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Radial and angular correlations and the classification of intershell 2l2l 83l 9 triply excited
states of atoms
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We analyzed radial and angular correlations of 50 2l2l 83l 9 triply excited states of atoms. Using hyper-
spherical coordinates, we examined channel wave functions in the body-fixed frame to identify elementary
normal modes of the correlated motion of the three electrons. For these states, we showed that the bending
vibrational modes characterizing the angular correlations are the same as those in 2l2l 82l 9 and 3l3l 83l 9
intrashell states, but additional ‘‘1 ’’ or ‘‘ 2 ’’ quantum numbers are needed to distinguish the symmetric or
antisymmetric stretch of the outer electron with respect to the two inner ones for the 2l2l 83l 9 intershell states.
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I. INTRODUCTION

Since the advent of quantum mechanics, the descrip
of a many-electron atom is based mostly on the indepen
particle model~IPM!. In this model, each electron is de
scribed to be under the influence of a mean field due to
other electrons and the field from the nucleus. The ma
electron atomic states are then designated by a collectio
quantum numbers from individual electrons. Such an IP
fails completely for doubly excited states of atoms whe
two electrons are simultaneously excited. Doubly exci
states of an atom can be separated into two types. The
type is intrashell doubly excited states where the two e
trons are at about equal distances from the nucleus. T
states have been classified in terms of theK andT quantum
numbers, as introduced initially by Herrick and Sinanog˘lu
@1,2# based on the SO~4! group. Subsequently, it was unde
stood thatK describes the bending vibration of the two ele
trons andT is a projection of the orbital angular momentu
with respect to the quantization axis of the body-fixed fra
which is taken to be along the interelectronic line. The
later works pointed out the importance of examining elect
correlations in the body-fixed frame of atoms and to borr
ideas from molecular physics@3–7#. Thus, intrashell doubly
excited states can then be visualized as analogous to the
brational motion of a linearXY2 molecule, withX being the
nucleus andY the electron. The second type of states
intershell doubly excited states, where the distances of
two electrons from the nucleus are quite different. To d
scribe the joint radial motion of the two electrons, an imp
tant concept, the so-called ‘‘1 ’’ and ‘‘ 2 ’’ quantum numbers,
was first introduced by Cooper, Fano, and Prats@8#. From the
mechanistic viewpoint, in the1 states, the two electron
move toward or away from the nucleus together in pha
For the–states, the radial motions of the two electrons are
of phase—thus when one electron moves toward the nucl
the other moves away from it, and vice versa. The failure
the IPM for doubly excited states of atoms are now w
understood. Various new approaches have been devel
for understanding the joint motion of the pair of electron
1050-2947/2003/67~2!/022511~13!/$20.00 67 0225
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including semiclassical methods. In spite of differences
the language and methods used in these treatments, the
clusions are identical, i.e., the correlated motion of the t
electrons in doubly excited states of an atom can be cla
fied in terms of molecular modes. Accurate numerical cal
lations and experimental data have been obtained for
doubly excited states in He in the past two decades and
mature field has been nicely reviewed recently by Tan
et al. @9#. We also comment that such molecular modes h
also been identified in two-electron quantum dots in a c
fined magnetic field@10#.

Since intrashell and intershell states of an atom can a
be grouped together to form a Rydberg series, theK and T
quantum numbers and the1 and 2 quantum numbers can
be combined, such that each doubly excited state is de
nated by n(K,T)N

A @6#, wheren and N are the approximate
principal quantum numbers of each electron andA51 or
2 is the symmetry in the radial motion. When radial corr
lation is not significant,A50 was also introduced to de
scribe such states. For intrashell states,n5N, and A51
only. Thus,n(K,T)N

A are the new approximate quantum num
bers that replace thenlNl8 quantum numbers from the IPM
and doubly excited states are understood in terms of
bending vibrational motion and the stretch of the two ele
trons. For low-lying doubly excited states, then(K,T)N

A clas-
sification is adequate and such designations are now wi
used in describing doubly excited states. We comment
this classification is not expected to be valid for very hig
lying doubly excited states, where the concept of princi
quantum numbers does not exist any more.

After the successful classification of doubly excited stat
clearly the next objective is to look for the classification
triply excited states. Unlike doubly excited states of an ato
few approaches have been available for the classificatio
these states. An early attempt along this direction for
trashell triply excited states had been made by Watanabe
Lin @11# where they examined a model atom of three el
trons on the surface of a sphere, similar to the work of E
and Berry@5# for their model study of two-electron atoms
Subsequent investigations by Baoet al. @12# showed that
©2003 The American Physical Society11-1
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TABLE I. Present classifications and independent particle model~IPM! classifications of the 2l2l 83l 8
intershell triply excited states of Li. Energy levels and IPM classifications are taken from Conneel
Lipsky @27#. In IPM classifications,A, B, C, D, E, andF stand for the Li1 core states of 2s2 1Se, 2s2p3Po,
2p2 3Pe, 2p2 1De, 2s2p1Po, and 2p2 1Se, respectively. The energy levels of those core states a
21.897 023 0,21.870 280,21.785 150,21.752 300,21.738 230, and21.602 650 a.u., respectively.NT

are the fractions of the rotational decomposition of the hyperspherical channel functions at the hyper
R0 where the hyper-radial wave function is near the maximum for that state.

NT

States GroupT IPM Energy~a.u.! T50 T51 T52 T53 T54 R0 (a.u.)

2Se

~1! A12-0 A 3s 22.004837 1.00 6.3
~2! C11-0 B 3p 21.941499 1.00 6.3
~3! Csh

12-0 E 3p 21.846667 1.00 4.5
~4! Css

12-0 D 3d 21.806143 1.00 6.2
~5! Chh

12-0 F 3s 21.655855 1.00 6.0

2So

~1! B12-0 C 3p 21.883344 1.00 6.0

2Pe

~1! A12-0 B 3p 21.971677 0.86 0.14 4.7
~2! B11-1 C 3s 21.878293 0.40 0.60 4.7
~3! Ch

12-0 C 3d 21.849150 0.38 0.62 6.1
~4! B12-1 E 3p 21.841264 0.42 0.58 6.1
~5! Cs

12-0 D 3d 21.807407 0.71 0.29 6.1

2Po

~1! A12-1 A 3p 21.987946 0.05 0.95 6.0
~2! A11-1 B 3s 21.965687 0.04 0.96 6.1
~3! Cs

12-1 B 3d 21.927816 0.21 0.79 6.0
~4! B12-0 E 3s 21.866322 0.27 0.73 6.0
~5! C11-1 C 3p 21.856718 0.07 0.93 6.0
~6! Ch

12-1 D 3p 21.820848 0.17 0.83 5.8
~7! Csh

12-1 E 3d 21.807621 0.25 0.75 5.8
~8! Chh

12-1 F 3p 21.692512 0.10 0.90 5.8

2De

~1! A12-2 A 3d 21.961412 0.17 0.04 0.79 6.1
~2! A11-2 B 3p 21.952783 0.07 0.08 0.85 6.2
~3! Ch

12-2 C 3d 21.843620 0.06 0.22 0.72 6.1
~4! Cs

12-2 E 3p 21.834940 0.20 0.22 0.58 6.1
~5! B12-1 D 3d 21.812242 0.32 0.23 0.45 6.1
~6! A12-0 D 3s 21.806939 0.32 0.27 0.41 6.1
~7! Chh

12-2 F 3d 21.656244 0.14 0.09 0.77 7.4

2Do

~1! A12-1 B 3d 21.934641 0.11 0.64 0.25 5.8
~2! A11-1 C 3p 21.869067 0.06 0.75 0.19 5.0
~3! B12-2 D 3p 21.844685 0.12 0.55 0.33 5.8
~4! Cs

12-1 E 3d 21.809504 0.06 0.41 0.53 5.8

2Fe

~1! A12-2 C 3d 21.847904 0.12 0.08 0.64 0.16 4.0
~2! B12-3 D 3d 21.824001 0.17 0.20 0.44 0.19 3.9
022511-2
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TABLE I. ~Continued!.

States GroupT IPM Energy~a.u.!

NT

R0 (a.u.)T50 T51 T52 T53 T54

2Fo

~1! A12-3 B 3d 21.930872 0.04 0.20 0.11 0.65 5.0
~2! Cs

12-3 D 3p 21.850577 0.06 0.19 0.12 0.63 8.0
~3! Ch

12-3 E 3d 21.802827 0.08 0.27 0.22 0.43 8.0

2Ge

~1! A12-4 2 2 0.04 0.07 0.13 0.07 0.69 5.5

4Se

~1! Cs
12-0 B 3p 21.957118 1.00 5.5

4So

~1! B11-0 C 3p 21.866429 1.00 6.0

4Pe

~1! A11-0 B 3p 21.957029 0.90 0.10 6.0
~2! B12-1 C 3s 21.888905 0.40 0.60 6.1
~3! Ch

12-0 C 3d 21.847516 0.40 0.60 6.1

4Po

~1! A12-1 B 3s 21.984064 0.07 0.93 6.0
~2! Cs

12-1 B 3d 21.931807 0.02 0.98 6.0
~3! Ch

12-1 C 3p 21.869121 0.23 0.77 6.0

4De

~1! A12-2 B 3p 21.965886 0.08 0.11 0.81 5.8
~2! Ch

12-2 C 3d 21.846687 0.05 0.13 0.82 5.2

4Do

~1! A12-1 B 3d 21.938396 0.05 0.85 0.10 6.0
~2! B12-2 C 3p 21.872317 0.17 0.39 0.44 6.0
4Fe

~1! A12-2 C 3d 21.849785 0.33 0.07 0.31 0.29 4.5

4Fo

~1! A12-3 B 3d 21.936047 0.01 0.10 0.04 0.85 5.0
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quantum symmetry imposes severe constraints on the b
fixed frame wave functions. Namely, the fact that each eig
state of the model atom has well-defined total angular m
mentumL, total spinS, and parityp, requires that the wave
function in the body-fixed frame to have nodal surfaces d
to the symmetry imposed on the wave function. Partial pl
of wave functions from this model atom were analyzed a
several elementary normal modes were identified. Sub
quent studies of triply excited states of atoms follow tw
general directions. One is the calculation of energy lev
and decay widths of individual triply excited states using
standard methods such as theR-matrix method@13–16#, the
multiconfiguration Hartree-Fock method@17,18#, complex-
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rotation method@19–22#, K matrix method@23,24#, and con-
figuration interaction~CI! method@25–27#. Experimentally,
triply excited states of Li atoms have been investigated us
synchrotron radiation@28–34# and partial decay widths o
2Po and 2De states have been measured and the results
compared well with these theoretical calculations@35,36#.
However, only a very limited number of triply excited stat
have been measured or calculated so far.

Another line of theoretical inquiry of triply excited state
is the one we have followed. Our main objective is to sea
for new classifications of triply excited states by explori
the correlated motion of the three electrons and to iden
approximate normal modes of their internal degrees of fr
1-3
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dom. For this purpose, we need to have an efficient met
of calculating the wave functions of triply excited states
well as a means to analyze them. The model atom of th
electrons on the surface of a sphere in Ref.@11# serves as a
good starting point for the study of intrashell triply excite
states without the need to deal with singly and doubly
cited states of a real atom.

For the model atom, since each electron is confined to
surface, the three-electron system is governed by six an
The six-dimensional spatial wave function can be further
duced to three dimensions if the overall rotation of the mo
atom with respect to the space-fixed axis is removed.
describe the joint motion of the three electrons, the rema
ing three degrees of freedom should be chosen ‘‘democ
cally.’’ A set of such internal angles were adopted by B
et al. @12#, where they further analyzed intrinsic quantu
symmetry and the nodal structure of the wave functions
the body-fixed frame. The existence of nodal surfaces i
multidimensional space implies higher energies@37,38#.
Thus, by examining the nodal surfaces of the calcula
wave functions, the classification of intrashell states beco
possible. For this purpose, probability densities in the thr
dimensional space are visualized using contour surfaces@39#.
From such an analysis, the eight 2l2l 82l 9 triply excited
states were classified into three sets@39,40#. Each set of
states can be classified in terms ofD3h groups—A18 , A29 , and
the doubly degenerateE8 @11#. The three sets are subs

FIG. 1. Energy levels of the 2l2l 83l 9 intershell triply excited
states of Li forL<3. The energies are measured from the trip
ionization threshold. The order along each column is accordin
the 2S11Lp symmetry. The relative orders of the spectra exhibit
regularity. Numerical values of the energy levels are taken fr
Conneely and Lipsky@27#.
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quently denoted byA, B, andC, respectively, for simplicity
@39,40#. For the 64 3l3l 83l 9 triply excited states, the excite
normal modes of these three elementary groups have
been identified@37,41#. Similar effort of classifying in-
trashell triply excited states has been undertaken by Mad
and Mo” lmer @42,43#. For the group of states where the thr
electrons form a coplanar equilateral triangle with t
nucleus at the center~groupA), they have been able to con
struct approximate wave functions from a direct product
single-electron Stark states. However, their method has b
limited to this elementary group only, where the intern
wave function has no nodal surfaces . Their method has
been developed for the classification of all intrashell trip
excited states.

In this paper, we set to classify intershell triply excite
states. We obtained the wave functions of intershell as w
as intrashell states simultaneously using hyperspherical c
dinates within the adiabatic approximation. By analyzing t
hyperspherical channel wave functions in the body-fix
frame~Sec. II!, we showed that quantum symmetries such
L, S, and p would impose constraints on the body-fixe
frame channel functions. From the nature of these c
straints, we classify the intershell triply excited states and
results are shown in Sec. III. Section IV summarizes
result and the classification for all the 50 2l2l 83l 9 intershell
states is given in Table I.

II. CALCULATION AND ANALYSIS OF WAVE FUNCTIONS
OF TRIPLY EXCITED STATES OF ATOMS

A. Solutions in hyperspherical coordinates

We consider the three-electron atom within the nonre
tivistic approximation such that the Schro¨dinger equation for
a three-electron atom is

F(
i 51

3 S 2
1

2
D r i

2
Z

r i
D1(

i , j

1

ur i2r j u
2EGC50, ~1!

where r i is the position vector of thei th electron from the
nucleus with electric chargeZ, and E is the total energy
measured from the triple-ionization threshold. The solut
of this equation gives the complete spectra of a thr
electron atom, with triply excited states lying way abo
singly and doubly excited states. According to IPM, there
50 triply excited states in the 2l2l 83l 9 manifold. These
states can decay to singly ionized states of Li11e, as well as
to doubly ionized states of Li211e1e. When such decays
are not considered, their energies can be obtained app
mately using CI approach. The 2l2l 8nl9 triply excited states
have been extensively calculated and tabulated using su
method by Conneely and Lipsky@27# for L<3. We can ex-
tract the 49 energy levels of the 2l2l 83l 9 states forL<3
from their calculation. Their calculated energy levels for
are shown in Fig. 1, ordered along each column for e
2S11Lp symmetry. The numerical values are also given
Table I.

From Fig. 1, the level positions appear to be rather erra
Our objective is to regroup these levels into different su
groups, or to have them classified, such that the energy le

-
to
1-4
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within each group would exhibit an ordered pattern. T
classification is aided by displaying wave functions in app
priate internal coordinates. We analyze the wave function
hyperspherical coordinates.

The hyperspherical method replaces the radial distan
r 1 , r 2, and r 3 by a hyper-radiusR5Ar 1

21r 2
21r 3

2 and two
mock angles a15tan21(r 1 /r 2), a25tan21(Ar 1

21r 2
2/r 3).

The ranges of these variables are 0<R<` and 0<a1 ,a2
<p. Thus, the nine-dimensional spatial coordinates of
three electrons in the space-fixed frame are represente
the hyper-radiusR and eight hyperangles$a1 ,a2 , r̂1 , r̂2 , r̂3%,
where we shall useV at times to denote all the eight angle
collectively. In hyperspherical coordinates, the Schro¨dinger
equation for the rescaled wave functionc5Rr1r 2r 3C is

F2
1

2

]2

]R2
1Had~V;R!2EGc50, ~2!

whereHad(V;R) is the adiabatic Hamiltonian which is para
metrically dependent onR @44#. Within the adiabatic ap-
proximation@45#, the total wave function for thenth state in
channelm can be written as

cmn5Fm
n ~R!S (

S12

Fm
S,S12~V;R!xS12

S D , ~3!

where Fm
n (R) is the hyper-radial function which measur

the size of the system;Fm(V;R) is the hyperspherical adia
batic channel function, which contains all the informati
about electron correlations for states within channelm, and
xS12

S 5@$x(1)x(2)%S12x(3)#S is the total spin function with

intermediate spinS12. The channel functionsFm(V;R) and
their associated adiabatic potentialsUm(R) are obtained by
solving the adiabatic eigenvalue problem at eachR,

@Had~V;R!2Um~R!#Fm~V;R!50. ~4!

We solve this eight-dimensional eigenvalue problem us
basis functions consisting of coupled spherical harmonics
each electron, i.e., products of spherical harmonics
( r̂1 , r̂2 , r̂3) and direct products of discrete variable repres
tation functions in (a1 ,a2) @44#. In a typical calculation, the
orbital angular momentum for each electron ranges fr
0 to 3.

As an example, in the top frame of Fig. 2, we show t
adiabatic potential curvesUm(R) for Li( 2Po). The potentials
can be classified by their asymptotic limits. At largeR, each
curve approaches one of the two-electron Li1(nln8l 8) states
and it supports the three-electron Li(nln8l 8n9l 9) states@46#.
In the curves of Fig. 2, there are numerous sharp avoi
crossings between the potentials which support the 2l2l 8nl9
triply excited states and those which support the 1snln8l 8
doubly excited states. For clarity, the nine potential cur
that support 2l2l 8nl9 triply excited states are shown at th
bottom of Fig. 2. These curves are obtained as follows. F
the sharply avoided crossings between the curves that
port doubly excited states and those support triply exc
states are treated diabatically, i.e., their curves are allowe
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cross. Then all the potential curves for singly and dou
excited states are removed. Among the remaining curves
support 2l2l 8nl9 triply excited states, the curves which sho
sharp avoided crossings are also treated diabatically. U
the diabatic potential curves, each channel function wo
evolve smoothly such that examination of the channel fu
tion for only one particular value ofR is adequate to repre
sent the main features of the channel.

Within the single-channel approximation, we can ident
the Rydberg series, each curve supports from the asymp
energy and the position of the minimum of each curve. T
nine curves at the bottom frame of Fig. 2 support the n
Rydberg series:

2s2~1Se!np

2s2p~3Po!ns

2s2p~3Po!nd

2p2~3Pe!np

2p2~1De!np

2p2~1De!n f

2s2p~1Po!ns

2s2p~1Po!nd

2p2~1Se!np ~5!

In the Rydberg series in Eq.~5!, there are eight states whic
can be assigned to 2l2l 83l 92Po triply excited states, since
the lowest state in the 2p2(1De)n f series is forn54. The
curve which supports the 2p2(1De)4 f state can be easily
identified from Fig. 2 since it has the potential minimum
the largest values ofR among the nine curves atR;10 a.u.
and this curve converges to the 2p2(1De) state of Li1 at
largeR. @See Table I for the energy levels of the Li1(2l2l 8)
states#. The potential curves that support the two intrash
2l2l 82l 92Po states, namely, 2s22p and 2p3, can also be
easily identified from Fig. 2. Since intrashell states are
cated at smallerR, each of these two states are supported
the two curves which have the minimum atR;3.5 a.u.. The
2s22p state is associated with the lowest curve converging
the 2s2p(3Po) states of Li1, and the 2p3 is associated with
the second lowest curve converging to the 2p2(3Pe) state of
Li1. Thus among the eight 2l2l 83l 92Po states, two of them
are the first excited states of each of these two curves.
other six curves are also identified from their asymptotic
havior and the positions of the potential minima. For each
these six curves, the potential minimum is atR;6 a.u., and
the lowest state is one of the 2l2l 83l 9 states.

B. Analysis and visualization of radial correlations

As discussed in the preceding section, there are nine
tential curves that support nine Rydberg series of
2l2l 8nl92Po triply excited states. The two curves where t
1-5
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potential minimum occurs atR;3.5 a.u. can each support a
intrashell 2l2l 82l 9 triply excited state. The rest of the seve
curves do not support any intrashell states. The fact that
lowest states have different principal quantum numbers
flects the effect of radial correlations. We can distingu
channels which support intrashell states from those which
not by examining the radial density distribution function a
given R by defining

r rad
m ~a1 ,a2 ;R!5(

S12

E uFm
S,S12~V;R!u2dr̂1dr̂2dr̂3 . ~6!

In Fig. 3, we show the results of the densities in the (a1 ,a2)
plane for the two channels labeled ‘‘A11’’ and ‘‘ A12’’ in
Fig. 2 near their potential minima. In Fig. 3, we divide th
(a1 ,a2) plane into six domains separated by dotted lin
Due to the fact that electrons are indistinguishable, the
domains are equivalent. The dotted lines mark the sp
where two electrons are at the same distance from
nucleus. The point where the three dotted lines intersec
for r 15r 25r 3. From Fig. 3, it is clear that the radial densi

FIG. 2. Hyperspherical potential curves for Li(2Po) in the re-
gion of the 2l2l 8nl9 manifolds. Top frame: Adiabatic potential
Um(R). Bottom frame: The nine potential curves which support
2l2l 8nl9 triply states with the coupling to the potentials for th
doubly excited states removed. The potential curve indicated b
A11’’ supports the 2s22p2Po intrashell triply excited state. The
potential curve indicated by ‘‘A12’’ supports the 2s2p(3Po)3s2Po

intershell triply excited state.
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associated with theA11 curve has peak atr 15r 25r 3

52.0 a.u. (R53.5 a.u.), showing the existence of an i
trashell 2l2l 82l 9 triply excited state. In contrast, for theA12

curve near the potential minimum atR56 a.u., there is little
density atr 15r 25r 3. Instead, the peak occurs at a poi
along the dotted line, corresponding tor 15r 251.6 a.u. and
r 355.5 a.u., for one of the equivalent peaks, indicating t
one electron is further away from the other two as measu
from the nucleus.

As will be shown in Secs. III A and III B, the angular pa
of the channel functions associated with these two curves
almost identical, and they are designated by a symbol ‘‘A. ’’
Their major difference is in the radial distributions. In th
earlier studies of intrashell states, there was no need to
dress the radial modes of the electrons which are represe
by the nodal structure of the distributions in (a1 ,a2). To
extend the classification scheme for including 2l2l 83l 9 in-
tershell states, the symmetric or antisymmetric nature of
radial stretch should be described. Pairs of superscripts1
1 ’’ and ‘‘ 12 ’’ are used for such purposes. The first sup
script for each pair is to describe the phase of the stre
mode of the two inner electrons, while the second one is
describe the phase of the stretch mode of the outermost e
tron with respect to the two inner ones. For the11 states,
the radial stretch of all the three electrons are in phase,
their radial motion is totally symmetric. For the 2l2l 83l 9
states treated here, the two inner electrons form a 2l2l 8 in-
trashell doubly excited state core. Their radial motion is
symmetric stretch mode and thus the first superscript is
ways ‘‘1 ’’ for the 2 l2l 83l 9 states. Note that if we are to
classify 2l3l 8nl9 triply excited states, we would encounter
2 ’’ for the first superscript if the radial stretch for the tw
inner electrons is antisymmetric, or even ‘‘0’’ if they ar
‘‘uncorrelated’’ @6#. In other words, the first superscript
identified with theA quantum number used in the (K,T)A

classification of doubly excited states@6#.
The above example shows that we can separate 2l2l 83l 9

states into two groups, namely,11 and12, from the ra-
dial correlation in the channel functions. However, rad
correlation alone does not distinguish the channels wit

‘‘

FIG. 3. Illustration of radial electron densities for states
groupsA11 and A12 in the 2Po symmetry. Contour plots of the
radial density functionr rad

m (a1 ,a2 ;R) at the value ofR where the
hyperspherical potentials are at the minima, see Fig. 2. The t
electrons are at about the same distance from the nucleus for s
in groupA11, while one of the electrons is at a larger distance fro
the nucleus than the other two for states in groupA12.
1-6
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each group. For example, it does not distinguish the two1
1 channels, nor does it distinguish the seven12 channels.
From our previous studies on intrashell states@39,40#, each
channel within the first group is further distinguished by th
angular correlations. For this purpose, we need to analyze
wave functions in the body-fixed frame of the atom.

C. Body-fixed frame analysis of the channel wave functions

The channel function in the laboratory-fixed fram
FmpLM

S,S12 can be written in terms of the channel functio

wmpLQ
S,S12 in the body-fixed frame by the following transforma

tion:

FmpLM
S,S12 ~V;R!5 (

Q52L

L

wmpLQ
S,S12 ~V I ;R!DQM

(L) ~v!, ~7!

whereDQM
(L) (v) is the standard rotation matrix, andM andQ

are the projections ofL onto the space-fixedz axis and the
body-fixedŜz axis, respectively. Here, we usev for the three
Euler angles to represent the orientation of the body-fi
frame with respect to the space-fixed system, and the n
tion V I for the five internal angles to describe the shape
the three-electron atom.

In Eq. ~7!, the channel function of eachQ component
wmpLQ

S,S12 depends on the choice of the body-fixed frame ax
Following Ref.@11#, we define our body-fixed frame by

Sz5r13r21r23r31r33r1 ,

Sy5
A3

2
~r12r2!,

Sx5Sy3Sz . ~8!

The body-fixed frame-z axis thus defined is totally antisym
metric and perpendicular to the plane formed by the th
electrons. Namely, we consider a three-electron atom a
oblate molecule. In the body-fixed frame, the channel fu
tions satisfy the following relation@11#:

wmpL2Q
S,S12 ~V I ;R!5p~21!L1QwmpLQ

S,S12* ~V I ;R!, ~9!

wherep561 is the parity of the system. Thus, we takeT
5uQu (0<T<L) for analysis in what follows.

In our previous studies of intrashell triply excited stat
@39,40#, the angular correlations of the three electrons w
analyzed atr 15r 25r 3. This particular configuration is
equivalent to the model atom where the three electrons
02251
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confined to the surface of a sphere. In this case, we defi
three angles (u,h,f) to determine the relative positions o
the three electrons on the sphere. For intershell states
general, the distance of each electron from the nucleu
different. We extend the definition of these angles (u,h,f)
to intershell states. We consider the domain of (r 3>r 2
>r 1) in what follows. We first define as plane formed by
the three electrons. Then we defineu to be the angle betwee
the Sz axis andr1. It takes two other anglesh and f to
describe the shape of the triangle of the three electrons.
thes plane, the angle between electrons 1 and 2 is define
be 2h, chosen along the arc that includes electron 3. T
angle between electron 3 and the line bisecting electron
and 2 is defined to bef. See Fig. 4~a!. The ranges of angles
are 0<u<p, 0<h<p, and 2h<f<h. These three
angles, together witha1 , a2, andR, specify a definite shape
and size of the three electrons measured from the nucle

To visualize the collective motion of the three electron
we introduce the three-electron density functi
rLSpT

m (V I ;R) that is defined as the rotation-averaged dens
distribution for each channel function,

FIG. 4. Definition of the three relative angles among the th
electrons and the nucleus for intershell states.~a! The position vec-
tors of the three electrons (r1 ,r2 ,r3) from the nucleus form as
plane.u is the angle between thez axis of the body-fixed frame and
the position vectorr1. The position of thes plane with respect to
the nucleus is measured byu. On the plane, two angles (h,f) as
defined in the figure specify the shape of the triangle formed by
position vectors of the three electrons.~b! Probability distribution of
the three electrons on the three angles (u,h,f) is represented by
contour surfaces.~c! Top view of the contour surface to indicate th
range of the two anglesh andf.
rLSpT
m ~V I ;R!55 (

S12

uwmpLT
S,S12 ~V I ;R!u2 ~T50!

(
S12

@ uwmpL2T
S,S12 ~V I ;R!u21uwmpLT

S,S12 ~V I ;R!u2# ~TÞ0!.

~10!
1-7
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T. MORISHITA AND C. D. LIN PHYSICAL REVIEW A 67, 022511 ~2003!
This density represents the probability for the three electr
to take specific shapes. In Fig. 4, we show the density fo
intershell state of Li as an example. The plots in Figs. 4~b!
and 4~c! represent the contour surfaces where the densit
60% of the maximum at a given (a1 ,a2), taken to be where
r rad

m (a1 ,a2 ;R) @see Eq.~6!# is maximum for the state. A
contour surface of higher density would fit inside the surfa
Such contour surfaces would provide information on
most probable shape of the three electrons for each tr
excited state.

Let us consider the symmetry property of the wave fu
tion in the body-fixed frame. Quantum symmetries impo
boundary conditions on each rotational component w
function, and play an essential role in the classification.
2l2l 8nl9 intershell states, two of the electrons in then52
shell are at the same distance from the nucleus on an ave
and the third one is further away from the nucleus, i.e., th
have maxima at (r 3.r 25r 1). Here, we consider two impor
tant symmetry properties of eachT component of intershel
2l2l 8nl9 states at (r 3.r 25r 1).

First, we study the symmetry due to exchange of the t
inner electrons. Whenf50, the three electrons on thes
plane making an isosceles triangle with electrons 1 and
its base. For this geometry, interchange ofr1 and r2 is
equivalent to a rotation ofp about theSy axis followed by
space inversion,r→2r . Under this operation, the interna
channel function transforms as wmpLQ→p
(21)L1QwmpL2Q . The interchange of the two electrons
and 2 also changes the phase of the channel function du
the antisymmetry, so that p(21)L1QwmpL2Q5
(21)S12wmpLQ for f50. This leads to the condition that th
internal wave function vanishes atf50, when

p~21!L1S12521 and T50. ~11!

Next, we consider the reflection symmetry with respec
the (Sx ,Sy) plane in the body-fixed frame. In the coplan
geometry, where the plane of the three electrons contains
nucleus, space inversion is equivalent to a rotation ofp
about theSz axis. Thus under inversion, the internal wa
function transforms aswmpLQ→p(21)QwmpLQ . Thus, the
wave function vanishes atu5p/2 for

p~21!T521. ~12!

This condition is the same as for intrashell triply excit
states@11#.

There is noa priori reason to expect that each triply e
cited state possesses only a single major rotational com
nent T in the body-fixed frame. On the other hand, for
highly correlated system if the constituent particles mo
together similar to that of a rigid body,T would be a good
quantum number. By integrating the rotational compon
density in Eq.~10! over all the anglesV I , we obtain a mea-
sure of the purity of the rotational component@40#,

NT~R!5
1

8p2E rLSpT
m ~V I ;R!dV I , ~13!
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where

(
T50

L

NT~R!51 ~14!

at eachR. If the resulting coefficientNT(R) is very close to
unity, thenT is an approximate good quantum number. Wh
this is the case, (u,h,f) and (a1 ,a2) are considered to be
the angles that describe the bending and the stretch mod
an XY3 molecule, respectively. Thus, to classify triply e
cited states, one first needs to elucidate to what extentT is a
good quantum number, and for that dominantT component
where and what is the nature of its nodal surfaces.

In the following, we analyze the channel functions in t
body-fixed frame for all 2l2l 83l 9 triply excited states calcu
lated to examine to what extent these states can be class
according to this scheme.

III. CLASSIFICATION OF 2 L2L 83L 9 TRIPLY
EXCITED STATES

We have calculated the potential curves for Li atom,
all spin and parities, and forL50, 1, 2, 3, and 4. For each
symmetry, the curves that support 2l2l 83l 9 triply excited
states are identified. These curves are similar to the nine2P0

curves shown in Fig. 2. We now address the classification
triply excited states by analyzing the channel functions c
culated.

A. States belonging to groupsA¿¿, B¿¿, and C¿¿

We first identify hyperspherical channels associated w
potential curves that support intrashell triply excited stat
They are distinguished by having the minimum of the pote
tial at R;3.5 a.u., as discussed in Sec. II A. For each
such potentials, the 2l2l 83l 9 state is the second state sin
the first state is a 2l2l 82l 9 intrashell state. For each of suc
intershell states, the hyper-radial wave functionFm(R) has
one node, while the channel function is the same as the
responding intrashell state in the channel. The correlation
the 2l2l 82l 9 intrashell states have been investigated pre
ously. There are eight of them, and are designated as gr
I, II, and III earlier @39#, but has since been changed toA, B,
andC in order to better accommodate the new groups in
classification of 3l3l 83l 9 intrashell triply excited states
@37,41#. The states in groupA are characterized by havin
the shape of an equilateral triangle with the three electron
the corners and the nucleus at the center. For states in g
B, the three electrons have the shape of an equilateral
angle, but the coplanar geometry with the nucleus is forb
den. For states in groupC, the electrons can be coplanar wi
the nucleus, but they cannot form an equilateral triangle.
extend this classification to the 2l2l 83l 9 states by adding the
radial quantum numbers as superscripts to describe the r
correlation discussed in Sec. II B. Namely, the eig
2l2l 83l 9 states which have the 2l2l 82l 9 intrashell counter-
parts ~i.e., within the same Rydberg series! are assigned to
groupsA11, B11, andC11.
1-8
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In Fig. 5, we show the energy levels of the eight 2l2l 83l 9
states assigned toA11, B11, andC11 groups. In the top
frame, the energy levels are ordered according toL and the
dominantT component of the state. The integern in each
parenthesis indicates thenth state for that2S11Lp symmetry
within the 2l2l 83l 9 manifold ~Recall, for example, there ar
eight such 2l2l 83l 92Po states!. The number below each
level indicates the rotational purityNT(R) in Eq. ~13! of the
state. The closer the purity is to 1, the better the designa
is. At the bottom, the rotational density distributions of t
dominantT components for representative states are sho
The rotational density distributions for all the states with
each group are essentially identical. This is the essence o
classification scheme, indicating that the electronic den
distributions in the body-fixed frame for all the states with
the group are similar, and the energy levels within the gro
can be viewed as due to rotational excitations.

We note that the patterns of the energy levels of gro
A11, B11, andC11 for the 2l2l 83l 9 intershell states are
almost the same as those for groupsA, B, and C for the
intrashell 2l2l 82l 9 states, respectively, since they have t
same correlation patterns. We also note that the densitie
Fig. 5 are shown atR;6 a.u., where the hyper-radial func
tions of the 2l2l 83l 9 states have the maxima, far away fro
the locations of the potential minima atR;3.5 a.u.. Thus,
even though the nodal surfaces remain identical for inters
and the intrashell states, the density distributions are so
what shifted. For example, the angle between the two in
electrons for the intershell states in groupsA11 and B11

becomes closer top/2, since the repulsive force from th
outermost electron is weaker than that for intrashell sta
and the densities for states in groupC have nodal surfaces a
f50 only.

FIG. 5. Energy levels and examples of the three-electron den
functions rLSpT

m (V I ;R) of the 2l2l 83l 9 triply excited states in
groups A11, B11, and C11. Each energy level is denoted b
2S11Lp(n), wheren stands for thenth state within the 2l2l 83l 9
manifold for the given2S11Lp symmetry. The hyperangular part o
the internal wave functions of the states in groupsA11, B11, and
C11 are the same as those in groups I, II, and III in Ref.@39#,
respectively.
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B. Group A¿À

We next identify 2l2l 83l 9 states that have a nodal surfa
in (a1 ,a2). Clearly, the first group can be designated
group A12. These states are characterized by an antis
metric stretch mode of the outer electron with respect to
two inner electrons, as represented by2 in the second su-
perscript. This group of states should have no nodal surfa
in the angles (u,h,f), and thus are designated by symbol
Not every lowest state of each12 channel belongs to group
A12. From the discussion of the body-fixed frame wa
function, certain states exhibit nodal surfaces due to
quantum symmetry. For example, from Eq.~12!, if p
(21)T521, then the body-fixed frame wave function fo
that T component has a node atu5p/2. Thus only thoseT
components that satisfyp5(21)T can be assigned to grou
A12. In particular, 2So and 4So states have odd parity an
haveT50 component only. Consequently, no2So and 4So

states belong to groupA12. Following the symmetry con-
sideration in Eqs.~11! and ~12!, and the composition of the
rotational components, we have identified the 13A12 states
in Fig. 6. There is one2Ge state which should be included i
this group. This state can be constructed from a 2p2 1De

core with a 3d electron, but it was not calculated by Con
neely and Lipsky@27#. From the symmetry consideration an
the fraction of the rotational components for the state
Table I, this state should be classified withT53. As a result,
there are 14 states in the 2l283l 9 manifold that belong to the
A12 group. Note that the rotational purity of the low-lyin
states in the group tends to be much higher. The purity d

ity

FIG. 6. Energy levels and an example of the density functions
the states in groupA12. Mechanical analog of the motion of th
three electrons is shown in the bottom, where the solid circle r
resents the nucleus and the open circles represent the electron
1-9
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T. MORISHITA AND C. D. LIN PHYSICAL REVIEW A 67, 022511 ~2003!
riorates with increasingL. A low purity is also seen for
2De(6) with T50, which is the second2De state in this
group.

The 14 states listed in groupA12 all have angular distri-
butions characterized by symbolA. The contour surface for a
representative state in this group in angles (u,h,f) is repre-
sented in the lower left of Fig. 6. The surface shows that
three electrons tend to lie coplanar with the nucleus, with
three electrons forming an isosceles triangle with the t
inner electrons at the base. On theu5p/2 plane, the distri-
bution in (h,f) is rather localized, as seen by the dens
plot shown in the triangle. The antisymmetric stretch of t
outer electron with respect to the two inner symmetric stre
electrons is shown pictorially in Fig. 6 also.

Apart from the antisymmetric stretch mode, a few follow
ing observations can be drawn from the rotational level d
grams in Fig. 6.

~1! The energy levels have been ordered similar to
rotational levels of a rigid symmetric top. If the atom can
approximated as a rigid rotor, the energy levels would foll
the relation

E~L,T!5
2L~L11!2T2

2I
, ~15!

whereI is the moment of inertia. According to this equatio
for a givenT, the energy levels go up with increasingL. The
spectra in Fig. 6 do follow this rule. This equation also sta
that for a fixedL, the energy decreases with increasingT.
Again the energy levels from Fig. 6 do follow this rule. Th
fact that the energy levels of the states in this group do
low the order of a rigid symmetric top approximately su
ports the validity of the approximate classification propos
here. In other words, this new classification does identify
essential features common to all the 2l2l 83l 9 triply excited
states in this group, in terms of the antisymmetric stretch
the outer electron with respect to the two inner ones and
the three electrons are coplanar with the nucleus and form
isosceles triangle. All these properties are represented by
symbolA12.

~2! Another observation from Fig. 6 is the near dege
eracy of the pair of states that have identicalL andT. This is
similar to theL doubling in molecules.L doubling has been
found in doubly excited states of atoms as well. Those st
with identicalK, T, A, andL quantum numbers for nonzeroT
are nearly degenerate@7#.

~3! Another comment to be made is the relative energ
of the 2l2l 83l 9 states that belong to groupA11, as com-
pared to the states belonging to groupA12. For example, the
lowest 2l2l 83l 92Po state belongs to groupA12, while the
second state belongs to groupA11. Let us compare the
number of nodal surfaces of these two states. Both st
have no nodes in angles (u,h,f). The lowest state belong
to A12, thus it has a nodal surface in (a1 ,a2), with no node
in R. The second state belongs toA11, it has no nodes in
(a1 ,a2), but has a node inR. Thus by counting the numbe
of nodes in the first two 2l2l 83l 92Po states, they have iden
tical number of nodes, but in different coordinates. In a v
rough description, these states have identical number of
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cited quanta, but in different degrees of freedom. In this ca
one quantum of excitation inR takes more energy than on
quantum of excitation in (a1 ,a2). Such relative energy or
dering has been found in two-electron atoms as well.
example, it is known that the 1s2s3Se state in He has lower
energy than the 1s2s1Se state. From the hyperspherica
viewpoint, the latter has a node in the hyper-radial coor
nate, while the former has a node in the hyperangle impo
by the symmetry of the state. Similar to the present case,
one with a node in the hyper-radial coordinate has hig
energy.

C. Group B¿À

We consider the group of states that have a nodal sur
due to the symmetry condition in Eq.~12! at the coplanar
geometry, i.e.,u5p/2, and where the outer electron has a
tisymmetric stretch with respect to the two inner ones.
designate this group asB12, according to our convention
The energy levels of these states are shown in Fig. 7, wi
representative distribution in (u,h,f), shown by the contour
surface where the density vanishes at the coplanar geom
Such a distribution in (u,h,f) is characteristic of groupB. A
pictorial representation of the local antisymmetric stretch
shown in the other diagram using arrows, and1 and2 are
used to illustrate the antisymmetric bending vibration w
respect to the plane containing the nucleus. Eight states h
been identified for this group. This bending vibrational m
tion is analogous to the bending vibrational motion of NH3
molecules. Notice that the energies of these states lie

FIG. 7. Same as Fig. 6, but for groupB12.
1-10
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RADIAL AND ANGULAR CORRELATIONS AND THE . . . PHYSICAL REVIEW A 67, 022511 ~2003!
tween21.9 and21.8 a.u.. Referring to Fig. 6, these stat
have higher energies than most of the states in groupA12.
The classification of the higher states within the manifold
terms of collective modes is less accurate since mode mi
is usually not small.

D. Groups Cs
¿À and Ch

¿À

The next groups that we identified are labeled asCs
12 and

Ch
12 . The radial motion of the outermost electron exhib

antisymmetric stretch with respect to the two inner ones. T
wave functions tend to distribute near theu5p/2 plane, as
seen from the contour surface plots in Figs. 8 and 9. T
designations ofCs and Ch are to distinguish the nodal su
faces inf and inh, respectively, and to give each a mech
nistic interpretation, as illustrated pictorially in Figs. 8 and
~Only angular motions are illustrated in the figures, althou
they also have the12 type radial stretch motion.!

For groupCs
12 , there is a nodal plane atf50 and this is

understood as a swing motion of the outer electron, with
two inner elections more or less fixed. We note that the no
surface of the4Se(1) state is due to the symmetry conditio
in Eq. ~11!, while the nodes of the other states in groupCs

12

are due to a dynamic excitation of the angular mode. Si

FIG. 8. Energy levels and an example of the density function
the states in groupCs

12 . The density function in (h,f) at u
5p/2 is also shown at bottom left. Mechanical analog of the an
lar motion of the three electrons is shown at the bottom right. T
stretch modes in the radial motion are not indicated.
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larly, groupCh
12 designates states where the two inner el

trons perform a hinge motion, with the outer electron mo
or less fixed. A node in the wave function ath;p/4 due to
the excitation of the angular mode is the major feature
these states. This node is clearly seen in the (h,f) plane and
is illustrated mechanically as well.

We emphasize that both groupsCs
12 andCh

12 are char-
acterized by the fact that an isosceles triangle in the plan
the nucleus is unfavorable, or more precisely, for the do
nantT component the wave function vanishes at this spe
geometry. For intrashell states, we cannot distinguish
swing mode from the hinge mode, since they are degene
A single mode was used for the intrashell states@39,37,41#.
For intershell states, the hinge motion is between the
inner electrons, while the swing motion is for the outer ele
tron. Thus, the degeneracy in these two modes disappea

E. Groups Css
¿À , Chh

¿À , and Csh
¿À

The last groups consist of excited states constructed f
Cs

12 and Ch
12 groups. They are assigned to three grou

Css
12 , Chh

12 , andCsh
12 , as shown in Fig. 10, together wit

examples of the density functions. These are highly exc
states within the 2l2l 839 manifold and the number of thei
members are severely truncated as imposed by the IPM
the Pauli exclusion principle. There is only one state in gro
Css

12 , namely, 2Se(4) with T50. The density function of
this state in groupCss

12 has two nodal surfaces atf
5const. Each state in this group has one more quantum
the swing mode~s! comparing to the states in groupCs

12 .
Thus, the states are designated byCss

12 , having twos’s in

f

-
e

FIG. 9. Same as Fig. 8, but for theCh
12 group.
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the subscripts. Similarly, we identified groupChh
12 by adding

an extra nodal surface in angleh to states in groupCh
12 .

Three states are assigned in this group as shown in Fig
We also have groupCsh

12 and two states in this group ar
shown in Fig. 10. These states have additional nodal surf
in (h,f). For these states, the hinge mode and the sw
mode are mixed together, and their nodal surfaces are
parallel either tof axis or toh axis. We tentatively desig
nate them as belonging to groupCsh

12 . For these higher
excited states, the densities are not very localized, so
assignment presented here may be questionable. Howev
shows our attempt at classifying these higher states base
the rovibrational model of a molecule.

IV. SUMMARY AND CONCLUSION

In this paper, we proposed a classification scheme for
intershell 2l2l 83l 9 triply excited states of atoms. Compare
to intrashell states, the opening of the stretch mode of
outer electron with respect to the two inner ones introdu
many more states. We have classified eight of these s
into groupsA11, B11, and C11 which are the extension
from the 2l2l 82l 9 intrashell states. The rest of the 42 sta
have been found to belong to groupsA12, B12, Cs

12 ,
Ch

12 , Css
12 , Chh

12 , and Csh
12 . SymbolsA, B, and C with

subscriptss andh are used to denote the bending vibration

FIG. 10. Energy levels and examples of the density function
the states in groupsCss

12 , Chh
12 , andCsh

12 . The density functions
are in the (h,f) plane atu5p/2.
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modes. The pairs of superscripts ‘‘11 ’’ or ‘‘ 12 ’’ are used
to denote the symmetric or antisymmetric stretch modes:
first superscript is for the motion of the two inner electron
and the second superscript is for the motion of the ou
electron with respect to the two inner electrons. The fi
results from the present classifications are summarized
Table I. Under column 1, each state is labeled by itsL, S, p,
andn of the nth state within that symmetry in the 2l2l 83l 9
manifold. The second column gives the classification of t
state from the present work. Along the third column, the IP
designation by Conneely and Lipsky@27# is shown. The
fourth column gives the energy of the state obtained by C
neely and Lipsky@27#. The remaining coefficients give th
rotational compositions of the wave function in the bod
fixed frame at the hyper-radiusR0 indicated.R0 was chosen
to be near where the hyper-radial wave function is maxim
for that state.

The scheme presented here could possibly be genera
to triply excited states where all the three electrons are
different shells, such as 2l3l 84l 9 states. In this case, ther
will be symmetric and antisymmetric stretches between
two inner electrons, corresponding to1 and2 for the first
superscript, in addition to the1 and 2 for the second su-
perscript addressed here. The classification of these s
would be extremely tedious and difficult since the deviati
from the simple normal modes in each degree of freed
would be very large. Unlike complex molecules where e
perimentalist can excite one or two bonds between a pai
atoms, the identification of different modes in multiply e
cited states is extremely complicated since they are tr
many body in nature. Our attempt for the triply excited i
trashell and intershell states of atoms in the past years sh
the complexities of such an endeavor. With high excitat
energies and high density of these states within a nar
energy region, progress both in theory and experimen
expected to be very slow. On the other hand, using the p
cedure employed in this paper for the classification
2l2l 83l 9 states, the method can, in principle, be extended
higher triply excited states even though the actual classifi
tion would be very complicated.
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