ﬁeld, the electron momentum to consider is pr.
4
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Figure 2. Electron wave packets extracted from TDSE (upper frames) and from SFA2 (lower frames) for single ionization of H, Ar, and Xe in
an eight-cycle pulse at peak intensity of 1.0×1014 W cm−2. Left panels (right panels) show the left-side (right-side) wave packet with
photoelectron momentum kz<0 (kz<0), respectively. These ﬁgures show that the wave packets are relatively independent of the targets but
strongly dependent of the lasers. The slight shifts of the wave packets among the targets in the TDSE results illustrate the shift of the electron
momentum distributions due to the residual electron–ion interaction. Such small shifts are ignored in the QRS theory. Reprinted ﬁgure with
permission from [1]. Copyright (2009) by the American Physical Society.

I(p, θ) obtained from TDSE against real ﬁeld-free DCS σ(pr,
θr) for each strong laser ﬁeld. For atoms under the SAE model
both calculations can be readily accurately calculated. Following the same procedure, the Wtdse(pr) can also be shown to
be independent of θr. Moreover, it has the same pr dependence as the one extracted from the SFA2, except for a small
shift along the pr axis. Figure 2 compares the W(pr) extracted
from TDSE and from SFA2 for three targets, H, Ar and Xe,
under the same laser pulse. Except for an overall normalization due to the incorrect ionization rate of the SFA theory,
the wave packets from SFA2 and from TDSE for each target
look very similar. There is a very small overall shift in the
momentum distribution. Such a shift is due to the electron–
ion core potential in the TDSE calculation that is neglected in
the SFA2 model. Within TDSE, the extracted wave packets
for the different targets also differ somewhat since the core
potentials are different. The differences in the SFA2 may be
attributed to the different ionization potential. For practical
purpose, such small shift is not signiﬁcant compared to other
uncertainty in the experiment and is neglected in the simple
QRS theory.
It is prudent to emphasize once again that the wave
packets W(pr) and ﬁeld-free DCS σ(pr, θr) are extracted
quantities in reference to the laser frame. In particular, W(pr)
is not a wave packet that can be directly measured experimentally. For each pr, W(pr) is the weight of the scattering
wave (sw) which has an asymptotic momentum pr in the

direction of the returning electron, since σ(pr, θr) is deﬁned
with respect to the same sw. This clariﬁcation is essential in
order to identify σ(pr, θr) as the ﬁeld-free DCS. Note that the
W(pr) is given in the momentum space. To know the wave
packet in the coordinate space, the phase of the returning
electron wave packet has to be determined. Such information
is not available in the photoelectron spectra. Experiments
claiming the measurement of the returning electron wave
packets are inconsistent with the QRS model.
3.3. Retrieving laser-free DCS from two-dimensional HATI
electron momentum spectra

Returning to equation (8) again, it says that for a ﬁxed pr, one
can extract the DCS, σ(pr, θr), from the photoelectron
momentum spectra for a range of θr. Since equation (8) is
consistent with the recollision model, one would not use small
θr angles where the 2D momentum spectra are contaminated
by direct electrons. Without knowing W(pr) for a given pr,
one can extract the relative angular dependence, i.e., the DCS,
for ﬁeld-free electron–ion collision directly. The extracted
DCS should be identical to the DCS for ﬁeld-free electron–
ion collisions, which can be measured in the laboratory, or
from solving the time-independent Schrödinger equation.
Indeed equation (8) is an extremely strong statement on the
validity of the recollision model. It also states that the
extracted DCS is independent of the lasers.
5
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Figure 3. Angular distributions of photoelectrons for returning electrons that has the maximal kinetic energy of 3.2Up for H, Ar, Ne, and Xe.
Shown are the electron–ion elastic scattering DCS extracted from the HATI momentum spectra (red lines) as compared to DCS obtained
from electron–ion collisions at the same kinetic energy. The good agreement demonstrates that equation (8) can be used to extract ﬁeld-free
elastic electron–ion collision DCS from the HATI momentum spectra. Reprinted ﬁgure with permission from [27]. Copyright (2008) by the
American Physical Society.

In ﬁgure 3 we compare the DCSs of H, and of Ne, Ar,
and Xe atoms under the SAE model. They are extracted from
the HATI momentum spectra calculated by solving the TDSE
of these atoms in a 5 fs, 800 nm laser pulse at an intensity of
1.0×1014 W cm−2. The θr range where the two DCSs are in
good agreement extends from about 120°–180°, conﬁrming
that equation (8) is valid for backscattered angles. The angular
range can be extended to smaller angles if longer wavelength
lasers are used. These results established that structure
information of the target under laser-free conditions can be
retrieved from laser generated two-dimensional high-energy
ATI electron momentum spectra. We checked this as a general statement and many additional tests have been made on
TDSE results. As a side remark, in our initial test, we found
discrepancy in Ne. We were conﬁdent enough to attribute that
the discrepancy comes from the lack of convergence in the
TDSE calculation instead of the failure of equation (8). Once
more accurate TDSE calculations were carried out,
equation (8) is conﬁrmed for Ne as well.
Equation (8) shows that the normalized retrieved ﬁeldfree DCS depends only on the value of pr, and not on the
details of the laser pulses used, including laserʼs intensity,
wavelength, pulse duration and carrier-envelope phase (CEP),
so long that pr is within the rescattering region and below the
cutoff energy. This has been tested on many simulations for
atoms. Such independence is important if the DCS extracted
indeed is to be independent of the applied lasers. Thus in
equation (8), the wave packet W(pr) contains all the information about the lasers. The target dependence enters only in
the total electron ﬂux through the initial ionization rate. In

other words, the shape of W(pr) is largely independent of the
target.
The separability of equation (8) states that the 2D
momentum distributions of HATI electrons can be written as
a product of two terms, one term is mostly (except normalization factor) determined by the laser, and the other depends
entirely on the target (except the pr should be such that its
kinetic energy is below 3.2Up). Another salient feature of
equation (8) is that the shape of W(pr) obtained from TDSE
and from SFA2 differs mostly only in the overall normalization. Thus in the QRS model the HATI momentum spectra
in the rescattering region can be rewritten as
Iqrs ( p , q ) ~ Wsfa ( pr , qr ) ssw ( pr , qr ) ,

(10)

where the normalization factor can be ﬁxed by multiplying
the ratio of the ionization probability obtained from ADK or
from the PPT theory [28] with respect to the one calculated
from the SFA1. Equation (10) has the form of the three-step
model where Wsfa(pr) includes the ﬁrst and second steps of
ionization and propagation, and the third step is the elastic
scattering DCS σsw(pr, θr) between electron and the ion calculated using accurate sw. Equation (10) is based on the
rescattering model. It is in a form that can be used to calculate
HATI momentum spectra. Since I(p, θ) thus calculated is at a
level close to the TDSE solutions, we called equation (10) the
QRS theory in Chen et al [1], to emphasize its distinction
from the conventional three-step model, or the rescattering
model, that does not offer quantitative predictions. In QRS,
the DCS is to be calculated using the correct continuum sw.
Such DCS calculations have been carried out in conventional
6
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Figure 4. (a) Comparison of electron wave packet extracted from the HHG spectra of Ne and scaled H generated by a 5 fs laser pulse. (b)–(d)

Extracted photo-recombination cross sections from the HHG of Ne, Ar and Xe using different laser pulses. These results demonstrate that the
wave packets do not depend signiﬁcantly on the target, and that photo-recombination cross sections of the target are independent of the lasers
used. These results demonstrate that ﬁeld-free photoionization cross sections can be extracted from HHG spectra of each atom. Reprinted
ﬁgure with permission from [27]. Copyright (2008) by the American Physical Society.

atomic and molecular physics. In more advanced theories,
many-electron correlation effects are often included in such
DCS calculations. Within the QRS model, many-electron
correlation effect can be directly included by using the DCS
obtained from such many-body theories.
The separable form of equation (10) makes the QRS
model a powerful tool for calculating the elementary 2D
momentum spectra of HATI electrons. Since the DCS is
independent of laser, it only has to be calculated once for a
range of the returning electron energies below the maximal
3.2Up cutoff. Since the SFA2 calculations and the DCS in the
Born approximation can all be calculated in a few seconds
only, equation (10) can be performed over hundreds of laser
intensities easily with small increment of intensity in each
step, thus making it rather simple to account for volume
integration in QRS-based calculations.

a focused laser beam from each atom are added up coherently
in the gas medium, equation (8) is generalized to the complex
transition amplitudes
D (w ) = a (w ) d (w ) ,

(11)

where D(ω) is the complex dipole moment of the laserinduced harmonic, a(ω) is the complex wave packet of the
returning electron with kinetic energy k 2 2 = w - Ip where
Ip is the ionization energy, and d(ω) is the one-photon
transition dipole matrix element under the ﬁeld-free condition
from the ground state to the continuum state. Since the cutoff
energy of the harmonics is given by 3.2Up + Ip , we check the
validity of the HHG spectra of two model atoms, one is a Ne
atom under the SAE model and another is a scaled hydrogenic
atom with an effective charge chosen such that the two targets
have identical Ip. For simplicity, we just show the magnitude
(modulus square of each quantity) of the electron wave packet
and the PRTD that can be extracted from the harmonic spectra
obtained by solving the TDSE equation.
Figure 4(a) [27] shows that the normalized electron wave
packets obtained from the two targets under the same laser
pulses are in good agreement, conﬁrming that the electron

3.4. QRS theory for HHG

Once the QRS model is established for HATI electrons, it is
straightforward to follow the same procedure to generalize it
to the HHG process. Since high-order harmonics generated by
7
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wave packets are the properties of the laser. In this example,
the electron was ionized from the 1s orbital in the scaled
hydrogen atom while for the model neon, it is ionized from
the 2p orbital. Thus it demonstrates that the returning electron
wave packet in the QRS model does not depend on the orbital
symmetry of the ground state wavefunction. In ﬁgures 4(b)–
(d), the photo-recombination cross sections for Ne, Ar, and
Xe extracted from the HHG spectra are shown to be independent of the wavelength and intensity of the lasers used and
they agree with the ﬁeld-free photo-recombination cross
sections. In fact, the phase of the atomic transition dipole d(ω)
has also been extracted and shown in [29]. These calculations
essentially established the correctness of equation (11) for
atomic targets.
The validity of equation (11) for HHG extracted from
TDSE and from the SFA2 allows one to calculate HHG
spectral amplitudes of atoms within the SAE model from
DQRS (w ) = a SFA (w ) d (w ).

theory where plane waves can be used to describe a continuum electron from a target with short-range potential. In
fact, QRS was employed to calculate strong ﬁeld photodetachment of negative ions in Zhou et al [35]. We note a
quite recent work [36], in which the inclusion of the Coulomb
tail was discussed.
Within the QRS approach, the separable approximation
can be readily derived from the quantum orbits theory. The
derivation below was ﬁrst reported in [37]. We summarize it
here as it would also give reader a glimpse of the semiclassical formulation of the classical three-step model for
rescattering.
Starting with the standard Lewenstein (SFA2) model, the
x-component of the induced dipole for harmonic generation
by a linearly polarized laser can be expressed as
⎛ - 2 p i ⎞3 2
⎟
dt ¢ ⎜
dx*( ps + A (t ))
⎝ t - t ¢ - i ⎠
-¥
´ dx ( ps + A (t ¢)) E (t ¢) e-iS ( ps , t , t ¢) + c.c .,

Dx (t ) = - i

(12)

Here aSFA(ω) can be obtained from solving the SFA2 for
HHG (the Lewenstein model), or by solving TDSE for
another companion atom, say the scaled hydrogen atom.
Since the electron wave packet is made of single ionization
from a many-electron atom, the many-electron effect is
expected to be small. On the other hand, many-electron
effects, such as intershell coupling, existence of resonances,
are known to become important in some spectral region for
some atoms. Such effects can be directly incorporated by
using the PRTD d(ω) calculated from many-electron photoionization theory. For example, HHG from Xe atoms generated by 1825 nm lasers [30] have been obtained using
transition dipole moment calculated from random phase
approximation. Theoretically, many-body single-photon
ionization theory is much simpler than the direct solution of
the many-electron TDSE equations. In this respect, the HHG
spectra can be used as a method of obtaining the broadband
photoionization cross sections for probing the structure of the
target. Conventional photoionization experiments are normally carried out with nearly monochromatic lights from
synchrotron facilities. Such measurements provide high
resolution spectra but only over a narrow energy regime.

ò

t

(13)

where dx ( p ) = á pex∣x∣gñ is the transition dipole moment, E is
the electric ﬁeld of the laser, S is the action, and the
momentum ps within the saddle point approximation is given
by
ps = -

1
t - t¢

t

òt ¢

A (t ¢¢) dt ¢¢.

(14)

Equation (13) can be obtained from equation (3) after
integrating over the intermediate continuum states using the
saddle point approximation. The Fourier transform of Dx(t)
can be written as
Dx (w ) =

¥

ò-¥ Dx (t ) eiwt dt,

(15)

where
Dx (w ) = - i

¥

t

⎛

- 2p i

⎞3

ò-¥ dt ò-¥ dt ¢⎝ t - t ¢ - i ⎠
⎜

2

⎟

´ dx*( ps + A (t )) dx ( ps + A (t ¢)) E (t ¢) e-iQ( ps , t , t ¢).

(16)

In the above equation,
Q ( ps , t , t ¢) = S ( ps , t , t ¢) - wt ,
S ( ps , t , t ¢) =

3.5. Analytical derivation of the separability of harmonic
emission using quantum orbits theory

t

òt ¢

⎛1
⎞
dt ¢¢ ⎜ [ ps + A (t ¢¢)]2 + Ip⎟.
⎝2
⎠

(17)
(18)

In the so-called quantum orbits theory, one applies the
saddle point approximation to the two integrals over time.
Assuming relative smoothness of the transition dipole as
compared to the fast variation of the phase Θ, the saddle
points satisfy ∂Θ/∂t′=0 and ∂Θ/∂t=0, which lead to

The separability in equations (8) and (11) was postulated
based on the rescattering model and then calibrated based on
numerical results from solving the TDSE for HATI electrons
and for HHG spectra for SAE model atom. Around 2008 such
TDSE calculations were already quite common and highly
accurate for atoms. Looking back, the modulus square of
equation (11), in the form of equation (4), has already been
used by Itatani et al [16]. After Morishita et al [27], there are
other publications [31–34], which derived similar separable
approximations like equations (8) and (11), for one-electron
model atom where the electron sees a short-range potential, as
for the case of a negative ion. While the details are different,
all of such models are somewhat equivalent to the SFA2

1
[ ps + A (t ¢)]2 = - Ip
2

(19)

and
1
[ ps + A (t )]2 = w - Ip,
(20)
2
respectively. The saddle points ts and ts¢ are referred to as the
recombination and ionization times, respectively. The saddle
point approximation to equation (16) is then written as
8
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´ dx*( ps + A (ts)) dx ( ps + A (ts¢)) E (ts¢) e-iQ( ps , ts, ts¢).

(21)

This equation expresses that the induced dipole is the
sum of transitions due to separate individual trajectories
(labeled by s). Taking into account the explicit forms of
equations (19) and (20), the above equation can be further
simpliﬁed to
Dx (w ) = dx*( 2 (w - Ip) ) dx (i 2Ip )
´å
s

3 2
2pe¢s es ⎛ - 2p i ⎞
⎜
⎟ E (ts¢) e-iQ( ps , ts, ts¢)
det (S ¢¢) ⎝ ts - ts¢ ⎠

º dx*( 2 (w - Ip) ) w (w ).

Figure 5. (a) and (b) 2D momentum spectra in xy plane from H and

Ne(2p−), respectively. The dashed white circular arcs denote the region
where electron yields are extracted in ﬁgure 6, for ks=1.22 a.u. Note
that the color is in logarithmic scale. Reprinted ﬁgure with permission
from [50]. Copyright (2017) by the American Physical Society.

(22)

The ﬁnal expression is now given as a product form. The
photo-recombination dipole matrix dx* is to be evaluated at the
kinetic energy of electrons at k 2 2 = w - Ip . The wave
packet w(ω) is then given by the rest of the expression. It
contains the initial ionization amplitude and summation of
terms from each trajectory s in the electron wave packet. It
can also be seen that the wave packet w(ω) contains parameters involving the laser only. The only ‘structure’
dependence occurs in the dipole moment dx (i 2Ip ) that is
related to the ionization amplitude.
The result from this ‘derivation’ conﬁrms that the transition dipole dx*( 2 (w - Ip ) indeed is not modiﬁed by the
driving laser. It is easier to think that the recombination
occurs in the laser frame where the transition dipole occurs
under ﬁeld-free condition, as in the conventional photorecombination in the laboratory frame. In addition, it also
conﬁrms that the correct relation between k and ω is given
by the Einstein equation k 2 2 = w - Ip , in contrast to
k2/2=ω given in Itatani et al [16].

[38–40]. Interested readers are referred to those works. Below
we address a special case of two-color pulses which has
attracted a great deal of interest quite recently. Namely, the
case of two-color (ω-2ω) counter-rotating circularly polarized
pulses (to be called bicircular pulses in the following). The
interests were caused by the rich physics observed in
experiments in both electron and HHG spectra [41–45]. In
particular, with bicircular pulses, high-order harmonics has
also been efﬁciently generated [41, 42], to provide a new
table-top source of circularly polarized coherent light, ranging
from extreme ultraviolet to soft x-ray up to 160 eV [43]. Quite
recently, these harmonics have been demonstrated to be very
sensitive to the electronic structure [46–48], thus providing a
new technique in HHG spectroscopy. In essence, the technique relies on the factorization of HHG dipole. A detailed
analysis of the validity of the QRS factorization for bicircular
lasers is reported in [49].
In the following we analyze the validity of the QRS for
electron spectra with bicircular pulses [50]. The analysis is
based on the exact numerical solution of the TDSE. We
choose the laser polarization to lie on the x–y plane. Clearly,
once the electron is ‘born’ into the continuum, it will be
driven by the laser ﬁeld predominantly on the 2D plane
instead of in the 1D direction as in the case of linearly
polarized lasers. By using the classical equation of motion,
one can calculate the trajectories of the electron in the continuum and ﬁnd the returning direction of the electron. Upon
recollision, the electron scatters in all directions. A cut on the
x–y momentum plane is shown in ﬁgures 5(a) and (b) for
H(1s) and Ne(2p−), respectively. In both targets we see a
three-lobe structure instead of a ‘two-lobe’ structure as for the
linearly polarized case. We remarks that the 2D momentum
spectrum from Ne(2p+) looks quite similar to that of Ne(2p−).
Also, due to our choice of the quantization axis along the z
axis, the contribution from Ne(2p0) is negligible. Clearly,
different targets have different imprints on the details of the
lobes. Once the direction of the returning electron is found by
classical or quantum orbits calculations, one can follow the

3.6. Generalization of the QRS to multi-color laser fields

The QRS model derived in the previous subsections for a
single-color, linearly polarized pulse can be easily generalized
to other laser ﬁelds in the spirit of the three-step model. This
is expected since in the ‘derivation’ based on the quantum
orbits theory, the only general assumption used was the slow
change of the transition dipoles as compared to the fast variation of the action. For example, one can extend it to HATI
spectra from two-color laser ﬁelds. The applications,
according to the QRS, can only modify the wave packets but
not the transition dipole or the scattering amplitude. The
vector potentials at the return times can be calculated from the
simple classical equation of motion of the electron in 1D.
Most of the applications so far include long wavelength lasers
up to a few microns, two-color ﬁelds with various combinations of intensities and their relative phase, or few-cycle
pulses with varying CEP. In all of these cases, the electron is
emitted and returns along the laser polarization axis.
In the case of elliptically polarized pulses as well as twocolor orthogonally polarized pulses, it was also found that
factorization in the spirit of the QRS is approximately valid
9
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Figure 6. (a) and (b) Extracted yields along the white arcs shown in ﬁgure 5 with a scattering momentum ks=1.22 a.u., for H and Ne,
respectively. Different extraction procedures were used (see the labels). The sum of yields from p− and p+ is labeled as ‘total’. The averaged
results from 3D momentum spectra are labeled as ‘Total (averaged)’. The theoretical laser-free DCS is shown as a thick solid black line. The
photoelectron yields have been normalized to that of the DCS near 180°. Reprinted ﬁgure with permission from [50]. Copyright (2017) by the
American Physical Society.

HHG process and the elastic electron–ion collision DCS for
the HATI spectra. Both of them are familiar quantities widely
studied in the past six decades in atomic and molecular
physics and sophisticated computer codes, including treatment of many-electron correlation, have been developed.
According to the QRS, the only nonlinear quantity is in the
returning electron wave packet, in particular, the ionization
step. The latter can be calculated using the SFA1 model and
then use the ADK (or MO-ADK), or the PPT (or MO-PPT)
theory to renormalize it to get accurate (absolute) wave
packets if needed. Note that the QRS model is based on
treating a ‘rescattering event’, i.e., the ionization, propagation,
and recollision steps of a SAE, which was initially in a speciﬁc molecular orbital. In reality, the SAE model is an
approximation; this assumption may become inadequate,
especially for large complex molecules where many occupied
molecular orbitals have nearly the same binding energies.
Accurate calculations of PRTD and DCS are already quite
complicated in such cases. On the other hand, QRS may still
be carried out within the SFA2 model for ‘qualitative diagnosis’ in certain cases. For example, in dynamic systems such
as in an isomerization process, when the interatomic distances
are changed signiﬁcantly, difference in the PRTD and DCS
are likely reﬂected in the HATI and HHG spectra. For
example, the alignment dependence of HHG signals are very
different between acetylene and vinylidene in the SFA2
model, see Le et al [23]. By monitoring the HHG spectra in
an isomerization process, it may provide a good estimate of
the time it takes the system to complete an isomerization
process.
We also note that the QRS theory is formulated in the
energy domain, thus its predicted results are used to compare
directly with experimental measurements. Unlike the classical
three-step model, it does not offer ‘experimental’ time information. On the other hand, classical ionization and return times
are used to relate the momentum of the electron in the laser

QRS recipe to extract the electron signals at different angles
for a ﬁxed return energy. The results are shown in ﬁgures 6(a)
and (b), for H(1s) and Ne(2p−), respectively. The signals
agree very well with the DCS for each target. By changing
laser parameters such as intensities and wavelengths, the
momentum image is changed, but the shape of the extracted
‘DCS’ versus scattering angle at a ﬁxed energy is unchanged.
This clearly demonstrates the validity of the QRS.
The above analysis can be extended to the full 3D
momentum image. In fact, it was found that once the return
electron direction is known, the extracted DCS is independent
of the scattering angle f, as expected. As shown in ﬁgure 6
the averaged results from the 3D data are indeed nearly
identical to the one extracted from the 2D data. More explicit
evidences can be found in [50]. This result can be utilized to
experimentally determine the electron return angle, if the laser
parameters are not known accurately.
These newer results demonstrate that the QRS description is valid for a wide range of laser parameters, extending it
to including lasers that are not linearly polarized. The only
common requirement is that the relevant process, either HHG
or HATI, is in the tunneling regime.

4. Remarks on further applications and limitations of
the QRS theory
The QRS theory has been widely used for applications in
strong ﬁeld rescattering physics since 2008, in particular, to
molecular systems for which most of the experiments have
been carried out. More extensive discussions on the applications of the QRS theory can be found in authors’ forthcoming
book [51]. Here we only give a short summary without
showing the results.
Based on equations (11) and (8), the essential ingredients
for applying the QRS theory are the PRTD moment for the
10
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frame and in the laboratory frame, thus a qualitative statement
about the ‘time’ is implied. Such a ‘time’ is not measured, thus
assigning a precise ‘time’ in the recollision event, especially on
attoseconds scale may be a bit too far-fetched. The subtlety of
the wave packet W(pr) should also not to be ignored. It is given
in the energy domain, which gives the amplitude of the wave
packet when the electron momentum is pr in the laser frame.
The separable approximation in equation (8) or (11) cannot be
viewed in the laboratory frame. In other words, to extract
structure or laser information directly in the laboratory frame
would be very complicated, if not impossible.
In the next four subsections, we give a few examples of
the application of the QRS model.

can be generated with mid-infrared lasers of wavelength of a
few microns.
The use of laser generated HATI electron momentum
spectra to probe the interatomic separations of atoms in a
molecule is called LIED. In LIED interatomic separations can
be extracted in the same manner as in the conventional
electron diffraction. Although LIED has been coined much
earlier in the era of Ti-Sapphire lasers [58, 59], it was then
used at a qualitative level and the method has not been really
put to use to extract accurate bond length. With the advent of
mid-infrared lasers, LIED experiment was ﬁrst carried out in
2012 for N2 and O2 [60]. Later it was used to extract the bond
lengths in C2H2 [61] and C6H6 [62], with accuracy of the
order of 0.05 Å. In the case of hydrocarbon molecules, not
only the C–C bond length is accurately retrieved but also the
C–H bond length. In the context of the three-step model, the
bond length extracted is considered to be the bond length at
the time of recollision. In the LIED experiment of Blaga et al
[60] the O–O distance was found to be about 0.1 Å shorter
than the equilibrium distance of neutral oxygen molecule. The
result is understood that O–O distance shrinks after one
electron is removed. Since it takes about 5 fs for the electron
to return to recollide with the O+
2 ion after ionization, this
experiment measures a bond change of 0.1 Å within 5 fs, thus
demonstrating for the ﬁrst time the observation of a dynamic
system with sub-angström spatial and few-femtosecond temporal resolutions. Similar method was used to obtain the
breaking up of C2H+
2 molecular ions in the time scale of a few
femtoseconds [63].
Looking ahead, the potential of LIED for probing ultrafast dynamics of a molecule still yet to be fully realized. Midinfrared lasers are readily available already today. Further
development in laser technology such as high-repetition rates
(hundreds kHz to few MHz) mid-infrared lasers will facilitate
the application of LIED for probing femtosecond molecular
dynamics, to complement alternative approaches such as
ultrafast x-ray diffraction or ultrafast electron diffraction.
These latter methods are sensitive to heavy atoms in the
molecule. The LIED uses low-energy electrons, thus it is also
sensitive to light atoms. It is suitable for probing phenomena
such as isomerization, proton transfer and roaming in chemical processes. One can expect that LIED to play an
important role as studies of dynamic imaging continue to
evolve in the coming years.

4.1. Applications to HATI electron spectra and laser-induced
electron diffraction (LIED)

There are very few quantum chemistry codes that can calculate accurate DCS for electron–ion collisions with molecules ﬁxed in space, particularly for low-energy electrons
below 50 eV or so where many-electron correlation effect in
general is important. Since free molecules cannot be ﬁxed in
space, the measured HATI spectra are always averaged over
the angular distribution. The same average has to be performed on theoretical HATI spectra as well. Up to now, most
of the experimental HATI spectra from simple molecules like
O2, N2, CO2, and some hydrocarbon molecules are limited to
isotropically distributed ones and only rarely have the results
been compared to accurate calculations within the QRS
scheme [52].
The DCS is generally easy to calculate for high-energy
electrons, say, up to tens to hundreds keVs. For laser generated rescattering, however, the electron kinetic energy in the
laser frame is limited to about 3.2Up, where Up is proportional
to the square of the wavelength of the driving laser. Thus, in
principle, one can use long wavelength lasers to generate
higher energy electrons. However, the yield of the returning
electrons is unfavorably scaled like λ−5 [37, 53–56], thus at
present it is not realistic to generate enough keV rescattering
electrons for recollision events. On the other hand, in Xu et al
[57], it was theoretically shown that HATI electrons generated by mid-infrared lasers can be used for electron diffraction
to determine the bond length of molecules. Since HATI
electrons are from backscattered elastic collision events by the
returning electrons, the momentum transfer of a 100 eV
electron would amount to the same momentum transfer as
keV electrons that are forwardly scattered. In both cases the
electron undergoes large momentum transfer, implying that
they are deﬂected from a distance close to the nucleus of each
atom in the molecule. At such short distances, the incident
electron experiences the strong force from the nuclear charge
and scattering by outer-shell electrons plays little role. Thus
the scattering theory becomes very simple and the so-called
independent atom model (IAM) used in conventional electron
diffraction can be utilized to calculate the DCS. For molecules
composed of light atoms, it was shown in Xu et al [57] that
the DCS of the HATI electrons calculated using IAM is
accurate for collision energies around 100 eV. Such electrons

4.2. Applications to HHG

HHG is un-disputably the most important topic in strong ﬁeld
rescattering physics. Today, it is the only practical means of
generating single attosecond pulses or attosecond pulse trains
for applications, covering photons ranging from few tens eVs
to sub-keVs. It also offers the possibility of providing tunable
table-top coherent light sources over a broad spectral region
in small laboratories that are available today only at largescale national facilities.
According to the QRS theory, HHG also offers the
opportunity to extract PRTD over a broadband in a single
experiment, to provide information comparable to those
11
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obtained using conventional photoionization experiments. In
particular, HHG from partially oriented/aligned molecules
can be used to probe molecular frame photoelectron angular
distributions that bear the most fundamental properties of
molecules. The study of such molecular spectral features
using HHG has been generally called HHG spectroscopy.
Experimentally, high-order harmonics observed in the
laboratory are generated coherently from all the molecules
within the focused laser beam. Under the ideally perfect phase
matching condition, the experimental HHG spectra can be
used to extract the amplitude and phase of the PRTD of a
single molecule. However, it is practically not possible to
reach perfect phase matching over a broad spectral region.
Still, under low pressure and weak laser intensity condition,
the phase and amplitude of the PRTD in the molecular frame
have been accurately retrieved from the harmonic spectra of
N2 [64] and a number of other small molecules. Extension of
HHG spectroscopy to very high precision or to complex
molecules would encounter difﬁculties. Since QRS is a model
based on the single electron picture, or in general, a singlechannel, complicated electron correlation among the channels
at a ﬁxed nuclear geometry, or coupling between electron and
nuclear dynamics, all could render the failure of the simple
QRS model. Extension of the QRS model to include these
additional couplings is not yet available.
Although straightforward generalization of the QRS
concept has been extended to interpreting HHG from complex
molecules or to dynamic systems [65], such models often rely
on additional approximations that need to be carefully
examined. In addition, dynamics such as hole hopping or
charge migration have been discussed and ‘extracted’ in the
literature based on modeling, such ‘virtual information’ are
not measurable quantities. A theory of extracting structure
information from HHG beyond simple molecular systems will
continue to face great challenge due to its complexity.
The strength of the QRS theory for HHG lies in its
simplicity where the role of the laser pulse and the target can
be separated. As the technology of ultrafast lasers improves,
high-order harmonics are being generated with increasing
control, including the range of laser wavelength, polarization
and phase, as well as optical manipulation. For applications,
clearly one would like to increase the harmonics yield, the
energy of usable harmonics to water-window region and
beyond, or to enhance speciﬁc range of harmonics, to replace
the need of going to large facilities, or to have such lights
available to greater number of users. For such purposes, the
enhancement can occur at the single atom level, or at the
macroscopic phase matching level. Since phase matching is a
very complicated problem that requires extensive simulations
based on the solution of Maxwell equations in the macroscopic propagation medium, a fast QRS method of calculating
laser-induced dipole is very useful. To increase the output of
high harmonics, recent experiments favor high-pressure gas
medium and sometimes high laser intensities. Under such
generating conditions, the driving laser pulses are drastically
modiﬁed during the propagation in the gas medium. The QRS

theory offers the simplest method to account for the generation of harmonics by a single atom. The other simple model
used is the SFA2 theory, but in situations where ionization
becomes non-negligible, the simple SFA2 is not adequate as
depletion becomes large.
Extensive simulations on HHG generation for optimizing
single atom harmonics and for optimizing propagation effect
have been carried out by the authors, for example, see
[66, 67], and a number of the simulations have been applied
to experimental measurements [68, 69]. Still, only a very
small number of possibilities have been examined. In particular, very few simulations incorporate manipulation of
polarization of individual pulses so far. QRS will continue to
play a role in the modeling of the generation of harmonics in
the years to come.
4.3. Application to laser pulse characterization

Full characterization of an intense short laser pulse used in a
given experiment is a nontrivial matter. Within the focused
volume, the electric ﬁelds are not determined directly.
Assuming that the focused beam is Gaussian in the propagation as well as the transverse direction, one would still need
to know the Rayleigh length and the beam radius. For the
time proﬁle, FROG or SPIDER can be used to characterize
the pulse, but such methods cannot determine the absolute
value of the CEP. For a narrow-band transform-limited short
pulse, the laser ﬁeld may be written as
E (t ) = a (t ) cos (wt + f) ,

(23)

where ω is the angular frequency of the carrier wave, a(t) is the
electric ﬁeld amplitude (the envelope) and f is the CEP. If a(t)
is Gaussian, then the absolute value of a(t) can be determined if
the power of the laser beam is measured. Using conventional
optical methods, however, the CEP cannot be determined.
Following the QRS model, the wave packet W(pr) can be
extracted if the DCS for the atomic target is known, for
example, for rare gas atoms. The W(pr) clearly will depend on
f, and the asymmetry of electron emission along the ‘left’ and
‘right’ sides of the polarization axis clearly will depend on f.
In principle, one can retrieve the CEP from the asymmetry of
the HATI spectra. However, in real experiments, the pulse
duration is not known precisely either, nor is the laser
intensity. Thus even if the laser intensity is uniform in space,
as described by equation (23), for example, the intensity,
pulse duration and CEP have to be retrieved at the same time.
When the CEP of the laser is not stabilized, the left/right
electron spectra along the polarization axis can be collected
and analyzed shot by shot. By analyzing the so-called
asymmetry ellipse [70] of the wave packet W(pr) on the two
sides, the CEP of each single shot can be determined, see
Chen et al [71]. In recent years, CEP stabilized short pulses
are commercially available but the actual CEP is still not
known. In this case a different method of retrieving the CEP,
laser peak intensity, and pulse duration has been proposed
recently [72]. The iterative retrieval method relies on generating a large number of HATI spectra to identify which best
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ﬁts the experimental data. Thus a fast method of calculating
HATI spectra like QRS is essential.
Asymmetric left/right angular distributions of HATI
electrons can also be expected from a two-color laser pulse.
The relative phase between the two colors can also be
determined using the same idea, see for example, Ray et al
[73]. In the future, the QRS can also be used to extract pulses
that are not linearly polarized since the QRS has been shown
to apply to any other polarizations, see section 3.6.
To generate single attosecond pulses or to enhance highharmonic yields, synthesized waves as short as one femtosecond duration are obtained by combining multiple short
pulses [74]. They can also be obtained by supercontinuum
generated in a hollow ﬁber, or by multiple plates in the air.
Such broadband IR or mid-IR pulses may be characterized
also using the QRS theory. Alternative methods would be to
use the analog of attosecond streaking like PROBP, which is
similar to FROG-CRAB but without the limitation of the
FROG-CRAB, see Zhao et al [75]. This topic has not been
widely explored yet.

are needed. To perform QRS-type calculation, additional
assumption on the core electrons has to be considered. For
example, the suppression of the ionization threshold of the
second electron by the laser has to be account for, see [78].
The prototype of such calculations can be found in [77].

5. Summary and conclusions
Nearly twenty-ﬁve years ago, the recollision model began to
form the basic foundation for understanding many important
and pioneering experiments in strong ﬁeld physics. In its ﬁrst
ﬁfteen years, the model was used mostly for ‘interpreting’ the
observed results. The initial recollision model did not offer a
recipe for calculating electron dynamics that is consistent with
the quantum theory. Since recollision happens in the presence
of the laser ﬁeld, precisely how to describe electron–ion
recollision was left answered. The development of the QRS
theory around 2007–2009 has changed that signiﬁcantly.
Within the QRS model, it has clearly established that electron–ion recollision happens under the ﬁeld-free condition.
With the QRS, the recollision model is not only simple to
understand, but also rather simple to calculate with high
precision.
In the last eight or so years we have witnessed extensive
applications of the QRS model. Still, the model is not complete as complexity and degrees of freedom in the system
grows. For example, it is still largely unclear how to properly
incorporate electron-nuclear coupling within the QRS scheme
[79]. Today, QRS remains to be the only widely applicable
simple model for making quantitative predictions on recollision phenomena. The only other alternatives are mostly based
on brute-force numerical solution of the TDSE in one way or
another.

4.4. Application to NSDI

NSDI involves at least two free electrons at the end of the
process. In the context of the QRS model, the W(pr) is obtained
from a one-electron process so it can be obtained from the
HATI spectra. On the other hand, electron impact ionization,
e-2e, is a two-electron process. Within the QRS model, for
each returning electron with kinetic energy Er = pr2 2, the e2e impact ionization cross section can be calculated using the
time-independent scattering theory. Depending on whether the
measurement is total NSDI or the correlated electron momentum spectra, suitable W(pr)-weighted integration over the
energy of the returning electron has to be carried out. In
addition, since NSDI is highly nonlinear, meaning that it
changes rapidly with laser intensity, volume integration over
the focused beam should be carried out if the theory is to
compare with experiments.
In NSDI, two electrons ejection can also occur through
electron impact excitation followed by ionization from the
excited states by the laser. Thus electron impact excitation cross
sections are also needed. The latter can also be calculated
accurately using electron impact excitation codes. For the subsequent ionization of the excited electron, one can use tunnel
ionization model or over-the-barrier-ionization model [76].
So far, most of the NSDI experiments are simulated with
the classical theory. The QRS theory has been applied in a
few cases but with electron impact excitation and e-2e
ionization cross sections obtained from simple models. More
recently, such cross sections for helium target have been
calculated using the state-of-the-art R-matrix code, thus NSDI
involving helium target has been revisited using the QRS
theory. For instance, the intensity dependence of the ratio of
double to single ionization in the NSDI region using 780 nm
laser has been carried out using the QRS theory [77]. The
agreement with experiment has been found to be very good.
In NSDI calculation, a large amount of electron-impact
excitation and electron-impact ionization cross sections
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