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FIG. 18. Energy levels of H- resonances lying below the H(N - S) limit of hydrogen 
grouped according to the (K,n' quantum Dumber>. Daca from Ho and Callaway (1983). 

We must emphasizethatthe rotorlike structure appliestoA = + I and-l 
channels only, but the T doubling applies to A ~ 0 channels as well. 

E. SINGLY EXCITED STATES AND DOUBLY EXCITED STATES
 
WITH A = 0
 

The classification scheme discussed here applies to all states of two-elec­
tron atoms. It incorporates singly excited states as a subset. All singly excited 
states have (K, n = (0,0). For'S', A =+ I, for'S', A = - I, and all of the 
other L's have A - O. According to the independent-particle model. the 
energy for Isnl: 'L is always lower tban the energy for ISIlL 'L for two-elec­
tron atoms. This is understood in terms of Pauli exchange correlations: In 
triplet states, the two electrons have parallel spins and thus they tend to stay 
away from each other spatially, thus reducing the electron-electron repul-

DOUBLY EXCITED STATES 

lpD 3pe 

' ~~ ~, 

ll·.." ' ..R=2 " . 

, ' ~ 
.,' ' R- 4 ''',,', 1,:,:;i,:1 ., , I ' .".

•. I";" ll:' """. . : 
,II ...• ~
 

" 

. ,'" ' 'I . ,::. ,I':i' .. ,., .R'6 

:iij:),IIj"" " , ~" 
~2 ~ BI2 
,,_'ii:'~ 

Flo. 19. Surface charge-densityplctsfor the lsnplpoand IsnpJPOchannelsofHeatR - 2. 
4, and 6. Notice that the Pauli exchange correlation is reflected as angular correlation in 
charge-density distributions. 

sion energy. From the hyperspherical viewpoint, this Pauli exchange corre­
lation is reflected in the difference in angular correlation between the two 
electrons. To illustrate this point, the surface charge density plots for I Pand 
'Pare shown in Fig. 19 for three values of R. At large R, say R = 6, there is no 
evidence of angular correlation, and the charge distributions for singlet and 
triplet are identical. At smaller R, say R = 2, we notice that the triplet state 
has large charge concentration near ell = 180' while the singlet has larger 
concentration in the small·e" region. Thus the Pauli exchange correlation in 
the independent-electron picture is reflected in terms ofangular correlations 
if it is visualized from the hyperspherical viewpoint. 

The A = 0 states were mentioned earlier to be states where the electrons 
reside in the two potential valleys. In this respect. they are similar to singly 
excited states. In fact. their spectral behaviors do resemble those of singly 
excited states, as shown in Fig. 20. By displaying these states according to 
(K, rr. we notice that the triplet state in each case does lie lower in energy 
than the corresponding singlet state except in cases where the irregularity 
may be due to the numerical inaccuracy. Data were taken from Lipsky et al. 
(1977). 











117 116 C. D. Lin 

Herrick's work for the approximate description ofStark states in the asymp­
totic limits. 

The adoption of quantum numbers in the asymptotic region for the de­
scription of doubly excited states seems unsatisfactory since important cor­
relations occur in the region where the two electrons are close to each other. 
From Fig. 3. we notice that the potential surface isquite smooth along the II" 
coordinate. This smooth dependence allows us to expect that angular corre­
lations do not vary significantly as R changes adiabatically. Similar conclu­
sions have been obtained through actual numerical calculations (Lin, 
1982b). We thus expect that the same quantum numbers Kand Tusedin the 
asymptotic limit can be used to describe angular correlations in the inner 
region and also of the whole atom. To incorporate radial correlations, the 
quantum number A was introduced semiempirically (Lin, 1983d, 1984). In 
this section we re-examine these quantum numbers byanalyzing the channel 
functions in the body frame of the atom (Watanabe and Lin, 1986). 

A. CHOICE OF THE BODY-FRAME AXES 

We choose the interelectronic axis 

;" = (r, - r,)/Ir, - r,l (33) 

as the internal axis of rotation. This choice is democratic with respect to the 
exchange of the two electrons. The general behavior of this axis is similar to 
that ofthe vector B = b, - b, (Herrick and Sinanoglu, 1975a,b) exploited in 
the 0(4) theory of doubly excited states since for a pure Coulomb field the 
Lenz vector b is related to r as 

r - (3n/2Z)b (34) 

where Z is the charge and n is the principal quantum number. For intrashell 
states the B in the 0(4) theory is proportional to the interelectronic axis in Eq. 
(33). The choice ofEq. (33) as the internal axis also has the advantage ofnot 
specifying the principal quantum numbers nand N of the two electrons. 

B. DECOMPOSITION INTO ROTATIONAL COMPONENTS 

ln displaying the correlation patterns shown in Section III, the charge 
densities were averaged over the rotational angles of the whole atom. In this 
section, we decompose the whole wave function or channel function into 
components along the body-frame axis. Starting with a chosen laboratory 
frame, the rotation from the laboratory frame to the body frame is effected 
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through a rotation matrix 

'Yt,t,LM(;' ,;,) = 2: 'Y (35) 
Q "t,LlP;,;,)D\r1(w) 

where U, ,;,) are defined in the laboratory frame and (;; i,) in the body 
frame, and D is a rotation matrix. 

Suppose that the wave function is known in the laboratory coordinates. 

'i'(f, ,f,) = 2: 'i'tt,(r, ,r,l'Y"t,u./J, ,;,) (36) 
MI 

Substitution of Eq, (35) into Eq, (36) gives 

'i'(f, ,r,) - 2: 'I1z(R,a,II,,)DWt(w) (37) 
Q 

where 

'I1z(R,a,lId = 2: '!'tt,(R cos a, R sin a)'Y1,I,d;;,;f) (38) 
J,II 

and-L" Q .. L. 
Let US consider the symmetry under particle exchange. A careful anal­

ysis in the Appendix of Watanabe and Lin (1986) shows that under 
a - 1l/2 - a, each rotational component satisfies the property 

'I1z(R, 1l/2 - a, II,,) =Il(-I)S+Q 'I1z(R,a,II.2 ) (39) 

By introducing a phase factor A as 

A = Il(- It+T (40) 

where T = IQI, the index A determines the reflection symmetry ofthe radial 
wave function with respect to the a = 1l/4 axis. Thus A serves as an index for 
radial correlations. In the special case L = 0, we have T - O. A = (- It. 
which is the well-known symmetry requirement for'S and IS states. For L 
not identical to zero, there are more than one rotational components. Ifthere 
is only one dominant rotational component in Eq, (37), then the radial 
correlation quantum numberA is determined from Eq. (40). In fact, Eq. (40) 
is identical to Eq. (18) for A = + 1 or - 1. We assigned A = 0 for those 
channels which do not have a major rotational component, even though 
each rotational component has its own well-defined symmetry in a. 

Each rotational component also has a well-definedsymmetry with respect 
to the II" = Il axis. In fact, it can be shown that (Watanabe and Lin, 1986) 

'I1z(R;a,21l-1I,,) = (- W'I1z(R;a,II,,) (41) 

I quantum
which provides the relation between the motion in II" and the rotational 

number T. 
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C. PuRITY OF ROTATIONAL STATES 

The symbol A, as given by Eq. (40), has a close connection with the value 
of T. According to the decomposition of Eq. (37), if there is only one rota­
tional component. then the radial correlation quantum number A will be 
either A = + lor A = - I. Thus the purity of+/- radial correlation is related 
to the purity of rotational states. 

To enrich our picture of the purity of rotational states, we show in Fig. 23 
the decomposition of the (i,I), 'po and (i,l)j 'po channel functions at 
the values of R where their respecti ve potentials bottom out. The percentage 
represents the contribution to the normalization from each T component. 
For 'po, the T= I component has 91% of the integrated density. According 
to Eqs, (40) and (41), for this component A = - I and the function vanishes 
along 11" = If. The density plot for the T = 1 component clearly exhibits 
these properties. Figure 23 also shows that there is a 9%contribution of the 
T = 0 component for 'po at R = 23. This component has A = + I and an 
anti nodal structure at 11" = '" the density plot for T = 0 clearly shows this 
behavior. Similarly, for' P", the T = I component represents a 90% contri­
bution and the T= 0 a 10% contribution at R = 16. In this case, the T = I 
component has A = + I and a nodal structure at 11" = If, while the T = 0 
component has A = - I and an antinodal structure at 11" = If. The surface 
plot for each component exhibits these relations. 

The purity of rotational states maximizes roughly in the range where the 
potential is near the minimum. To illustrate the dependence of the purity of 
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FIG. 23. Decompositionof the density plots into rotational components of the (1,I)i lpo 
and (1.I)j l po channels of He at the values of R indicated. The percentages represent the 
contribution to the normalization from each T component. 
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rotational states on R for each channel, weshowin Fig.24 the normalization 
percentage of the T = I component for all of the five 'po channels that 
converge to the He+(N = 3) thresholds. The dashed lines represent the 
interpolated region where the potential curves exhibit crossings. We note 
that the low-lying channels show greater purity of rotational states, while the 
higher channels violate the purity of T more severely. We further note that 
the rotational quantum number T is ill respected in the asymptotic region. 
The reason is that the angular motion of the outer electron is represented by 
the term IliR'. which is not diagonal in the pure (K,TJ basis. 

D. VIBRATIONAL QUANTUM NUMBERS 

Zero-order vibrational states do not emergeautomatically from the body­
frame analysis. To understand the quantum number K, we first assume 
every channel to be in a pure T state. Suppose that the outer electron ap­
proaches the inner one from a large distance. Take the axis of the approach­
ing electron r to be the z axis of the laboratory frame. In this frame, the 
two-electron angular momentum function is proportional to P3(cOS 11,,), 
where Q = L . f,. The number of nodes in 11" (0 < 11" < If} is[, -IQI, which 
varies between 0 and N - I - T. The transformation from the laboratory 
frame to the body frame is identity at large ',; the transformation evolves 
smoothly to the small-R limit. Thus, for a given T, wecan use the number of 
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nodes n in 0" as a label for the vibrational motion in 0". In molecular 
physics, the vibrational quantum number u is related to n by 

u ~ 2n + T (42) 

The quantum number K used for labeling hyperspherical channels is 
related to nand u by 

K ~ N - 2n - T - I = N - u- I (43) 

When T is fixed, both u and K change in steps of 2. 
The quantum numbers K and uhave thus far been used as labels. Accord­

ing to the definition of K and Tfrom the asymptotic solution, ifachannel isa 
pure (K, T) state, the expectation value of the dipole moment r cos 0" is 
- (3N/2Z)K. We can define a similar leading tenn in the dipole approxima­
tion which contributes to the vibrational energy 

I R sin a 
V,(R;a,O,,) = R' , cos 0", 0 .. a .. lC/4

cos a 

~ I Rcosa 
lC/4 .. a .. lC/2 (44)R' sin' a cos 0", 

Here R'V, determines the polarizabilitv of the system. To examine the 
purity of an effective K, we define 

K(R)=-G~)R'(V,) (45) 

The results for K(R) for He(N= 3, 'PO) channels are shown in Fig. 25. We 
note that K(R) indeed varies slowly with R and is very close to the integers K 
used to label the channels, panicularly for the low-lying channels. 
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FIG.25. R dependence of the K{R) defined hy Eq. (45) for the 'P"(N ­ 3) manifold of He. 
Dashed linesare used to indicate the region where diabatic crossing has been imposed. 

E. MOLECULELIKE VIEWPOINT OF Two­

ELECTRON CORRELATlONS
 

The body-frame analysis so far indicates that the quantum numbers Kand 
Tcan be related to the vibrational and rotational quantum numbers used in 
molecular physics. This rovibrational viewpoint has been explored exten­
sively for intrashell states (Herrick et al.. 1980; Kellman and Herrick, 1978, 
1980; Herrick, 1983) and for model two-electron atoms (Ezra and Berry, 
1982, 1983). Bygeneralizing to intershell states, one can identify (Watanabe 
and Lin, 1986) the +/- radial quantum numbers as the symmetric stretch 
(for A = +) and antisymmetric stretch modes used by quantum chemists 
(see the review by Manz, 1985). The potential curves illustrated in Figs. 
12-14 and the energy levels shown in Figs. 17 and 18 indicate that the 
magnitude of the correlation energies follow the hierarchical order 

UA > o.> u; (46) 

where UA , Ux, Urate the separation of theA = + and -doublet curves and 
the local vibrational and rotational energies, respectively.The higher excita­
tions, particularly the A ~ 0 channels, lead to the lessclear-cut order and to a 
noticeable admixture of other modes. These higher excitations do not ex­
hibit rnoleculelike modes. 

After the moleculelike modes have been divided into A ~ + and A - ­
groups, angular correlations can be classifiedby their degree of excitations. 
There ate two well-defined schemes (Herrick, 1983) which can be easily 
understood from Eq. (46). One is the d-supennultiplet scheme which utilizes 
the number of nodes in 0", namely the ndiscussed in the previous subsec­
tion, to regroup angular correlation patterns. An example isshown in Fig. 26 
for the lowest n = 0 states for the A ~ + and for the A = - subgroups for 
doubly excited states of He(N = 3). The vertical axis corresponds to Land 
the horizontal axis is labeled by ± T, where we have used - T to designate 
states which have rotational quantum number T but with parity given by 
lC - (- 1f+ I in order to distinguish it from states with identical T but with 
parity lC = (- If. Note that there is a clear correspondence between the 
"+"-type and "-"-type superrnultiplets, namely the interchange of the spin 
label I ..... 3. Another scheme is known as the Isupennultiplets. Defining 
1= L - T, loosely speaking, I corresponds to the rotational degree of free­
dom orthogonal to that represented by T( Watanabe and Lin, 1986). With K 
as the vertical axis and ± T as the horizontal axis. a diamond similar to Fig. 
26 can be constructed for each I (Herrick et al.. 1980). 

The moleculelike normal modes motivated Kellman and Herrick (1980) 
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to fit intrashell energy levels to the molecular term formula 

E- EN + w(V + I) +X(V+ 1j2 

+ GT2 + [B- a(V+ I)][L(L + 1) - P]- D[L(L + I) - P] (47) 

This formula attempts to attribute all the higher-order corrections to the 
anharrnonicity of the bending vibrational potential, centrifugal distortion, 
etc. In atoms. the impurity of the (K,Tl states owing to angular excitation is 
an equally important contributor to the departure from the lowest-order 
formula 

E = E,,+ w(V+ I) + B[L(L + I) - T2] + GT' (48) 
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A more detailed discussion on the limitation of the moleculelike interpreta­
tion of doubly excited states is given in Watanabe and Lin (1986). 

F. THE TDOUBLING 

In Fig. 17 we note that each pair ofT ~ 0 states which have identical n, N. 
A, L, and Khave near-degenerate energies. The splitting ofeach pair iscalled 
T doubling. T doubling occurs for A = + I as well as for A ~ - 1 states. In 
fact. it also occurs for A = 0 states, as shown in Fig. 20 for states belonging to 
the (- I, 1)0 channel. 

The effective principal quantum numbers shown in Figs. 17and 20 clearly 
indicate that between each pair of states the energy of the state with parity 
11 = (- 1)'-+I is slightly lower than that of the state with parity 11 = (- I)L. 
This difference can be attributed to the wave functions near II" = O. It can be 
shown (Rehmus et al.. 1978; Ezra and Berry, 1982) that the wave functions 
for states with parity 11 = (_1)'-+1 vanish identically at II" = O. There is no 
such constraint for states with parity 11 = (- 1)'-, In general, the wave func­
tions for these latter states are small at II" = 0 and a = 11/4, but they do not 
exactly vanish, 

A nonzero amplitude near II" = °and a = 11/4 tends to increase the 
electron-electron repulsion energy. If all the other quantum numbers. n, N, 
A, L, K, and T, are the same for the pair of states. such a stronger electron­
electron repulsion would result in a higher energy for the state with parity 
11= (- 1)'-.The energy levels in Fig. 17are in agreement with this prediction 
[see the (Ll )", (0,2)+, and (-I,It series in the upper frame and the(I,I)-, 
(0,2)-, and (- I, 1)- series in the lower frame]. This prediction, however. is 
not completely confirmed by the results shown in Fig. 18 for the resonances 
of H- below the H(N = 5) threshold (Ho and Callaway, (983). The calcu­
lated energy ordering for the (2,2)+ and (I,l)+channels is opposite to what we 
have expected. Whether this irregularity in the T doubling is due to some 
other unaccounted effects ordue to the inaccuracy in numerical calculations 
remains to be resolved. Similar irregularities in this respect can also be found 
in the calculated energies for the resonances of H- below the H(N = 4) 
threshold [see Table II of Ho and Callaway (1983)]. 

G. SYSTEMATtCS OF AUTOIONIZATION WIDTHS 

One of the most striking features of the earlier photoabsorption data of 
doubly excited states of helium is that the autoionization widths ofdifferent 
Rydberg series are dramatically different. To characterize the width of a 
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Greene (1981) has shown that the quantum defect. for the 2snp and Zpns 
states are much improved over those obtained from a single adiabatic chan­
nel calculation. 

Further work along this line has been shown recently by O'Mahony and 
Watanabe (1985) on the I D' spectrum of Be. Their work departs from the 
pure hyperspherical procedure in that they use the R-matri" method to 
obtain reliable data, but hyperspherical wave functions were used to present 
a more transparent picture ofelectron correlations as wellas to delineate the 
regions of space at which channel coupling occurs, O'Mahony (1986) also 
studied the Mg liD' spectrum and extended the method to analyze the 
channel interactions in the 'D' spectrum ofAll, thus casting the qualitative 
analysis of Section IVA on a quantitative basis. 

As we proceed to doubly excited states converging to the higher N mani­
fold, the correlations and channel behaviors of the states become closer to 
those exhibited in the corresponding channels in H- and in He. In Fig. 36 we 
show the potential curves of the three lowest JpO and 'po states ofLi- that lie 
below the 3s, 3p, and 3d levels of Li. Note that the curves show diabatic 
crossing similar to those shown in Fig, 12for He. No systematic studies ofthe 
correlations of these systems have been accomplished yet. It would be inter­
esting to examine how the superrnultiplet structure ofSeetion IV is modified 
for system. like beryllium. 

Doubly excited states ofother alkaline earths and alkali negative ions have 
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also been studied by Greene (1981) and by Watanabe and Greene (1980). 
These subjects have been reviewed by Fano (1983). 

B. DOUBLY EXCITED STATES OF He-

Doubly excited states of multielectron atoms in general consist of an 
electron pair outside a compact open-shell core. The core can be viewed as a 
perturber that scatters individually one ofthe outerelectrons with a possible 
exchange of spin. For He-, these doubly excited states appear as resonances 
in e- He scattering. An ever-increasing volume of experimental results for 
resonances associatedwith the N - 2 and 3 limits of He have been accumu­
lated (Brunt et al., 1977; Buckman et al.. 1983; Schultz, 1973). 

The treatment of doubly excited states of complex atoms as an effective 
two-electron hyperspherical problem relies upon the division of the two­
electron configuration space into three physicallydistinct regions (Watan­
abe, 1982, see Fig. 37). Region I corresponds to the close simultaneous 
approach of the twoouter electrons to the core which is practicallyforbidden 
by the centrifugaleffectsin the energy range ofless than 25 eV. Regions II, 
and II, correspond to the penetration of one of the outer electrons into the 
core, independently .of the other electron: The problem here reduces to the 

r j r 
o 

III ill 

" .c,v 9: _ r 0 

r z 
FIG. 37. Division ofthe(r1,'1) planeinto three rqions.ln RegiOD I,both electrons ate in the 

innerregion occupied by-the core electrons. In Rqion.sn t aDd U1 .oaeo{tne electronscolen the 
core region while the otherstaysoul$ide. In Regionm. theelectronpain stayoutsidethecore; 
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scattering ofa singleelectron by the core.In RegionIII.the core isseenbythe 
electron pair asa mere positivecharge. It is in this regionwhere the problem 
can be reduced to the pure two-electron problems which are to be treated 
using hyperspherical coordinates. 

An efficient method for treating these problems has been initiated by 
Watanabe (1982). Bylimitingthe solution of the two-electron problemsonly 
to Region III,he incorporated the core penetration byone ofthe electronsby 
means of a boundary condition at the interfaces betweenRegionsII and Ill. 
This isconveniently achieved by adding to the electron-pair Hamiltonian a 
singular surface operator which enforcesthe correct boundary condition at 
the core limits (Bloch, \957). The Hamiltonian in the restricted Region III 
reads then: 

H(l,l) = H.,Jresidual) + .£._(E) (49) 

.£._(E) = - ~' [6(a - ao) + 6(a - n/Z + aoJ] (.:x - L,(E)) (50) 

where ao = tan-'(ro/R) and n/2 - ao define the two boundaries between 
Regions II and III, and L,(E) defines the logarithmic derivative matrix for 
the correct emergency of the scattered electron from the core. 

Watanabe (1982) used this method to study doubly excitedstates of He­
near the He( Is2s, Is2p) limits and comparedwith the results of the experi­
ment of Brunt et al. (1977). In their more recent work, Le Dourneuf and 
Watanabe (1986) extended the method to the doubly excited states of He­
near the He( Is31) limits. The two-electron normal modes of the doubly 
excited states werefound not 10 be broken bythe core's perturbation and the 
states can beclassified similarly to the doublyexcitedstatesof He and H-. A 
more detailed introduction to these voluminous works is DOl possible here. 
We only mention that their work provides a good example that doubly 
excited states of multielectron atoms can be interpreted based upon our 
understanding of the doubly excited states of two-electron atoms. Detailed 
discussions of their work can be found in Watanabe et al. (1983) and in Le 
Dourneufand Watanabe (1986). 

There have only been a few preliminarystudiesofdoubly excitedstatesof 
other atoms. Clark (1984) has examined the CI wavefunctions of the nega­
tive ions of rare gas atoms Ne-, Ar", Kr", and Xe-. By expressing the 
two-electron part of the wave functions for some of the resonancestates in 
hypersphericalcoordinates, it wasfound thaI their basiccorrelation patterns 
are identical to the corresponding doubly excited states in He and H-. A 

they are under the influence of the attractive potential due to the .QucJeus and of the core more detailed and systematic Study of these negative ion resonances is 
electrons. needed to sort out the spectral regularity. I 
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VIII. Concluding Remarks and Perspectives 

The study ofdoubly excited states in this article has centered on the nature 
and characteristics ofcorrelations of two excited electrons. By representing 
wave functions in hyperspherical coordinates and examining the symmetry 
and regularities of the surface charge densities on the (a,I:/12) plane, angular 
and radial correlation are con veniently visualized. The adoption ofapproxi­
mate correlation quantum numbers K, T, and A allows us to systematize 
correlations and exploit new spectroscopic order ofdoubly excited stales. By 
analyzing the wave function in the body frame of the atom, these correlation 
quantum numbers can further be interpreted as being analogous to the 
rnoleculelike rovibrational normal modes. 

It is recommended that each doubly excited state be designated as ,(K,T)'J, 
'5+ IL". This notation contains information about how the two electrons are 
correlated. This new classification scheme incorporates many important 
features which are easily revealed by changing Oneor several quantum num­
bers: 

( 1) States with fixed K, T, A, N, L, S, and tr but different n belong to the 
same series. States within the same series have similar correlation patterns. 
For neutral atoms, the quantum defect along the series is nearly constant. 
The selection rule for excitation is characteristic of the whole series. 

(2) A different "series" can be formed by changing thequanturn numbers 
nand N simultaneously. For example, the series N(N - I, O):t; IS' changing 
with the value of N forms a "double Rydberg series" (Read, 1977; Rau, 
1984a). All the states in this series are characterized by having r, = r, and 
1:/" = 180'. For large N, each state behaves like a long linear molecule (Lin, 
1982c). The correlations of these states are similar to the Wannier state of 
two continuum electrons near the double ionization threshold. 

(3) States with identical n, N,K, T,and A but different L, S, and tr exhibit a 
rotorlike structure if A = + I or - 1 (Section Ill). Different supermultiplet 
structure can beobtained by ordering the states according to the number of 
vibrational nodes in the angle 1:/.2 (Section III). 

(4) Singly excited states as well as the independent-electron picture are 
included as a subset of this more general classification scheme. 

Most of the works using hyperspherical coordinates have been directed at 
understanding the structure, particularly resonance states. This success so 
far has not been extended to scattering problems (Lin, 1975a; Miller and 
Starace, 1980),nor to excited states where the principal quantum numbers of 
the two electrons are very different (Park eral.. 1985; Fink and Zoller, 1985). 
The origin ofthis failure is obvious. Although the hyperspherical coordinates 
are very close to the independent-particle coordinates in the asymptotic 

region when one electron is inside and the other is far outside. physically 
when the two electrons are well separated it ismore appropriate to represent 
the system using the independent-particle coordinates. The small difference 
between hyperspherical coordinates and independent-particle coordinates 
at large R introduces a small but ever-present radial coupling between the 
adiabatic channels. Macek (1985) has shown that it takes the coupling ofan 
infinite number of adiabatic channels at large R to reproduce the indepen­
dent-particle states in the asymptotic region. Experience (Lin, 1975a) has 
shown that the elastic scattering phase shifts in e- H scattering at higher 
energies are not well reproduced by one-channel or a few-channel calcula­
tions. This difficulty in obtaining accurate continuum states is responsible 
for our inability to obtain more accurate decay widths using hyperspherical 
coordinates. 

Attempts to improve the numerical results using the "post-adiabatic" 
method (Klar and Fano, 1976; Klar, 1977)have not been very successful. 
Some of the more recent works on the low-lying alkaline earths (O'Mahony, 
1985; Watanabe and O'Mahony, 1985; O'Mahony and Greene, 1985)have 
adopted the R-matrix method to calculate eigenstates and the use of hyper­
spherical coordinates to analyze the region ofconfiguration space where the 
coupling occurs. Recognizing the difficulties in applying hyperspherical co­
ordinates to the large-R region, Christensen - Dalsgaard (1984b) proposed a 
new procedure by matching the inner (small-R) hyperspherical coordinate 
wave functions onto the outer (large-R) close-coupling wave functions at a 
hyperradius R = Ro• The value of Rowas chosen where the effects of elec­
tron exchange and correlations are small. Preliminary results for the elastic 
phase shifts in e- H scattering indicate that this procedure eliminates the 
need of coupling many hyperspherical or many close-coupling channels in 
each region. Further investigations are needed to test the general usefulness 
of this procedure. 

Extensive analysis of doubly excited states so far has been limited to 
two-electron atoms only. For doubly excited states with a core structure, the 
designation presented in this article is adequate for describing the states Or 
channels in the region where correlations are prevalent. In the outer region, 
the channels are labeled more appropriately in terms ofindependent-particle 
quantum numbers. General rules for connecting the two regions have not 
been established yet. The circumstances where the adiabatic approximation 
is violated also need to be examined. 

Systematic experimental data on doubly excited states are scarce. The 
approximate selection rules for pnotoabsorption from the ground'state of 
helium is well established. It is not clear, in view of the lack ofexperimental 
data as wellas extensive calculations, whether the same selection rules can be 
applied to photoabsorption from metastable states ofhelium. There are little 
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systematics on the cross sections for fonning doubly excited states via elec­
tron impact or ion impact. Preliminary data from van der BUrg! and Heider­
man (1985) for e- He collisions seem to indicate that only the + states are 
excited. 

Doubly excited states can be populated using multistep laser excitations in 
which each of the two valence electrons ofalkaline earth atoms are excited 
separately (Gallagher. 1986). So far, almost all the data pertain to doubly 
excited states of barium. and the principal quantum numbers of the two 
electrons are quite different. Because of the lack of calculations, it is not 
possible to know whether the doubly excited states populated in these exper­
iments belong to the A = + I channels only or whether the A = - I and 0 
channels are also populated. Doubly excited states can also be selectively 
populated via double charge-transfer processes by suitably choosing the 
projectile - target combinations. Although there are many doubly excited 
states produced this way, the limited resolutions available so far do not 
permit the identification of individual states. 

The theoretical methods and procedures discussed in this article can be 
further extended to three-electron systems to study triply excited states. 
Although there are a few calculations for triply excited states using hyper­
spherical coordinates (Clark and Greene. 1980; Watanabe et al.. 1982; 
Greene and Clark, 1984), there is very limited information about the corre­
lations of these systems. Preliminary study ofexcitations beyond triply ex­
cited states so far is limited to the properties of hyperspherical harmonics 
(Cavagnero, 1984, (985). 
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