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The dynamics of individual and pairs of vortices in a
classical easy-plane Heisenberg spin model is studied. There are
two types of vortices possible: in-plane, with small out-of-
plane spin components present only at nonzero velocity, and out-
of-plane, with large out-of-plane spin components even when at
rest. As a result, the two types are governed by different equa-
tions of motion when in the presence of neighboring vortices. We
review the static spin configurations and the changes due to non-
zero velocity. An equation of motion introduced by Thiele and
used by Huber will be re-examined. However, that equation may be
inadequate to describe vortices in the XY model, due to their
zero gyrovector. An alternative dynamical equation is developed,
and effective mass and dissipation tensors are defined. These
are relevant for models with spatially anisotropic coupling in

combination with easy-plane spin exchange.

INTRODUCTION

A model for the dynamic correlations of vortices in easy-
plane two-dimensional magnets has been presented, that uses the
idea of an ideal gas of weakly interacting vortices.lt Assuming a
Boltmann velocity distribution, and if the velocity-dependent
spin field of the vortices is known, then the dynamic structure
function S*%*(q,w) can be determined. At the microscopic level we

would like to investigate the time-dependent motion of a single



vortex, to understand how the neighboring vortices cause forces
and accelerations, and to have a clear picture of how equilibrium
is achieved.

Huber?'3 has done such an analysis for diffusive motion of
so-called "out-of-plane" vortices, ones that possess large out-
of-easy-plane spin components. However, it is now realized that
there are two type of vortices possible,4'5 depending on the
strength of the easy-plane anisotropy.ﬁ’7 The stable vortices of
the XY model, for example, are so-called "planar" vortices that
only have small out-of-plane spin components. In that case the
equation of motion that was used>'8 is found to be inapplicable
because these planar vortices have a zero gyrovector, to be
discussed below. Here we propose an alternative dynamic equation
of motion that applies to both types of vortices.

We begin by summarizing the properties of the two types of
vortices allowed in the easy-plane anisotropic ferromagnetic
Heisenberg model. The derivation of the equation of motion
introduced by Thiele,8 in terms of conserved force densities,
will be sketched out, and the breakdown for planar vortices will
be discussed. An alternative formalism using a canonical
momentum for the vortex is developed. The new equation of motion
includes the effects of vortex shape changes that are the result
of acceleration. This leads to definition of an effective mass
tensor, and, the gyrovector also re-appears. The new equation

allows for a consistent description of both types of vortices.

Anisotropic Heisenberg Ferromagnet

The model system is the nearest neighbor 2D Heisenberg
ferromagnet with easy-plane anisotropic exchange, characterized

by a parameter 0 < A < 1; the Hamiltonian is



H= - JE (si*sf + s{'s{ + As{sy) . (1)
17

J is an energy scale and the §i are classical spins with fixed
length. The XY model is given when A=0, the Heisenberg model
when A=1. The spin dynamics is described by the Landau-Lifshitz

equation,g'10

Si= {Si,H} - il S:- x Si= §ix (ﬁ»—agi] (2a)

- (2b)

H = JY, (Sf® + S{y + AS{2)
(17)

The sum is only over the neighbors of site i. A Landau-Gilbert
damping term of strength a has been included. At any given time

each spin is instantaneously precessing about the effective
field (fzf—aéfi) . Initially the vortices will be described in

the absence of damping, a=0, which can be later re-introduced at

the phenomenological level.

Static Vortices

The spins are parametrized in terms of an in-plane angle

(x,t) and an out-of-plane angle f(x,t) (or we use S%=S sind),
P g

S(X,t) = S(cosB cosd, cosb sind, sinb) . (3)

Then in a continuum limit including terms up to 2nd order in

gradients the equations of motion are®»2:7
0 = JS (cos® v - 2 sinb vO-wh) (4a)
bcosb = ~% JS {[6 (|98]2-4) + |¥¢[|?] sin28 + 2 (1-8cos?0) v26} (4b)

where §=1-). Using polar coordinates (r,¢), and assuming a






