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Extended phase matching of high harmonic
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High-harmonic generation (HHG) of femtosecond lasers produces unique short-wavelength light pulses with femtosecond to attosecond duration. However, free electrons in the partially ionized gas medium are known to prevent
phase matching and limit upconversion to low-energy harmonics only. We have demonstrated experimentally
and theoretically an unconventional phase-matching scheme: extending the HHG phase matching cutoff by controlling the rapid self-defocusing effect of the driving laser. This method takes advantage of the additional intrinsic atomic
dipole phase mismatch introduced by the rapid laser defocusing. This phase can be precisely controlled by adjusting
the aperture of a simple iris, which truncates the input beam, to correctly compensate free-electron dispersion,
resulting in tunable harmonic energy and phase matching cutoff extension. Based on this approach, we report
experimental observation of extending the harmonic cutoff energy in Ar to ∼65 eV with a 400-fold increase in
conversion efficiency using a tightly focused truncated Gaussian beam in a short high-pressure gas cell. This new
defocusing-assisted phase matching in a highly ionized gas medium can be applied to different targets, laser wavelengths, and pulse durations to extend harmonic upconversion to higher cutoff energy with higher efficiency. © 2017
Optical Society of America
OCIS codes: (190.0190) Nonlinear optics; (190.7110) Ultrafast nonlinear optics; (190.7220) Upconversion; (340.7480) X-rays, soft x-rays,
extreme ultraviolet (EUV); (190.2620) Harmonic generation and mixing; (320.7120) Ultrafast phenomena.
https://doi.org/10.1364/OPTICA.4.000976

1. INTRODUCTION
The science and technology of ultrafast, coherent extreme-UV
(EUV) lights have received a great deal of attention in recent
years, especially in producing tabletop light sources through
high-harmonic generation (HHG) processes. By focusing an
intense laser beam into gaseous targets, a bound electron may
be liberated into the continuum, which is then accelerated by
the driving laser field to gain kinetic energy. As the field direction
is reversed, the electron may be driven back to the mother ion and
recombine to emit high-energy photons [1–3]. Through this upconversion process, light sources from EUV to soft x rays have
been made available. However, most applications so far employed
only relatively low-energy EUV wavelengths, because the efficiency of the HHG process drops rapidly at higher photon
energies [4–7]. This decrease is not due to a lack of available laser
intensity, but rather is due to the challenge of overcoming the
large phase mismatch between the harmonics and the driving
laser. A laser that generates harmonics also ionizes the medium,

where excessive free electrons cause defocusing and phase
mismatch, limiting the nonlinear upconversion efficiency. For
an 800 nm driving laser, the “critical” ionization level is ηc ≈
3.8% for Ar. This would lead to maximal cutoff energy near
≈45 eV [8,9].
For ionization above the critical level, the free-electron
dispersion cannot be compensated by the neutral atom dispersion.
Overcoming this limitation to extend harmonic cutoff energy
becomes a challenge. A variety of schemes have been proposed,
such as quasi phase matching (QPM) [10–12], multi-jets
[13–15], and short-pulse phase matching [16]. However,
QPM and multi-jets require either the modulated geometry or
the coherent combination of many lasers, while short-pulse phase
matching requires a sophisticated laser system to produce fewcycle pulses. An alternative to extend the cutoff harmonic is to
use a longer driving wavelength laser. However, at the single-atom
level the efficiency scales like λ−5.5 to λ−6.5 [8,17–20]. While conversion efficiency can be improved by increasing the pressure in
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the gas cell, the brightness of harmonics driven by longwavelength lasers is still weaker than that driven by shortwavelength lasers [21].
In this work, we report that by adjusting the aperture size of an
iris to control the truncation of a regular 25 fs, 800 nm driving
laser on a tightly focused short high-pressure gas cell, we are able
to shift the center of high-energy harmonics in Ar to about 65 eV
with full optimization of backing pressure. We observed high flux
and a wide range of tunable harmonics spanning from ≈35 to
≈70 eV. Compared with gas jet or waveguide geometry, we
found that only tight focusing geometry with a short highpressure cell would allow us to observe this cutoff extension while
keeping a very similar conversion efficiency. A three-dimensional
(3D) numerical model and advanced analysis enable us to explain
this counterintuitive result: an extension of the phase-matching
cutoff resulting from the plasma-induced defocusing effect. We
refer to this new mechanism as defocusing-assisted phase matching (DAPM), which is one kind of nonadiabatic self-phase
matching [22], but DAPM mainly relies on the plasma-induced
defocusing effect. This is in contrast to conventional phase matching (CPM), which is restricted by a low ionization level in the gas
cell. DAPM operates at high intensity, short gas cell length, and
high pressure. Phase mismatch due to the copious free electrons is
balanced by the change in high-harmonic phase initiated by the
fast drop in the laser intensity over a short distance. By adjusting
the aperture of the iris, good phase matching was found at the
leading edge of the laser pulse at locations away from the center
of the beam. We emphasize that the iris scheme may have already
been applied and discussed in the many previous works regarding
phase matching and spatial shaping of HHG [23–27]. However,
this work for the first time (to our knowledge) shows that the iris
scheme surprisingly extends the phase-matching cutoff in tight
focusing and a short high-pressure cell geometry. The working
mechanism is associated with the plasma-induced defocusing
effect, which also has not been revealed yet.
2. EXPERIMENT
To verify the influence of plasma defocusing on the phase matching cutoff of HHG or DAPM, we prepared the experimental
setup shown in Fig. 1 Three different geometries have been employed for direct comparison: (a) a 75 cm focus with a 1.2-mmlong gas cell, (b) a 30 cm focus with an 8-mm-long gas cell, and
(c) a 30 cm focus with a 0.8-mm-long gas cell. We focused the
same 25 fs, 600 μJ laser pulses at a wavelength of 800 nm into
these three Ar-filled gas cells, where the input beam has a
Gaussian intensity distribution (M 2 < 1.2) and a beam diameter
W 0 of 8 mm. These gas cells all consist of acrylic tubing, through
which two holes were drilled by the driving laser itself in order to
minimize the loading of the vacuum system and also eliminate
plasma-induced defocusing before the laser enters the cell. The
lens was held by one translation stage to precisely control the
focus relative to the gas cell. Additionally, we placed an iris
5 cm in front of the focal lens to truncate the fundamental beam.
The optimization of the conversion efficiency, central energy, and
maximum achievable photon energy is realized by adjusting the
iris size, together with the focus position relative to the gas cell.
Note that in the absence of gas and the iris, using a 30 cm focus,
the focus diameter will be ≃45 μm, resulting in a peak intensity
of ≃3.6 × 1015 W∕cm2 , over a Rayleigh range of ≃2 mm. At
such a high intensity, Ar is easily ionized, resulting in multiply
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Fig. 1. Schematic of the experimental setup for defocusing-assisted
phase matching. Operational phase matching is conveniently discovered
by tuning the aperture size, together with the focus position with respect
to the gas cell, to vary the ΔI∕Δt ratio. See text for more details.

charged Ar ions (with an ionization level >300%) in the gas cell
at the peak of the pulse based on the Ammosov–Delone–Krainov
ionization model [28], while for the loosely 75 cm focus, the peak
intensity ≃6 × 1014 W∕cm2. It is clear that after entering the gas,
dispersion due to the free electrons would modify the laser profile,
especially for tight focusing geometry. When the pulse was interacting with the gas medium, the actual laser spot size and peak
intensity were not determined. After the gas cell, the scattered
laser light was blocked either by Al or a Zr filters, depending
on the photon energy range under investigation. A set of KB mirrors was installed before the EUV grating (not shown in Fig. 1) to
refocus harmonics in both the horizontal and vertical directions.
The frequency response of the grating between 30 and 80 eV
was almost uniform, which was calibrated by comparing the
HHG spectrum with its time-of-flight photoelectron spectrum.
Another important factor to increase the HHG flux would be
to increase the backing pressure, since in free-focusing geometry,
phase matching is only weakly dependent on pressure, as indicated in Fig. S2 of Supplement 1. By increasing the pressure,
we maximized the brightness of the HHG until gas reabsorption
took over (see Fig. S4 of Supplement 1).
Figure 2 shows that a short gas cell in tight focusing geometry
offers several advantages. First, with a precisely controlled truncated beam, a short gas cell allows the extension of bright harmonics beyond the CPM cutoff, which is ≈45 eV for Ar. Second, it
succeeds in enhancing conversion efficiency in the 65 eV region
by more than 400 times. We also observed the harmonic signal
below 50 eV scales with pressure as P 2.5 , which is consistent with
the conventional P 2 (phase-matched) HHG buildup. The harmonic flux near ≈65 eV, on the other hand, was found to scale
as P 5 (Fig. S4 of Supplement 1), suggesting a different phasematching mechanism. Third, a broad range of harmonics are generated in a short gas cell. The 8 mm cell generates a FWHM
bandwidth of ≈6 eV at a center energy of 51 eV. In a
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Fig. 2. Comparison of HHG spectrum obtained from three different experimental geometries. It shows that the combination of tight focusing and a
short gas cell in (c) gives the highest observed photon energy. Each HHG spectrum in Ar shown here has been fully optimized, aiming for the brightest and
highest achievable photon energy by tuning the iris size, backing pressure, and focus position relative to the gas cell. The observed phase-matching cutoff is
marked by the inverted purple triangle. With the focal position fixed with respect to the gas cell, (d) and (e) show the HHG spectrum (log scale) versus
different iris aperture sizes in the 8- and 0.8-mm-long gas cells, respectively. In (e), a suppression around 51 eV is due to the Cooper minimum of Ar.

0.8 mm gas cell, a 5 times broader bandwidth (FWHM: 35–
67 eV) was observed. Finally, using a short gas cell, significant
selectivity and tunability occurs when the iris aperture size is
altered [Fig. 2(e)]. The center of the harmonic spectrum shifts
continuously from 35 to 70 eV when the iris aperture size is varied
from 0.45W 0 to 0.9W 0 . We emphasize that to observe Fig. 2(c),
a few optimization iterations are required to find the proper combination of iris aperture size and focus position relative to the cell.
Such tunability is the consequence of plasma-defocusing-assisted
phase matching, which is discussed in more detail below.
Qualitatively, Fig. 2 can be understood using an on-axis phasematching model (discussed in Fig. S1 of Supplement 1). In the
loosely focused case (75 cm focus) with a lower intensity, phase
mismatch due to geometric phase and intrinsic dipole phase can
be ignored. CPM works in Fig. 2(a). We can see the phasematching cutoff energy at 45 eV, which is determined by the
“critical” ionization level. In the tightly focused laser (30 cm
focus), the dispersion due to free electrons would defocus the laser
beam, decrease the laser intensity, and effectively reduce the
Rayleigh range. However, we still observed bright harmonics at
70 eV, but the phase-matching zone was shorter when compared
to the no-defocusing case. Therefore, we observed the extended
cutoff energy of 70 eV in Fig. 2(c) only with a 0.8 mm gas cell.
Next, we use analytic theory and an advanced numerical model to
understand the main mechanism of how DAPM is achieved with
the assistance of the defocusing effect.
3. THEORY
The expression for the qth-order harmonic phase with
to the fundamental is given by [29], Φq  qωt r −
Rrespect
tr
2
t b I p  p ∕2m∕ℏdt, where q is the harmonic order, t b is
the ionization time, t r is the recombination time, I p is the

ionization potential, and p is the canonical momentum. For
high-order harmonics, where p2 ∕2m ≫ I p , the I p term can be
neglected and the electron kinetic energy is approximately equal
to the emitted photon energy. The harmonic phase can be simplified to Φq ≅ qωt r − θΓq I L , where Γ is the index of a specific
trajectory. The coefficient θΓq depends highly on the trajectory
and the harmonic order.
As illustrated in Fig. 1, there are two HHG emitters. One is
excited by the laser at the entrance and the other occurs later
inside the gas cell after the laser has propagated a distance Δz
(subscripts 1 and 2 are used to identify them). The output of
the qth harmonic relies on the qω emitters interfering with each
other. In the speed of the light frame, the HHG phase difference
ΔΦq between the two emitters is given by
ΔΦq  Φq 2 − Φq 1 ≅ qωt r 2 − t r 1  − θΓq I L2 − I L1 :
|ﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄ}
|ﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄ}
Δt

(1)

ΔI

This would lead to a phase mismatch
Δk  ΔΦq ∕Δz ≅ qωΔt − θΓq ΔI∕Δz;

(2)

where Δt is the shift in time of the peak electric field and ΔI is the
change in intensity over a propagation distance Δz [30]. All
dispersion sources would influence Δt. Thus phase matching
of each harmonic order is directly influenced by the dynamical
evolution of the driving laser. In our experiment, by carefully
truncating the laser beam to adjust the intensity and wavefront
of the fundamental field entering the cell, the phase advance
of the HHG field due to plasma and Gouy phase dispersion
(Δt∕Δz) can be compensated by the retardation of the HHG
quantum phase caused by the defocusing gradient (ΔI ∕Δz).
This DAPM operates in a highly ionized gas medium, in contrast
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with the CPM operating at a low ionization level with little
change in the fundamental beam in the gas medium.
A consequence of DAPM is that it could selectively enhance a
narrow bandwidth and further extend the HHG cutoff. Because
the optimized defocusing gradient ΔI ∕Δz for compensating
free electron and Gouy phase dispersion Δt∕Δz varies with
the harmonic order q, phase matching occurs only when
ΔI ∕Δt  qω∕θΓq , as indicated by Eq. (2). This result agrees very
well with our experimental observation, shown in Fig. 2(e).
Enhancement of the harmonic spectra shifts to a higher order
as the aperture size is increased. Since higher-energy harmonics
are generated at higher intensities, a larger temporal phase
mismatch qωΔt∕Δz is balanced by a stronger defocusing gradient
θΓq ΔI ∕Δz. A proper ΔI ∕Δt ratio is created by a slightly larger
iris size.
To better understand the spatiotemporal dynamics of the driving laser beam and iris-tuning phase matching, we performed 3D
numerical macroscopic HHG simulations (see the method in
Supplement 1). The parameters for the simulation were chosen
to be close to those in the experiment. Figures 3(a)–3(c) compare
the time–frequency representation of the harmonics as a function
of the aperture size. At 0.37 W 0 , bright low-order ≃40 eV harmonics are dominant and are emitted symmetrically on both the
rising and falling sides of the pulse. As the aperture is increased
from 0.37 W 0 to 0.40 W 0 , and then to 0.47 W 0 , [from Fig. 3(a)
to Fig. 3(c)], the approximate 65 eV harmonic emerges at the
front edge (t ≃ −3 optical cycle) of the pulse but is off the center
at r ≃ 10 μm of the beam axis (see Fig. S3 of Supplement 1),
because the free-electron plasma severely defocuses the beam
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near the center and the trailing edge of the pulse. With a longer
propagation distance [Fig. 3(d)], ionization-induced defocusing
further limits the laser peak intensity such that it is not intense
enough to produce the 65 eV harmonic. The same simulation also
shows that the ≃40 eV harmonic occurs mainly at laser peak
t ≃ 0 optical cycle and near the center, r ≃ 0 μm.
Figure 3(e) demonstrates the growth of 42.8 and 64.7 eV harmonics versus the propagation distance at the same input pulse
energy. Clearly there are two kinds of phase matching at work.
The first kind is the one for the 42.8 eV harmonic shown in
Fig. 3(d), where the harmonic is generated near the end of the
cell. At the beginning of the cell, the laser intensity is too high
for phase matching to work. As the driving laser pulse propagates
over a certain distance, its intensity is reduced such that the CPM
becomes possible (ionization level <3.8%) and the pulse is naturally shaped into a gentle focusing to allow for a much longer
distance for the effective generation of the 42.8 eV harmonic, as
shown in Fig. 3(f ). An equivalent result has been obtained in
Ref. [31] by employing temporal pulse shaping. In such CPM,
the cutoff energy in Ar is 45 eV. The simulation illustrates that
after a few millimeters of propagation, the change in the laser field
becomes small and allows low harmonics to build up, and harmonics are generated near the axis.
The harmonics observed near 65 eV are due to DAPM.
Figure 3(e) shows that these harmonics are generated at the
beginning of an ≅ 1 mm cell, but further propagation reduces
their final yields. Thus they would be observed for a short gas
cell only, such as the 0.8 mm cell seen in Fig. 3(c), and in the
experimental data [see Figs. 2(c) and 2(e)]. Figure 3(g) shows

Fig. 3. Time–frequency analysis of HHG emission from a 10-cycle laser field is shown for the truncated beams of (a) 0.37W 0 , (b) 0.40W 0 , and
(c) 0.47W 0 with an 0.8 mm propagation and (d) 0.47W 0 with an 8 mm propagation in a 50 torr Ar cell. The horizontal line marks the conventional
phase-matching cutoff. (e) At 0.47W 0 , the yield of the 64.7 eV (42.8 eV) harmonic as a function of propagation distance, (f ) the electric field at a
propagation distance of z  6 mm and z  8 mm in the cell, together with the phase-matching zone and the corresponding electron re-scattering
trajectories for the 36 eV harmonics, (g) similar plots to (f), but for the off-center position r  10 μm, z  0.0–0.4 mm, and for the 60 eV harmonic.
These results are obtained by solving the three-dimensional Maxwell’s equations for both the fundamental laser and the high-harmonic field.
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(10–100 cm), gas cell length (0.8–12 mm), and driving laser
intensity. Operationally the aperture size, the focus position,
and the gas pressure have also been adjusted to reach the optimal
harmonic yields. For the brightest 65 eV HHG in Ne driven by
25 fs pulses, the experiment used a 30 cm lens to focus 0.5 mJ
pulses into one 1.2-mm-long gas cell. The optimized 65 eV harmonic from Ar reported here is more than ≃30 times brighter
than that generated from Ne. For the brightest EUV continuum
driven by few-cycle (3.6 fs) pulses, the maximum pulse energy is
limited to 70 μJ, and the best geometry that has been found used
a 15 cm focus length, together with one 1.2-mm-long gas cell
[33]. The flux produced by DAPM is also slightly higher than
that driven by few-cycle pulses.
4. CONCLUSION

Fig. 4. (a) Comparison of the brightness of fully optimized HHG
using 8 mm and 0.8 mm gas cells (CPM and DAPM, respectively),
together with (b) the theoretical calculation. Inset: Comparison of
HHG from Ar and Ne driven by multicycle pulses (red and blue lines,
respectively), and Ar driven by few-cycle pulses (black dash) [33].

how transient DAPM is accomplished at a position off the center
(r  10 μm) for z  0.0 and 0.4 mm. This occurs only when
ΔI ∕Δz < 0. The large shift in ΔI and Δt can be seen in this
DAPM in Fig. 3(g). In DAPM, neutral-atom dispersion does
not play the main role; it is reached when the Gouy phase
and free-electron dispersion (Δt∕Δz) are balanced by the
harmonic phase induced by laser defocusing (ΔI ∕Δz). As we
observed in Fig. 2(e), this intrinsic phase can be precisely
controlled by adjusting the aperture of a simple iris to correctly
compensate the Gouy phase and free-electron dispersion, resulting in tunable harmonic energy and cutoff extension.
How does the brightness of the harmonics generated with
DAPM matching compare with that using CPM? Using
8- and 0.8-mm-long gas cells, the HHG yield has been systematically optimized by varying parameters such as driving laser
intensity, focal length, backing pressure of the gas cell, and aperture size, together with the focus position with respect to the gas
target. Figure 4(a) compares the optimized yield of harmonics
using the 8-mm-long cell, CPM, with the optimized yield of
harmonics using the 0.8-mm-short cell, DAPM. Figure 4(b)
displays the simulation results. With the 0.8 mm cell, the maximum flux at 65 eV is ≃4 × 102 counts per shot per pixel directly
detected by one EUV CCD camera (Andor iKon), corresponding
to ≃3.2 × 109 photons per second (1 kHz) for one single
41st order (≃65 eV), after correcting for the known CCD quantum efficiency, grating efficiency, and filter transmission. This
flux is more than ≃400 times larger than the long gas cell value
at the same wavelength. But at 45 eV, the long cell is about
5 times brighter than the short cell. Note that based on this
broadband and high flux source at 65 eV we have for the first
time (to our knowledge) developed an EUV scatterometer, for
determining nanoscale structural parameters of a period silicon
array [32].
In the inset of Fig. 4(a), the present harmonics around 65 eV
are compared to the optimized harmonics generated by 25 fs
pulses in Ne and 3.6 fs pulses in Ar, by varying the focal length

We demonstrated experimentally and theoretically that intense
high-energy harmonics near 65 eV can be obtained from Ar using
an 800 nm laser in a tightly focused short gas cell under high
pressure. When optimized, these harmonics have energy beyond
the conventional cutoff of about 45 eV, with hundreds of times
higher brightness, which is also brighter than harmonics that are
generated from neon atoms or driven by few-cycle pulses. Such
intense light in this spectral region represents a substantial
increase in the influence of nano-imaging, and of ultrafast
element-selective magneto-optic experiments, e.g., M-shell absorption edges of Co, Fe, and Ni. Theoretical analysis reveals that
a dynamic phase-matching mechanism, DAPM, is at work where
the defocusing, caused by the excessive free electrons, induces an
additional intrinsic quantum phase as the driving laser travels
through the medium, to help compensate the phase mismatch.
This mechanism helps in the observation of extending the
harmonic cutoff. Experimentally the optimal phase-matching
conditions can be reached by tuning the aperture of the iris.
Based on DAPM, one can also dial up for high brightness harmonics in different spectral regions for different experimental
needs. While the experiment was carried out only for an Ar target
and 800 nm laser, the method can be extended to other targets
and lasers of different wavelengths and pulse durations.
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