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The existence of low angular momentum image-potential states is predicted both for single- and multiwalled
nanotubes. The states are confined between the self-induced potential on the vacuum side and the surface
barrier, created by the central ascent in the transverse nanotube potential. Effective interactions near the surface
of the nanotube are modeled with a cylindrical jelliumlike surface barrier, parameterized to ensure the correct
transition into the long-range image potential. Binding energies and wave functions are calculated for(12,0),
(10,10), (9,0) single-walled andsd=9.48 nmd multiwalled nanotubes for different values of electron angular
momenta. In addition, the expected relative lifetimes were calculated for the case of zero–angular momentum
states of a(10,10) SWNT. The possible formation of image-potential states in nanotube bundles is briefly
discussed.
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I. INTRODUCTION

The studies of image-potential states at surfaces and in-
terfaces provided a tool for probing the electronic structure
and dynamics on a nanometer scale.1–4 These states are
formed when an excess electron induces an image charge
and becomes trapped in the attractive potential of the locally
polarized surface. For some years, the investigation of image
states was mainly performed on clean metal surfaces and
surfaces with overlayers. Recently, advances in the fabrica-
tion of nanostructured materials enabled an exploration of
these states in a variety of nanoscopic settings including mo-
lecular nanowires5,6 and liquid He.7,8

In the work of Grangeret al.,9 a class of image-potential
states has been predicted to exist around the surfaces of
freely suspended linear molecular conductors or dielectrics,
such as carbon nanotubes. In contrast to the confinement
nature of image states above metal surfaces, where the elec-
tron’s motion is localized between the attractive image po-
tential and a band gap along the surface normal, thetubular
image states in Ref. 9, are produced with a nonzero-angular
momentumsl ù6d, so that the resulting positive centrifugal
barrier keeps the electronic wave functions away from the
tube. Binding energies and wave functions of these image
states were calculated for the case of a(10,10) single-walled
nanotube(SWNT). It was concluded that due to a weak in-
teraction of “over-the-barrier” states with the surface of a
nanotube, their lifetimes are expected to be much longer than
those of surface image-potential states in metals.

The experimental observation of tubular image states,
however, poses tremendous challenges. Since these states are
formed at distances of at least 10 nm from the nanotube, the
latter needs to be isolated from any source of interaction,
such as a substrate or other SWNTs. Synthesis of the ad-
equate size sample with described characteristics is not an
easy task10 and is complicated even more by the tendency of
SWNTs to form bundles(ropes). The excitation of tubular
image states in suspended SWNT networks11 seems to be the
future prospective. At the present time, however, the amount
of nanotubes in these samples is still insufficient for the ob-
servation of the described feature.

In this paper, it is demonstrated that both SWNTs and
multiwalled nanotubes (MWNTs) can support image-
potential states directly in front of the surface. These states
are confined between the self-induced potential on the
vacuum side and the potential barrier inside the nanotube.
Binding energies of the investigated states are located sig-
nificantly lower below the vacuum level than those of tubular
image states, resulting in substantially smaller radii of local-
ization. This makes them far less susceptible to external per-
turbations caused, for example, by interactions with the sub-
strate or impurities.

We model effective short-range interactions between the
surface of the nanotube and an image electron by introducing
a cylindrical jelliumlike potential barrier, parameterized to
ensure the correct behavior at the bulk–vacuum interface.
Previously, the jellium barrier model has been employed for
characterization of one or several monolayer systems, such
as fullerenes12,13and thin films.14 Its success in predicting the
correct positions of weakly bound electronic states, promotes
the use of the cylindrical jellium for modeling the electron–
surface interactions in nanotubes.

Binding energies and wave functions were calculated for
(12,0), (10,10), (9,0) SWNTs and asd=9.48 nmd MWNT for
an electron angular momentum in the range ofl =0–10.
Present results indicate that variations in the nanotube diam-
eter have a unique effect on energies of the calculated image-
potential states, which is primarily attributed to the differ-
ence in the long-range behavior of the induced and
centrifugal parts of the total effective potential for the sys-
tem. Values of the minimal angular momentum required for
the formation of the repulsive centrifugal barrier are com-
pared for different SWNTs and MWNTs. Analysis using the
wave function’s penetration into the bulk is found to provide
an approximate estimate of the lifetime. In addition, the pos-
sible formation of image-potential states in nanotube bundles
is investigated.

II. THEORETICAL MODEL

In this section, we describe a one-electron potential for a
nanotube of radiusa. Owing to the cylindrical symmetry of a
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SWNT, the electron’s motion in thez direction can be sepa-
rated:

Cn,l,ksr,f,zd =
1

Î2pr
cn,lsrdeilfeikz, s1d

wherel is the angular momentum of an electron with respect
to the axis of a nanotube. The resulting one-dimensional
problem is solved to obtain the binding energies,En,l, and the
wave functionscn,lsrd for the electron motion in the trans-
verse direction. In Eq.(1), the electron is assumed to move
freely along the nanotube, such that the energyEk associated
with the motion in thez direction is a continuous variable.
The possible presence of impurities or defects that may result
in electron’s localization causing the quantization ofEk (Ref.
9) is not taken into account.

Directly in front of the surface of a nanotube the form of
the potential will be dominated by the repulsive surface bar-
rier that keeps an electron from decaying into bulk. This
short-range interaction vanishes at large distances, where the
electron primarily experiences the long-range image poten-
tial, modified by the presence of the centrifugal force.

The form of the three-dimensional image potential,VIm,
induced by an electron approaching a nanotube, is given by
Ref. 15:

VImsr8,f,zd = −
2e

p
o

m=−`

m=+` E
0

`

dk cosskzdexpsIm fd

3
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KmskrdKmskr8d, s2d

where the electron is located outside the tube of radiusa at
the positionsr ,0 ,0d, andImsxd andKmsxd are the regular and
irregular Bessel functions. The long-range character as well
as the correct limiting behavior of this potential can be re-
produced with the sufficient accuracy by introducing the fol-
lowing approximate form:9

VImsrd <
2

p

e2

a o
n=1,3,5. . .

li fsa/rdng, s3d

where li sxd;e0
xdt/ lnstd. Note thatVImsrd is singular atr

=a.
The total long-range potential,VLR, is then obtained by

combining the image potential of Eq.(3) and the centrifugal
interaction in the following manner:

VLRsrd <
2

p

e2

a o
n=1,3,5. . .

li fsa/rdng +
sl2 − 1

4d
2mer

2 , s4d

wherel is the angular momentum of the state andme is the
reduced mass of an electron.

In order to describe the short-range potential near the sur-
face of the tube, we adopt the jellium barrier model for the
metallic film in the analytic form of Jenningset al.,14 modi-
fied to describe the interfaces on both sides of the film:16

Vszd =5
− 1

4suzu − z0d
f1 − e−lsuzu−z0dg uzu . z0

− U0

Aebsuzu−z0d + 1
, uzu ø z0,

s5d

where z=0 corresponds to the midpoint of the film and
z=z0 is identified with the location of the image plane for
static charges.17 The constantsA and b are determined by
matchingVszd and its derivative atz=z0, and the adjustable
parameterU0 defines the depth of the jellium potential well.
The remaining quantity,l, determines the transition range
s1/ld over which the barrier saturates. This simple barrier
model was shown to reproduce well the effective electron
potential at different surfaces obtained from density func-
tional calculations.14,18

For a SWNT, thefull effective surface potential is con-
structed in a similar way on both sides of the infinitely long
cylindrical shell of thicknessDR:

Veffsrd =5
VLRsr+df1 − e−lur − r0

−ung r , r0
−

− U0

Ale
−blur−r0

±u + 1
ur − au ø DR/2

VLRsr−df1 − e−lur − r0
+ung r . r0

+,

s6d

wherer±=r±DR/2, andr0
±=a±DR/2 define the location of

the image reference plane on either side of the tube’s wall.
Since Al and bl are determined via the matching at these
planes, they depend on the angular momentuml. We adopt
the same shell thickness,DR, of 0.296 nm as in the case of a
spherical carbon cage used for constructing theC60 jellium.13

The parameterU0, defining the depth of the potential well
was obtained by requiring that bound state energies of the
model system are appropriate for the highest occupied states
in carbon nanotubes, located well below the energies of im-
age state electrons. The density of states for the valence
bands has been well established both theoretically and
experimentally19–22 and is used here as a reference of nano-
tube electronic properties. Since each level of the one-
dimensional jellium well can be populated by two electrons,
the four valence electrons of the carbon atom, 2s2 and 2p2

will fully occupy the availablen=1 andn=2 levels. In this
case, the jellium Fermi level should be located close to the
energy ofn=2 state,EFùEn=2. The value ofU0, therefore, is
adjusted to match then=2 level with the Fermi energy of a
carbon nanotube. ForU0=−15.24 eV, the energies ofn=1
and n=2 levels become −12.41 eV and −5.7 eV, respec-
tively, where the latter is consistent with the Fermi energy,
averaged over different geometries of metallic carbon nano-
tubes. In principle, small variations of the Fermi level within
different nanotube chiralities21 can be accounted for in the
jellium potential by varyingU0. However, since positions of
the image-potential states relative to the vacuum level are
essentially unaffected by slight changes inEF,23 the same
jellium depth is used for all carbon nanotubes investigated in
this work.

The singularities inVIm [Eq. (3)] at r=a±DR/2 are
avoided in a manner similar to that of a 1/z potential in
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metallic films. We assume that the divergence inVIm can be
represented as some powern of 1/fr−r0g, sn.0d. Hence,
the limiting value ofVeffsrd for r→r0

++0 is given by the
L’Hospital’s rule:

lim
r→r0±0

1 − e−lur − r0un

ur − r0un
= l. s7d

The parametern, which, in the case of the film potential
equals 1, was determined numerically by requiring that the
saturated potential,VLRsrdf1−e−lur −r0ung, is continuous in the
vicinity of r0. In the present work, the value ofn was found
to be 0.94.

Note that the image potential inside the nanotube[top
panel in Eq.(6)] is obtained through a variable transforma-
tion, r→2a−r, in the potential on the vacuum side(bottom
panel). According to self-consistent calculations of the radial
potential for the C60 molecule,13 the long-range “wings” are
symmetric with respect to the fullerene shell. This encour-
ages the use of the same functional form on both sides of the
nanotube wall. However, since the penetration of an image
state electron beyond the jellium barriersr0

−ørør0
+d is ex-

pected to be weak, the small differences of the inner poten-
tial from the outer should have very little effect on binding
energies of image states.

The effective potentialVeffsrd, calculated for anl =1 im-
age electron in the presence of a(10,10) SWNT sa
=0.68 nmd is shown in Fig. 1(a). The associated matching
parameters in this case areA1=1.6 andb1=3.1. The quantity
l, which defines the value of the saturated potential at the
bulk–vacuum interfacesr→r0+0d is obtained by requiring
that Veffsrd is continuous nearr=r0. We note that matching

of the two parts inVeff [see Eq.(6)] relatesl to bothU0 and
Al. For the potential shown in Fig. 1,l is found to be
0.44a0

−1, wherea0 is the atomic unit of the length. The inset
in Fig. 1 displays the dependence of a centrifugal barrier on
the electron’s angular momentuml.

For a MWNT, considered as a collection of concentric
SWNTs with different diameters, the potential on the vacuum
side will have the same analytic form as for a SWNT[see
Eq. (6)]. Clearly, in this case, the nanotube radiusa should
be associated with the radius of a SWNT located in the outer
shell. The effective potential inside a MWNT is constructed
as a superposition of individual contributions from inner
nanotubes. In principle, for this arrangement, formation of
energy bands in the direction perpendicular to the nanotube
axis becomes possible. For an average size MWNT, how-
ever, the typical number of coaxial SWNTs is 5 to 20 and the
effect of perpendicular bands can be neglected. Figure 1(b)
shows the total effective potential for a three-walled carbon
nanotube with the outer diameter of 2.72 nm and the inter-
tube separation of 0.34 nm.

III. RESULTS AND DISCUSSION

A. Single-walled nanotubes

Binding energies of an electron in the presence of a nano-
tube, calculated for the case of the(10,10) SWNT are shown
in Fig. 2. Image-potential states with angular momenta in the
range from 0 to 10 are considered.

Classification of the states is similar to the scheme
adopted for the image states above metal surfaces, such that
the lowest state localized outside of bulk is labeled asn=1.
Since the effective potential inside the nanotubesr0

−ør
ør0

+d also supports a number of low-lying valence states

FIG. 1. The total effective potential for anl =1 image electron in
the vicinity of a SWNT(a) and MWNT(b). The inset in(a) displays
the effective potential for different values of electron angular
momenta.

FIG. 2. Binding energies of image-potential states calculated for
the (10,10) SWNT sa=0.68 nmd. Series of states with angular mo-
mentum in the range of 0–10 are considered. Numbers next to the
energy bars indicate principal quantum numbers,n.
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with wave functions confined inside the well, image-
potential state wave functions will have a number of nodes
extending inside, beyond the nanotube surface(i.e., r,a
+DR/2). This penetration, however, is weak(see discussion
at the end of the section), and the dominant part of the image
electron wave function is concentrated outside of the poten-
tial well, as shown in Fig. 3. As a result, over the region
outside the image reference planesr.a+DR/2d the n=1
state has only one transverse node. Its surface penetration is
represented with a few low-amplitude nodes that are kept
from extending to the nanotube center by a potential barrier
at r=a−DR/2 (also see Fig. 5).

High angular momentumsl ù6d states that localize be-
hind the centrifugal barrier are marked as tubular image
states in Fig. 2. Their binding energies are essentially insen-
sitive to the potential at the nanotube surface and fully agree
with the ones calculated in Ref. 9. It should be emphasized
that even the group of most deeply bound tubular image
statessn=1d is located within only 12 meV away from the
vacuum level, which is determined by a relatively low rise of
the positive trapping potential[see the inset in Fig. 1(a)].

In contrast to tubular image states, that are isolated from
the surface of the nanotube, states with small values of an-
gular momentum experience the negative effective potential
for any value ofr, and, as a result, localize closer to the
nanotube’s surface, as can be seen in Fig. 3. Their binding
energies are significantly deeper than those of high angular
momentum states(see Fig. 2) due to much further penetra-
tion of the corresponding wave functions into the nanotube.

In comparison with image states above metal surfaces
having typical binding energies in the range of 0.0–0.5 eV,3

image states of a SWNT are located closer to the vacuum
level. This difference is determined by the fact that image
states above metal surfaces have a relatively large overlap
with bulk states, such that their wave functions extend inside
the bulk for up to 3 nm.24 In the case of a SWNT, the pres-
ence of the inner wall in the nanotube jellium potential ob-
structs penetrations of an image electron beyond the surface
to less than 1 nm.

The diameter distribution of SWNTs produced by arc dis-
charge or laser ablation techniques is still poorly controlled.
Although the latter method yields more uniform nanotubes,
the typical diameter range can still be 1.0–2.0 nm.25 The
presence of SWNTs with different diameters in a sample
results in a superposition of spectral features, such as Van
Hove singularities.26 In view of that, the knowledge of diam-
eter dependent changes in a nanotube spectrum could be-
come critical in the interpretation of experimental results.
Moreover, it can be expected that binding energies will vary
significantly with changes in the nanotube diameter since
the effective long-range potential consists of the diameter
independent centrifugal, and the diameter dependent
s1/fsr /adlnsr /adgd image potential parts.

In Fig. 4, binding energies for three different types of
SWNTs (10,10), (12,0), and (9,0) with associated diameters
of 1.36, 0.94, and 0.70 nm, respectively, are compared. En-
ergies ofn=1 image-potential states for each value of the
electron angular momentuml sl =0–10d are displayed. The
shaded area represents the location of tubular image states
separated from the nanotube surface by a positive centrifugal
barrier. In the case of(10,10) SWNT sa=0.68 nmd the mini-
mal angular momentum needed for the presence of this bar-

FIG. 3. Squares of the wave functions for the first four image-
potential states of a(10, 10) SWNT sl =2d. The lower panel displays
the associated potential in the radial direction.

FIG. 4. Binding energies ofn=1,l =0–10 image-potential states
calculated for the(10,10), (12,0), and(9,0) SWNTs with associated
diameters of 1.36, 0.94, and 0.70 nm, respectively. The shaded area
represents the location of the positive centrifugal barrier.
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rier, lbarrier, equals 6, as in Ref. 9. As the nanotube diameter
decreases, more states fall behind the centrifugal barrier,
which is consistent with al2/r2 scaling of the centrifugal
potential. In the case of(12,0) SWNT sa=0.47 nmd lbarrier

=5, and in the case of(9,0) SWNT sa=0.35 nmd lbarrier=4
(see Fig. 4). The movement of the centrifugal barrier toward
the nanotube surface caused by the decrease in the nanotube
diameter rules out the possibility of scaling the correspond-
ing binding energies. In fact, the major trends in the diameter
dependence of the SWNT energy spectrum, evident from
Fig. 4, are rather interesting. Energies of low angular mo-
mentum states,E1,l s0ø l ø lbarrierd, for nanotubes with
smaller diameters are located closer to the vacuum level,
however, their interlevel separations increase. This is prima-
rily attributed to the different radial dependence of the two
components entering Eq.(4) for the effective long-range po-
tential.

In contrast to the decay mechanism of tubular image
states, which are shielded from interactions with the surface
by means of a centrifugal barrier, the low-angular momen-
tum states can enter the bulk region of a nanotube acquiring
finite decay widths owing to their coupling with bulk elec-
tronic states. In principle, the quantum-mechanical calcula-
tion of image-potential state linewidths,G, and the associated
lifetimes, t, requires a separate treatment of different nano-
tube geometries through modeling their bulk electronic struc-
ture, and invokes a many body treatment of the decay dy-
namics, which is beyond the scope of this study. Moreover,
results from such an elaborate calculation, can only be used
as a qualitative guide, since the experimental disentangle-
ment of contributions from different types of nanotubes is
still out of reach.

As a viable alternative, in the present work, the lifetime of
an image-potential statecn,l is evaluated by studying the
wave function penetration

Pn,l =E
0

a+DR/2

drcn,l
* srdcn,lsrd s8d

into the bulk. Previously, this approach was employed for
studying lifetimes of image-potential states above surfaces of
noble metals. In particular, it was shown that the linewidth of

the first image-potential state at theḠ point of Cus111d is
proportional to the penetration depth27 of its wave function.
Subsequent measurements utilizing the femtosecond time-
resolved photoemission have confirmed that the lifetime of
n=1 state strongly depends on the penetration of an image
electron into the crystal and is not very sensitive to the de-
tailed form of the wave function.24 It should be noted, how-
ever, that the above conclusion is valid only for image-
potential states that are located within an energy gap in the
projected band structure along the surface normal and, there-
fore, decay dominantly through inelastic effects associated
with electron–hole pair excitations. For states that are located
outside the gap and, thus, degenerate with the continuum of
energy in the conduction band, the dominant contribution to
the linewidth will be elastic, in which case, their lifetimes
cannot be deduced from wave function penetrations.

The absence of the band structure in the transverse direc-
tion of a nanotube favors the assumption that the dominant
decay channel in SWNTs is inelastic. Hence, image-potential
state lifetimes are predominantly influenced by their wave
function penetrations beyond the tube’s surface. The penetra-
tion depth, Eq.(8), in this case, provides a measure of the
coupling of the statecn,l to bulk electronic states. This cou-
pling, weighted by the screened interaction, is responsible
for the decay of image-potential states through electron–hole
pair excitations. Within this heuristic approximation, the
linewidth of a state can be related to its penetration depth by

GsEn,ld ~ Pn,lGbulksEn,ld, s9d

whereGbulksEn,ld is the linewidth of a bulk state correspond-
ing to the energyEn,l. For metal surfaces an empirical energy
scaling for the quantityGbulk as a linear power of the image
state energy with respect to the Fermi energy has been
obtained;28 for the free electron gas this scaling is found to
be quadratic.29 Considering for a nanotube an energy scaling
to be some power ofsEn,l −EFd, we note that the value of
Gbulk is largely independent of image state energies of the
tube sinceEF is much larger than a typical value ofEn,l.
Therefore, a good estimate of the ratio of the lifetimes can be
obtained from the ratio of the penetration depths.

Table I shows the probabilities for a zero-angular momen-
tum image electron to be inside a(10,10) SWNT srøa
+DR/2d. As expected, the increase in the principal quantum
number of an image-potential state results in smaller penetra-
tions of its wave function into the nanotube, increasing the
lifetime of the state. Noticeably, the typical penetration depth
for a nanotube state is found to be less than 1%, which is
substantially smaller than the average penetration depths of
image-potential states above metal surfaces. The latter can
extend up to 35–40% into the crystal[for n=1 of Cus111d],
corresponding to lifetimes of 8–10 fs.24 It should be empha-
sized that following the above discussion, the calculated pen-
etration probabilities can be used only for predicting the rela-
tive lifetimes of image-potential states within a certain
nanotube geometry. Thus, scaling of linewidths according to
the difference in the penetration depths between the image-
potential states above a Cus111d surface and a(10,10)
SWNT is not likely to yield accurate lifetimes. Qualitatively,
however, the comparison of penetration probabilities indi-
cates that electron–pair excitation cross sections for image-
potential states in SWNTs are smaller than in surfaces, and,
as a result, their lifetimes are expected to be longer.

TABLE I. Calculated penetrations of thel =0, n=1–5 image-
potential state wave functions into a(10,10) SWNT nanotube. The
second row shows the expected ratio of lifetimes,tn/t1.

n 1 2 3 4 5

Penetration(%) 0.592 0.264 0.151 0.055 0.038

Lifetime ratio, tn/t1 1.00 2.24 3.92 10.76 15.58
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B. Multiwalled nanotubes

Similar to SWNTs, MWNTs offer numerous potential ap-
plications. Their synthesis, on the other hand, is relatively
inexpensive and yields large quantities of isolated tubes.
Thus, at least for the moment, probing the existence of
image-potential states in a MWNT could be more accessible
experimentally, especially since the appearance of MWNTs
in the sample is more suitable for the formation of these
states.

The investigated nanotubes are constructed from 12–19
coaxial single-walled shells, separated from each other by
0.34 nm,30–32which is the spacing of a turbostratic graphite.
For this arrangement, the diameter of the outer SWNT is
9.48–14.21 nm. The total effective potential, calculated ac-
cording to the discussion in Sec. II is shown in the inset of
Fig. 5. The penetration depth of an image electron beyond
the surface planesr=ad of a MWNT can be seen in Fig. 5,
where the wave functions for the first three image-potential
states are shown. For comparison, the wave function for the
highest bound electronic state forming inside the nanotube is
also displayed. Even in the case of then=1 cluster of image-
potential states, the probability for an electron to be found
inside the outermost jellium well is negligible. Thus, at least
for image-potential interactions, a MWNT can be effectively
replaced with a SWNT located in the outer shell. In this case,
arguments concerning the diameter dependent properties of a
SWNT spectrum should be also applicable to MWNTs. This
claim is clearly supported by the spectrum calculated for a
MWNT, which is shown in Fig. 6. In comparison withEn=1,l
binding energies of a SWNT displayed in Fig. 4, the energy
levels of a MWNT are located further away from the vacuum
level.

According to Fig. 6, binding energies of image states in
MWNTs are almost insensitive to electron angular momenta.
As was mentioned above, the centrifugal interaction is inde-

pendent of the nanotube diameter, whereas the image poten-
tial interaction scales asr /a. Clearly, for large diameter
nanotubes the angular dependent contribution into the total
long-range potential becomes less significant. It is also clear
that the minimal value of angular momentum needed for the
formation of the positive barrier,lbarrier, in MWNT will in-
crease. For instance, in the case of the 12-walled MWNT
lbarrier=14. The influence of nanotube parameters on the cen-
trifugal barrier is analyzed in Fig. 7, where the barrier height
is plotted versus the electron angular momentum and the
nanotube diameter. According to Fig. 7, the formation of this
barrier in MWNTs not only requires relatively large values of
l but also has a very slow growth with increasing angular
momentum. For instance, the barrier height for the 9.48 nm
MWNT is only 0.3 eV, whenl =25. The corresponding bind-
ing energies of over-the-barrier image states in MWNTs are
estimated to be less than 1 meV away from the vacuum level.
Consequently, even a minor fluctuation in the effective po-
tential along the tube, for example due to electron-phonon
interaction, will result in the ionization of these states.

C. Nanotube bundles

It is well known that SWNTs tend to stick into bundles or
ropes during their syntheses.10 In this case, the effective po-
tential for an electron moving in the vicinity of a nanotube
bundle is no longer cylindrically symmetric and, therefore, is
inseparable with respect to two coordinates in the plane per-
pendicular to the axis of a bundle.

FIG. 5. Wave functions for the lowest three image-potential
states calculated for 19-walledsd=14.2 nmd MWNT sl =1d. Wave
function for the highest bound state forming within the jellium shell
is also shown. The lower panel displays the total effective potential
in radial direction.

FIG. 6. Binding energies of image-potential states are calculated
for the case of a MWNT that has an outer diameter of 9.48 nm.
Series of states with angular momenta in the range of 0–2 are con-
sidered. Numbers next to the energy bars indicate a state’s principle
quantum number,n.
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In this subsection, an effective long-range potential for
nanotube bundle is derived for a simplified case when an
electron interacts with only two adjacent SWNTs at a time.
This scenario can be realized when nanotube bundles contain
just a few SWNTs or when an electron is located close to the
surface of the bundle. In this study, the two(12,0) SWNTs
are considered in a hexagonal close-packed bundle, which
has a characteristic van der Waals separation between adja-
cent nanotubes,DL, of approximately 0.3 nm.33 The poten-
tial is calculated for the plane perpendicular to axes of both
SWNTs. With these considerations, the effective electron–
bundle potential can be approximately given in Cartesian
coordinates as a superposition of contributions from indi-
vidual nanotubes,

VsX,Yd = Vl=0
eff sr1d + Vl=0

eff sr2d,

ri
2 = Y2 + sX + s− 1di−1sai + DL/2dd2 si = 1,2d, s10d

where ai are the nanotubes’ radii,ri is the position of an
electron in the Cartesian frame of reference, andVl=0

eff srd is
the total effective potential given by Eq.(6) excluding the
centrifugal part. In principle, both the interaction of nanotube
electrons with core ions of the other nanotube and intertube
electron–electron interaction will affect the distribution of
the induced image charge. The effective range for both inter-
actions, however, is comparable to the atomic radius of car-
bon, which is substantially smaller than the diameter of a
nanotube. Therefore, in the present analysis, aimed to pro-
vide a qualitative illustration of the long-range character of
the potential, intertube interactions are neglected.

The resulting potential for the two SWNTs,VsX,Yd, is
shown in Fig. 8, where theXY Cartesian plane is perpendicu-
lar to nanotubes’ axes and its origin is located symmetrically
between SWNTs.

The form of the potential along theX axis at 0.0–0.6 nm
away from the nanotube’s surfacesY,1.1 nmd has two
wells at X1,2= ± sa+DL /2d, corresponding to the minima of
the jelliumlike potential for each nanotube. The height of the
potential barrier, separating these wells in theX direction
decreases as the electron moves away from the nanotubes
along the Y axis. WhenY<1.1 individual wells can no
longer be distinguished, instead, the projection ofVsX,Yd
along theX axis reveals only one potential well centered at
X=0 (between nanotubes). Electronic states supported in this
potential can no longer be associated with a single nanotube
and should be considered as image-potential states of a
bundle. Since the merging of the two individual potential
wells into one occurs at distances less than 1.1 nm away
from axes of each tube, the full range of image-potential
statessc1,0−c`,0d associated with an isolated nanotube(see
Fig. 2) will be altered by the presence of the second SWNT.
The nature of the change in the individual nanotube spectra
is defined by the form of the intertube well, which is slightly
deeper and approximately twice as wide as the potential well
of a single nanotube. Thus, in the present approximation,
binding energies of image-potential states in bundles will be
more deeply bound than those of isolated SWNTs.

IV. CONCLUSIONS

The formation of image-potential states near surfaces of
both SWNTs and MWNTs was investigated theoretically.
The states are confined between the self-induced potential on
the vacuum side and the surface barrier, created by the cen-

FIG. 7. The height of the positive centrifugal barrier as a func-
tion of the electron angular momentum,l, and the nanotube diam-
eter. The results are valid both for SWNTs and MWNTs(see text).
The curve, indicated asl = lbarrier, is formed by the crossing of the
potential surface with theXY plane, and displays the marginal com-
bination of the nanotube parameters(a andl) needed for the forma-
tion of the positive barrier.

FIG. 8. Effective potential,Vsx,yd, for the two adjacent(12,0)
SWNTs. The XY plane is perpendicular to the axis of both
nanotubes.
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tral ascent in the transverse nanotube potential. Binding en-
ergies and wave functions were calculated by modeling the
interactions inside the nanotube with a cylindrical jelliumlike
short-range potential, parameterized to ensure the correct be-
havior at the bulk–vacuum interface. Calculations were per-
formed for (12,0), (10,10), (9,0) SWNTs andsd=9.48 nmd
MWNT utilizing a wide range of electron angular momenta.
In addition, the expected relative lifetimes were calculated
for the case of zero-angular momentum states of a(10,10)
SWNT. Present results indicate a unique dependence of
image-potential state properties on the nanotube diameter,
which is primarily determined by the different radial behav-
ior of the induced and centrifugal parts in the effective
potential for the system. According to the present study, the
experimental investigation of image-potential states in nano-
tubes could be realized by using time-resolved

photoemission.4 This technique was developed from two-
photon photoemission and has proven to be the most versa-
tile in studying unoccupied electronic states on a femtosec-
ond scale. Its typical energy resolution for photoionized
electrons is about 10 meV,26 which would allow for the ob-
servation of individual image-potential states. In addition,
time-resolved photoemission can map out the temporal evo-
lution of photoexcited electrons, providing an ideal tool for
studying the lifetimes of image-potential states in carbon
nanotubes.
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