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Classification and rovibrational normal modes of 331'3l"” triply excited states of atoms
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We analyze the angular correlation of the 64 intrash&BI 331" states of a model atom with the three
electrons confined on the surface of a sphere. Each wave function is examined in the body-fixed frame of the
atom to search for the basic normal modes of the collective motion of the three electrons. Contour surfaces are
used to display the interelectronic density distributions and nodal surfaces. It is shown that the calculated
energy levels can be grouped into rotational patterns similar to those of a symmetric top. Three different basic
normal modes of the joint motion of the three electrons are identified. For the higher states excitations of these
three basic modes have also been discovered. Based on these normal modes we have classified all the 64
3131"3l"” states into manifolds of truncated rotational states of a symmetric top. The classification scheme is
then used to group thel3l’3|" states of N and the %23131'3|” states of N* calculated by Vaeck and
Hansen[J. Phys. B25, 883(1992], to show that their rotational level structures are similar to those of the
model atom with very few modifications.
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[. INTRODUCTION or calculated for any particular species in general is very
limited. A small number of them have been identified in syn-
The properties of singly excited states of a many-electrorchrotron radiation experimen{®2,23 and some of them
atom are well understood. Within the shell model based omave been calculated for 22,23 and for positive ions
the independent particle picture, the wave function of thg24]. The most recent extensive calculations for thal 331"
outermost electron is analogous to the familiar hydrogenigtates are the 11 states of Hebtained by Nicolaides and
wave function. When two electrons are simultaneously expiangos[25]. Using the configuration-interaction approach,
cited, the independent particle picture fails. Over the lasi/aeck and Hanser{26] obtained all the 64 intrashell
three decades a number of theoretical approaches have beg| ' 31" triply excited states of K and of N*. They tried
developed to describe these doubly excited stdte§]. The (g ¢jassify the states they calculated using the description of
picture that has emerged is that the motion of the two elecg,q earlier paper by Watanabe and [&] with only limited
trons has to be treated jointly and the excitation spectrum o, UCCess.

doubly excited states may t_)e unders_tood_ gualitatively in When compared to doubly excited states of a two-electron
terms of the quanta of rotation and vibration of a fIOIOIOyatom, the addition of one more electron introduces three

linear triatomic molecule. Furthermore, a set of differentmOre spatial degrees of freedom and one more spin degree of
uantum numbers have been propof2pto classify these . :
g propobep fy freedom to the total wave function. Even when the spins are

doubly excited states. Such classifications have now beell i oo
widely used in the literature to replace the quantum number§veraged' the electronic density is still represented by a func-

based on the independent electron model. The most impol:i_on of nine variable_s. To understand correlation, which is a
tant consequence of these quantum numbers is that they &rOPerty of the relative motion of the electrons, one can ex-
low doubly excited states to be rearranged into new ordefMine the wave function in the body-fixed frame of the atom
and a number of propensity rules have also been elucidate?y averaging out the overall rotational motion with respect to
[see Ref[1] and references therdin the space-fixed axes. If one further defines the hyperradius

In the last few years, efforts have been made toward théhat measures the size of the atom, one is still left with five
understanding of triply excited states of atoffis-12. With ~ coordinates which describe the relative positions of the three
synchrotron radiation light sources, triply excited states ofelectrons at a fixed hyperradius. For the two-electron atom,
the Li atom have been investigated in many experimentshe corresponding representation of the relative motion is
[13—1§. For collisions of multiply charged ions with multi- described by a function of two variables. Such a two-variable
electron targets, triply excited states are also populateflnction can easily be displayed graphically and the corre-
through multiple electron capture processes. At the samkated motion can be visualized. For three-electron atoms, any
time, a number of theoretical methods have been extended tasual partial display of such a function of five variables in
obtain accurate energies and widths of selective triply extwo dimensions is useless unless proper coordinates that re-
cited stated17-21. Most of these theoretical and experi- veal the characteristics of individual triply excited states are
mental works concentrated on the low-lying22' nl” triply identified. In other words, to understand the correlated mo-
excited states. tion of the three electrons, one would have to identify the

According to the shell model, there are 64 intrashellapproximate normal modes or normal coordinates that de-
3131 31" triply excited states. The number of states identifiedscribe the triply excited states.

1050-2947/2001/6%)/05250219)/$20.00 64 052502-1 ©2001 The American Physical Society



TORU MORISHITAAND C. D. LIN PHYSICAL REVIEW A 64 052502

In several recent papef®-12] we have examined the present one, but in constructing the basis functions the range
correlation of a three-electron atom in hyperspherical coorof the angular momentum of each electron was limitedi to
dinates. For doubly excited states we have shown that, bye3 only. In[7], the symmetry properties of the wave func-
averaging over the coordinates of the innermost electron, théons in the body-fixed frame were analyzed, following the
correlations of the two outer electrons are similar to the cor€arlier works of Bao and co-workef27—-29. However, the

responding doubly excited states of a two-electron atom. Foplassification of the states was not addressed. To make the

intrashell triply excited states, we have shown that an en(_:Iassification possible, one would need to calculate all the

: . . . . 3131"31"” states accurately, and develop an efficient method
tirely dlfferent_ dlspla_y of the_three-electr(_)n wave functions 'S of identifying the similarities of the states belonging to the
necessary. Since triply excited states lie well above all th

) ; . Qame group. This is not trivial since the breakdown of sym-
singly and doubly excited states, the calculation of the wave, oy for the excited states is quite large in general, and our

functions of trlpl_y excited stgtes for a real three—ele,?trongom is to identify features that would allow us to assign
atom such as Li is very complicated. Thus only theI22l states into the same group, such that order will emerge.
tr!ply excngd states have begn examlned so far. There are | the present paper, we analyze the wave functions of the
eight such intrashell I21"21" triply excited states and they model atom for states of arbitray, S, and =, the total
have been classified into three groupee Ref[9]). orbital and spin angular momentum quantum numbers and
In this paper our goal is to study the correlation of thethe parity, respectively. As stated earlier, by confining each
3131"31" triply excited states, with the aim of identifying the electron to the surface of a sphere of radigisthere are only
normal modes of the angular motion of the three electronsix spatial degrees of freedom in the model atom. By ex-
and assessing the possibility of classifying these states. Withanding the wave function in the body-fixed frame to remove
this in mind we need to find an efficient method to generatéhe overall rotation, the relative motion of the three electrons
all 64 wave functions. Since we limit ourselves only to in- is then governed by a function of three variables. By defining
trashell states, it is more convenient to study the wave functhe quantization axis of the body-fixed frame to be perpen-
tions of a model atom of three electrons on the surface of dicular to the plane formed by the three electrons, the abso-
sphere with the nucleus at the cenfér7,27-29. In this  lute value of the projection df along this body-fixed frame
model there are no intershell states and the intrashell stat@is, to be calledr, will be a good quantum number if the
can be readily obtained. Furthermore, by freezing the radidl"0del atom can be approximated as a rigid body. We then

degrees of freedom, each wave function is described by sigxamine the density distributions of the electrons from the

angular variables only. By averaging out the overall rotationcalculated wave functions to reveal states that have similar

of the model atom with respect to the space-fixed frame thgistributions, as represented by their approximate normal
'~ ‘Mmodes and/or nodal surfaces, and then arrange the energy

correlated motion of the three electrons is represented by Rvels of states in the same group into rotational multiplets,

func_t|on of three vanaples. We examine t_o what e>.<tent. suc'l\f‘ith each multiplet resembling the rotational levels of a sym-
motion can be appr(_mmated as the rotation famd vibration o etric top. In the process we will show that quantum sym-
an XYz molecule. Since electrons are very light, the Corré-peyry j e the symmetry imposed by the Fermi statistics, and
lated motion can at most be close to that of a very floppythe symmetries represented by the good quantum nurhbers
moIecuIe.. In other words, deviations from a rigid symmetricg and 7, play a major role in determining the approximate
top description are expected to be large. Nevertheless, o@ormal modes of these statfs,7]. A brief account of the
goal is to “extract” the basic normal modes of the model nhormal modes for such a model atom has been presented
atom and then classify the model atom eigenstates usinglsewherd30]. With these normal modes identified we show
these normal modes. We then explore to what extent theéhat the energy levels of the model atom can be classified.
3131"31” triply excited states of a real atom can be similarly We then show that the energy levels of thE3I33l” in-
classified using the normal modes of the model atom. trashell triply excited states of N and of N°* calculated by
This is not the first time that such a model has been useWaeck and Hansef26] can be similarly classified with little
to analyze the correlation of intrashell triply excited states. Inmodifications.
Ref.[6], a similar but simplified model was used where the The rest of this paper is arranged as follows. In Sec. Il we
independent electron motion was averaged out and only thirst describe the model atom and the calculation and analysis
interelectronic interactions were considered. Furthermoredf wave functions in the body-fixed frame. We then define
the range of the angular momentum of each electron in corfh€ angles to be used for the visualization of angular corre-
structing the basis functions was limited Ite2 only. The lations of the body-fixed frame wave functions. In Sec. Ill
calculated energy levels were analyzed usingDhg sym- W€ present the analysis and the resulting classifications of the

metry group. Based on such a model, a small subset of th@odel atom. In Sec. IV the classification scheme is then used

H ! " 1 H
calculated energy levels were grouped into a rotational mult© classify the 831'31" intrashell triply excited states of N

'\ Co .
tiplet similar to that of a symmetric top. The states within and of N°". A short summary is given in Sec. V.

each rotat@onal r_nultiplet were shov_vn to exhibit common fea- Il. THE MODEL ATOM—THREE ELECTRONS

tures by displaying the wave functions or densities in one of ON THE SURFACE OF A SPHERE

the coordinates of the model atom. In that early model, many

of the higher 331"31" triply excited states were left as “resi- A The model Hamiltonian and the calculations of eigenstates
dues” since the dominant features of these higher states were In this model, we freeze the radial degrees of freedom of
not easy to unravel. In a subsequent paper, Baal. [7] the three electrons. The Hamiltonian of the model atom in
reexamined the intrashell states using the same model as themic units then reads
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rather erratic. It is our goal to rearrange these levels such that
the regularity of the levels will emerge. At this point, we

_ ] emphasize that configuration mixing for these states is quite
— - - large and the shell model designation is completely inad-
= equate and meaningless. One of the methods of finding a
- - - classification scheme is to identify states that have common
_ - - _1 features. In particular, one would like to group states that
— - have nearly identical internal structure, or correlations,
- = | among the three electrons. To do this we need to find a way
- to visualize them.

Energy (a.u.)
&
[\8)
|
|
|

- B. Body-frame wave functions and internal angles

The wave functions obtained from the calculations above
250 g 2t 4pt pt o dpt 2 g 2g0 4ge 7ye are expressed in a laboratory-fixed frame. Since we are in-
s POt TRt et TE R et H terested in the relative positions of the three electrons and the

FIG. 1. Energy levels of the 64131'31" triply excited states of nucleus of t_he model atom, the_ overall rotation of the_three

a model atom ordered along each column according t¢¥héL™  €lectrons with respect to the fixed laboratory frame is not
symmetry. The relative order of the spectra exhibits no regularity/mportant. To examine correlations one could average over
The numerical eigenvalue of each state is given in Table I. the rotational motion of the whole atom or examine the wave
functions in the body-fixed frame. Thus we analyze the wave

1 3 1 1 37 function in the body-fixed frame following Watanabe and
H=— > 2+ = S (1) Lin [6] and Baocet al.[7]. Define the body-fixed frame axes
ZFSizl oS |ri—r]-| ) by

. ) oo SZ=r1Xr2+r2><r3+l’3XI‘l,
where Z is the effective nuclear charge; is the angular

momentum operator of thih electron with respect to the

nucleusy; is the unit vector pointing from the nucleus to the 3

ith electron, and , is the radius of the sphere. We uZe Sy=7(rl—r2), ©)
=1.423 and (=6.326 a.u. to simulate thd=3 shell of the

intrashell states of He[6,7]. The calculated energy eigen-

values depend on the choice pf. However, the relative S=§ XS,

order is not expected to change with. We note that the

electron-nucleus interaction term3Z/r, only adds an over-

all constant and does not affect the relative order of thel he body-fixed frame axis thus defined is perpendicular to

eigenenergies. thg plane formed by the three electrons and we choose this
The eigenstates of the Hamiltoniéh) are labeled by the axis to go through the nucleussass well.

good quantum numbets S, ands. The total wave function Each spatial wave functiotb "\ *4(rq,r,,r3) [Eq. (2)] in

¢ is antisymmetric under exchange of any two electrons anthe space-fixed frame can be expanded in terms of body-
can be written as fixed frame component wave functiom@’g‘lz(m) through a

general rotation
Y= DoATL T XS, by
S12 L
SSipr £ o\ SS12 (L)

WhereXglzz[{X(l)X(Z)}SHX(S)]Sis the coupled spin func- Oy Ar1r2.rs) Q:E_L ¢Lg (2)Dom(w), ()

tion of the three electrons with intermediate s@p. The

. . SSiys 5 oy . . -
spatial function®, *(r,r2,rs) is obtained by diagonaliz WhereD%,Q,,(w) is the rotation matrix for the frame transfor-

ing in a basis of {Y, (r1)Y,(r2)}'12Y, (r3)]*", whichis the  mation, andQ andM are the azimuthal components lofin
coupled orbital angular momentum of the three electronshe body-fixed frame and in the space-fixed frame, respec-
with intermediate angular momentuny. To obtain accurate tively. Herew represents the three Euler angles defining the
energies of the IBI'3l” states the maximum value of ealch orientation of the body-fixed frame axes with respect to the
has been set to 7 in the calculation. laboratory-fixed frame axes anfd, is a set of three internal
The selected 64 eigenenergies thus obtained for the modahgles to represent the “shape” of the system, to be specified
He (N=3) are displayed on a level diagram in Fig. 1, or- below.
dered along each column in increasing energies for each set From the symmetry property of the rotation matrix
of L, S, and7r. The numerical energy eigenvalues are givean',Z,l(w), the body-fixed frame wave function satisfies the
in Table I. Clearly the ordering of energy levels appears to béollowing relation[6]:
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TABLE |. Energy levels, present classifications, and fractions of the rotational decompdsitiohthe
64 states calculated for the model atom to represent tBE' 31" intrashell triply excited state of He

States Groupr Energy(a.u) Ar
T=0 T=1 T=2 T=3 T=4 T=5

2s® (3s3p?,3s3d?,3p?3d)

() C-0 —0.250 1.000

2 Cc-0 —0.156 1.000

3 Ccc-0 —0.089 1.000

2g° (3p3d?)

& CB-0 -0.137 1.000

450 (3p%,3p3d?)

1 B-0 —0.252 1.000

2 Bb-0 —-0.101 1.000

2pe (3s3p?,3s3d2,3p?3d,3p?3d, 3d%)

) B-1 —0.252 0.313 0.687

) C-0 —0.207 0.673 0.327

©) CB-1 —0.156 0.482 0.518

4 Bb-1 —0.103 0.213 0.787

(5) Cc-0 —0.082 0.562 0.438

2po (3s%3p,3s3p3d,3s3p3d,3p3d?,3p3d?,3p3,3p?3d)

) A-1 -0.314 0.000 1.000

2 c-1 —0.233 0.022 0.978

3) Ab-1 -0.178 0.126 0.874

4 Ac-1 —0.168 0.320 0.680

(5) Cc-1 -0.122 0.074 0.926

(6) Acc-1 —0.085 0.357 0.643

7 Cce-1 —0.067 0.040 0.960

4pe (3s3p?,3s3d?,3p?3d, 3d°)

1 A-0 —0.306 1.000 0.000

2 Ab-0 —-0.175 0.702 0.298

©) Ac-0 —0.152 0.715 0.285

4 CB-1 —-0.075 0.419 0.581

4po (3s3p3d,3p3d?)

) c-1 —0.229 0.000 1.000

2 Cc-1 —-0.131 0.000 1.000

’pe (3s3d,3s3p?,3s3d?,3p?3d, 3p?3d, 3p?3d, 3p?3d, 3d°)

) A-2 —0.291 0.020 0.003 0.977

) B-1 —0.235 0.074 0.518 0.408

3) C-2 —-0.192 0.370 0.170 0.460

(4 C-0 —0.163 0.250 0.289 0.461

(5) Ab-2 —0.149 0.253 0.267 0.480

(6) Ac-2 —-0.141 0.075 0.165 0.760

) Cc-2 —0.092 0.135 0.246 0.619

(8) Bb-1 —0.087 0.244 0.500 0.256
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TABLE I. (Continued.

States Group- Energy(a.u) A
T=0 T=1 T=2 T=3 T=4 T=5
2pe (3s3p3d,3s3p3d,3p3d?,3p3d?,3p3d?,3p?)
1) A-1 —-0.271 0.000 0.991 0.009
) B-2 —-0.225 0.000 0.223 0.777
©) Ab-1 -0.173 0.289 0.539 0.172
(4 c-1 —0.160 0.015 0.783 0.202
(5) Ac-1 -0.113 0.183 0.778 0.039
(6) Cc-1 —0.105 0.073 0.490 0.437
‘pe (3p23d)
1) c-2 —0.204 0.000 0.029 0.971
4pe (3s3p3d,3p3d?,3p3d?)
) B-0 —0.227 0.613 0.387 0.000
) c-1 —-0.150 0.285 0.693 0.021
3 CB-2 —0.128 0.030 0.289 0.681
2Fe (3s3d?,3p?3d,3p?3d,3d°)
6] A-2 —0.228 0.063 0.014 0.921 0.002
) B-1 -0.181 0.056 0.588 0.348 0.009
3 C-0 —-0.142 0.285 0.158 0.359 0.198
(4 C-2 —0.130 0.024 0.117 0.574 0.285
2Fo (3s3p3d,3p3d?,3p3d?,3p3d?,3s3p3d)
) A-1 -0.223 0.002 0.800 0.016 0.182
) B-2 —0.200 0.025 0.034 0.424 0.517
©) c-3 —0.164 0.007 0.216 0.015 0.763
(4 c-1 —-0.143 0.072 0.419 0.299 0.211
(5) Ab-1 —0.142 0.005 0.328 0.318 0.348
4Fe (3s3d?,3p?3d,3d°)
6] A-0 —-0.219 0.684 0.003 0.223 0.090
) B-3 —-0.184 0.185 0.017 0.040 0.759
3) Ab-0 —0.137 0.449 0.422 0.127 0.002
4Fo (3s3p3d,3p3d?)
1) A-3 —0.257 0.000 0.021 0.000 0.979
) c-1 —0.140 0.000 0.542 0.255 0.203
2Ge (3s3d?,3p?3d,3d%)
) A-4 -0.218 0.003 0.006 0.035 0.001 0.955
) A-2 -0.173 0.079 0.017 0.589 0.013 0.303
©) B-1 —-0.123 0.053 0.479 0.184 0.100 0.185
2G° (3p3d2,3p3d?)
) A-1 -0.162 0.000 0.588 0.036 0.209 0.167
) B-4 —0.138 0.004 0.230 0.029 0.036 0.702
4Ge (3p3d?)
) A-3 —0.180 0.030 0.100 0.003 0.866 0.001
2He (3d3)
1) A-4 —-0.120 0.015 0.028 0.100 0.002 0.845 0.009
2He (3p3d?)
1) A-5 —0.168 0.001 0.005 0.007 0.038 0.003 0.946
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(@ and the nucleus. We note that, for a sm#llp~ 7/2 implies
a triangle with a large base, amd- 7 implies a triangle with
a small base.
From Egs.(2) and (4) one can define a density distribu-
tion function for each rotational component,

2 el (T=0),
12
pr(€d))=

© 2 Lol ZE )P | org ™ Q2] (T#0).
K g, = o (®)

This function depends only on the internal andlpsand the

sum over all the rotational componentssU<L gives the

total internal density distribution. This function specifies the

shape of the three-electron atom. The summation is over the

intermediate coupled spi®,,, i.e., S;,=1 for quartet states,

and S;,=0 and 1 for doublet states. When the density for

each individual intermediate spin component is specified, we
FIG. 2. (a) Definition of the three angles used to describe thecall the part associated wit,=1 the triplet parent compo-

relative positions of the three electrons on a sphe@eThe three  nent, and the part associated wiL,=0 the singlet parent

electrons form ar plane. The position of this plane with respect to component.

the nucleus is measured By On the plane, two angles as definedin ~ To give a numerical measure of the composition of the

the figure specify the shape of the triangle formed by the thregotational components we define

electrons. The probability distribution of the three electrons on the

surface is represented by the density distribution of the three angles

(6,71,¢). (b) Contour surfaces are used to represent the density ATZJ pr(Q))dQy, (7)

distributions.(c) Top view of the contour surface to indicate the

range of the two angleg and ¢.

T

where the integration is over the three internal andlgs
SSp Lior S8 . =(0,7,¢) defined earlier{Actual integrations were carried
e "5 Q)=m(= 1) o Q)T (5 out using another set of internal coordinates (&@s
=Trq-Ty, COSO13=T1T3, Pr3= p3— y).] Clearly the sum of
wherew= =1 is the parity of the system. Thus it is conve- A; over all possible values &f is unity. For convenience we
nient to defineT=|Q| and analyze th& component (&T  will call A the rotational fraction. We say th& measures
<L) of the body-fixed frame wave functions only. the purity of the rotational decomposition of the body-fixed
To elucidate electron correlations for a three-electron sysframe wave function. WheA; is close to 1,T is considered
tem, the three internal anglék, should be chosen as demo- to be an approximate good quantum number and can be used
cratically as possible. We follow the choice of these threewo label the state. We emphasize ths¢ depends on the
angles used in Ref§7,11,13. Referring to Fig. 2, define the choice of the body-fixed frame quantization axis and there is
plane of the three electrons as theplane. The body-fixed no a priori reason to expect thdt is an approximate good
frame z axis is perpendicular to this plane and passinggquantum number. On the other hand, if the three electrons act
through the nucleus as in E€B). On theo plane, the three together like a rigid body, the atom will look like a rigid
electrons are confined to a cirolsee Fig. 2 We need two symmetrical top and, being the projection along one of the
more angles to specify the shape of the triangle formed byrincipal axes, will be a good quantum number. For the three
the three electrons. From Fig(&®, defines to be half of the electrons, the density distribution is expected to be very
angle between electrons 1 and 2, measured along the afloppy in view of the lightness of the electrons. The density
where electron 3 lies. The angie measures the position of distribution itself gives further information about the normal
electron 3 from the line bisecting electrons 1 andtf®ey  modes of the internal motion. We examine whether the rota-
axis in the body-fixed frame When ¢=0, the three elec- tional density distributiorp({},) reveals such modes. For
trons form an isosceles triangle. #=2x/3 and¢=0, then this purpose we need to be able to visualiz¢(),).
the three electrons form an equilateral triangle. Whéen The density distributiop(€2,) is a function of three in-
= 7/2, the nucleus lies on the plane of the three electrons antérnal angles),=(6,7,¢). Such a function of three vari-
these electrons are called coplanar. From these definitionaples is not easily displayed. We choose to display the con-
the ranges of the angles aret@<m, O<y<m, —np<¢  tour surfaces. Figure(B) shows such a surface. A contour
<) [see Fig. Z)]. These three angles specify a definite surface can display the dominant features of a function of
shape of the triangle and the position of the triangle withthree variables only if the function itself is relatively simple
respect to the nucleus. In other words, these three anglend monotonic. In Fig. @) the plot is for a surface where
uniquely specify the relative positions of the three electronghe functional value is 60% of the maximum. The surface
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TABLE II. Nodal surfaces in the real pa(fRe) and the imaginary paftm) of the rotational components of spin specified wave functions
cpf’QSlZ:l in the body-fixed frame resulting from the inherent quantum symmetry as analyzed bgtB&ad7]. A black box denotes a
forbidden component which is prohibited by symmetry. A blank box denotes a nodeless component which has no nodal surfaces due to the
inherent symmetry. The symbol s implies that there is a nodal surface when the three electrons form an isosceles triangle with the two
spin-parallel electrons at the base. The symbol S is used to indicate that a nodal surface appears whenever the three electrons form an
isosceles triangle, irrespective of which two are at the base. The symbol d implies that there is a nodal surface when the plane of the three
electrons coincides with the nucleus. The symbol h implies that, while the isosceles triangle is allowed, an inherent nodal surface appears
when the three electrons form an equilateral triangle. s and S denote the swing modes, while d and h denote the d-type oscillation and the
hinge mode, respectively. Adapted from Table | of Bral. [7].

Im(pro) [Re(pr1)[Im(pr1)[Re(prs)[Im(prs)[Re(prs)[Im(prs) [Re(pra) [ Im(pre)[ Re(prs) [ Im(prs)|
d
d ]
d+s d
d s d+s d+h
d+s d s h
d s d+s d+h s
d+s d s h d+s d
d s d+s d+h s d+s d
d+s d ) h d+s d S
d+h
h
d+h s h
h d+s d+h
d+h s h d+s d
h d+s d+h S
d+h ) h d+s d ) h
h d+s d+h s d+s d+h
d+h S h d+s d s h d+s d+h
h d+s d+h s d+s d+h s h

would be a larger one if, say, the surface of 20% or 30% of C. Nodal surfaces of the body-fixed frame wave functions
the maximum was plotted. A contour surface of higher den-  Before proceeding to the classification of the calculated
sity would fit inside the surface. intrashell 331'31” states, it is advantageous to discuss what
From such density plots, the relative positions of the thregg expect. Recall that each state has a well-deflnes, and
electrons as well as the nucleus are partially displayed. Fof. and that the wave function is antisymmetric upon inter-
example, Fig. @) shows that the maximum appears @t change of any pair of electrons. These symmetry conditions
=m/2; thus the preferred positions of the three electrons ar@mpose boundary conditions on the multidimensional wave
coplanar with the nucleus. The maximum also occurs alondunction for each state and such conditions are reflected most
one of the diagonals. Thus the preferred shape of the thregdearly in the body-fixed frame wave functions. As an ex-
electrons is an isosceles triangle on the equatorial plane. lample, consider the coplanar geometry where the plane of
this example, the density distribution vanishes ap ( the three electrons contains the nucleus. A rotationmof
=273, $=0), meaning that the equilateral triangle is notabout theS, axis is the same as the inversion of all three
allowed. The distribution can be viewed classically as aelectrons. Therefore in this geometry the conditien1()®
small oscillation of the third electroin changing¢) or a = should be satisfied. In other words, if this condition is
hinge motion of the two other electrorigm changing 7) not satisfied, i.e., ifr(—1)°=—1, the T component T
[7,11]. The display of the density distributions and the exis-=|Ql|) wave function should vanish at the coplanar geom-
tence of nodal surfaces allows us to assess the normal modesy and thust= #/2 is a nodal surface. Additional symme-
of the internal motion of the model atom. We will use suchtry constraints can be obtained by considering the case of the
surface plots to examine the angular correlation pattern ofhree electrons forming an isosceles triangle or forming an
the three electrons for all thel3’'3|” states calculated equilateral triangle. Such constraints have been enumerated
within the model. explicitly by Watanabe and Lif6]. Bao et al. [7] further
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considered the rotational components of two spin-up elecFor example, thd =1 component of P° has one blank box.
trons and one spin-down electron, namely, triplet parenFrom Table |, we note that the loweéP° state is almost
components wittM g=1/2. The results, summarized in Table 100% T=1, with a negligibleT=0 component. The latter

| of Baoet al.[7], are reproduced here as Table II. This tablehas two nodal surfaces of thetd type, such that any

will be used to assist the classification of tH8B 31" states. =0 component would contribute a higher energy to the state.
Note that we analyze the nodal structure of the spin averageSlimilarly, theT=2 component oD® has a blank box and
densitiespr(),), but the analysis and the conclusions aboutthis would be the preferred component for the lowést

the nodal surfaces of the rotational component wave funcstate. Indeed, from Table | we note that the low#3¢£ state
tions are identical, since the singlet parent and triplet parertias 97.7% of theT=2 composition. The lowest state
components for doublet states are related to each other atavoids” T=0 andT=1 because of the presence of nodal

cording to theS; permutation group. surfaces in these components.

Table Il shows that the spin-specified rotational compo-
nent wave functions exhibit different kinds of nodal surface. Il. ANALYSIS OF INTERNAL MODES OF THE 64
The nodal surface &= m/2 described in the previous para- INTRASHELL 3 131'3]” STATES

graph is designated as d, implying an oscillation of the plane
of the three electronithe o plane of Fig. 2a)] with respect

to the nucleus. An s implies that there is a nodal surface According to the shell model, there are 6K88 31" triply
when the three electrons form an isosceles triangle with thexcited electronic states in a three-electron atom. These
two spin-up electrons at the base, i.¢50 is a nodal sur-  states are labeled by the good quantum numbe®; and .
face. From the mechanical viewpoint, an s is used to denot¢he configurations allowed by the Pauli exclusion principle

a swing mode. In this case the two spin-up electrons argyr each symmetry are listed in Table I. They do not repre-
fixed, with the spin-down electron swinging back and forth

A. Energy levels

is viewed as having the the spin-down electron fixed and thgtates. In the present model calculation, for e, anda,

w“y H ” ’ n o
two spin-up electrons performing the motion of a hinge,"'~ identify” 3131731" intrashell states to be the lowest
eigenstates, where the number of states is given by the num-

moving toward or away from each other. In the density dis-b £ all di hell di he shell model
tribution p1(Q,) defined in Eq.(6), the intermediate spin er ot allowe mtras ell states according to the shell mode.
In Table | we list the properties of these 64 states calcu-

components are averaged out. Therefore it is not possible to :
separate s and h modes. These modes would result in a nodfed for the present model atom. For each symmetry, we first

surface when the three electrons form an equilateral trianglBSt @l the configurations that can be coupled to the gilen

at (p=2m/3, $=0) [see Fig. B)]. S, and7r according to the shell model. For example, there are
In Table 11, a black box denotes a forbidden componenfive possible configurations fofP® states, 33p?, 3s3d?,

that is prohibited by symmetry. A blank box denotes that3p?(*P®)3d, 3p?(*D®)3d, and 313. The energies of the first

there are no nodal surfaces imposed as the result of the syrfive states from the model calculation are ordered and the

metry constraints. Note that there are very few blank boxesgigenenergies are listed in the third column. In the second

indicating that quantum symmetry indeed imposes severeolumn the present classification for each state is given. The

constraints on the multielectron wave functions. In Table liclassification is the final result of the present analysis, to be

we also notice components with two nodal surfaces, desiggiven below. The remaining columns give the rotational frac-

nated as & s and d-h. These components have two nodaltion Ar, as explained in Sec. Il Bsee Eq.(7)].

surfaces. For quartet states, S was used to denote a nodal

surface when the three electrons form an isosceles triangle, B. Group A

irespective of which two are at the base. The existence of . ¢ . group of states are those that “occupy” predomi-

three nogal _surfaces implies higher energy. For & ‘3| nantly the blank boxes in Table Il. We designate these states
states considered here there are no examples of S-type con- . .

; to form group A. This group was denoted a$ i Ref. [6].
straints. . . . . ; L
We will use a different designation here since the original
designation does not provide a convenient way to denote
higher excited states.

From Table I, by ordering the energies of the lowest
The total energy of the internal motion is decomposedstates according to tHE's where the blank occurs, we arrive
into the potential energy and the kinetic energy of the inter-at the rotational multiplet structure shown in the lower half
nal degrees of freedom. Since a nodal surface implies highef Fig. 3 where the ordering resembles the pattern of the
kinetic energy, the low-lying states will “fill” rotational rotational levels of a symmetric top. In the upper half of this

components which have the least number of nodal surfacefigure, the contour surface of the density distributigii(2,)
Thus one can expect that low-lying states occur in thosef the corresponding for each state is illustrated. Note that
symmetries that have blank boxes in Table Il and these statesach figure is a simplified display of Fig(® in that only the
will “occupy” mostly the nodeless rotational components. equator plane has been drawn.

D. Hierarchy of excitation energies and the “filling”
of the rotational component wave functions
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A the similarity, only the density of the dominafhtcomponent

5 =0 = [that is, pr(Q),)] of each state is displayed. Each figure ex-
hibits a maximum at the centeg€ /2, n=2mu/3, $=0),

S S S S meaning that the most preferred geometry is a coplanar equi-
4 lateral triangle. Each surface is a plot of 60% of the maxi-
mum density. The size of the surface measures the floppiness

SR> = = = = of the coplanar equilateral triangle—the larger the surface,
the more floppy the atom. Despite the mixture from other
2 %.% components, it is interesting to note that the dominant

component for all the states in this group remains nearly the
same. Thus we can say that in this group the three electrons
|| pEppe— form a coplanar equilateral triangle with the nucleus at the
center. We note that the coplanar equilateral triangle is pre-
ferred by the model atom since the potential energy is mini-
mum at this geometry. However, this geometry is not avail-
able to all the states, but only to those states shown in Fig. 3.
We comment that states in group A have shape similar to that

HE (1) of a BR; molecule which is a coplanar equilateral triangle.
P 260 e However, for the Bl molecule, the zero-point oscillation
2 0.5(9) 26°@ 46 ?_921) around the equilibrium position is much smaller.
@021 ane . a2, 099 o 260y The density distribution of each of the states in group A
=4 il € 2E ) 0_56) looks like that of an oblate symmetric top. For an oblate
2p % 0.9 “f ‘;(BD symmetric top, the rotational energy is given by
03| e 255, 2L 1
R e - E(LT)= 5 [2L(L+1)-T7), ®
0 1 2 3 4 5
T

wherel is the moment of inertia. Inspection of this formula

FIG. 3. Rotational levels and contour surface plots of the elecShows that, for each fixeld, higherT has lower energy. This
tronic density distribution for thel31’31” triply excited states that is confirmed in the calculated energies, as shown in Fig. 3.
form group A. In the lower panel each state is denoted by jts,  For each fixedr, this formula says that a state with higher
and 7 and the numben in parentheses indicates th¢h state of ~ will have higher energy, which is also reflected in the calcu-
that symmetry, with 1 being the lowest. The number below eacHated energies. On the other hand, a rigid symmetric top
level indicates the rotational fractiok; [see Eq(7)]. The contour  would predict that the energy difference between two succes-
surface plots in the upper frame give the density of the correspondsive L’s is independent of. The calculated energy levels do
ing T components of the states in the lower frame. Each surfac@ot obey this rule. This deviation reflects the fact that the
represents the equidensity surface of 60% of the maximum. three electrons do not form a rigid symmetric top, but rather

a floppy one. The deviation is partially measuredTblyeing

In the lower frame, each state is designated byLitsS,  not a good quantum number, which in turn is measured by
andr, plus a numben in parentheses indicating that it is the the deviation ofA; away from unity.
nth eigenstate of that symmetry. For group A, each state is Another important feature of the rotational level structure
the lowest one of the given symmetry except f@° where  in Fig. 3 is the termination of the series at edchin contrast
two states are in this group. The purity of the rotational det0 @ symmetric top where the series is infinite. This termina-
compositionA; of each state is also indicated. Clearly thetion results from imposing the shell model restriction on the
purity of each of the lower members is quite good. The mi-calculated levels. The shell model limits the number of
nor rotational components are not forbidden, but are unfavor3! 31" 31" intrashell states. According to the shell model, for
able because of the existence of nodal surfaces as imposédample, there is only one 3I’31” intrashell state foPH°.
by symmetry. The purity deteriorates bss increased. The Thus, even though there are two blank box&s=(,5) in
deterioration is due to the centrifugal distortion of the elec-Table II, only theT=5 component is occupied by this lowest
tronic density distribution which resembles a floppy symmet-state. Note that Table 1l was obtained without reference to
ric top. the shell model. Clearly the number of rotational states in-

The fact that the arrangement of energy levels shown irgreases if we consider higher intrashell triply excited states.
Fig. 3 resembles that of a symmetric top implies that the=or example, for #41'41” states the secontH® state would
states have nearly identical effective moment of inertia, oroccupy theT=1 blank box, and would appear as the next
most likely, similar shape. To show that this is indeed themember of theT =1 series in Fig. 3, just above tH&°(1)
case, the contour surfaces of the density distributions for thetate. For the 21’ 21" triply excited states, group A has only
states in this group are shown in the upper panel. Thes®ur members, namely, the=1 andL=2 states in Fig. 3
surfaces were drawn as described in Sec. Il B. To emphasizsee Ref[11]). The symmetry also limits the allowedds of
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B fraction At is also indicated. These states form group B, but
4 % % they were designated as groug i Watanabe and Lifi6].
They are also identified by their highest corresponding

3 e =2y —2¥> —= composition from Table 1.

The resulting rotational level multiplet again resembles
s = that of a symmetric top. As shown in Fig. 4, for eath

H 2 %% higherlL states have higher energies. However, for each

fixed L, a state with largeiT does not always have lower

% energy, as given by the rigid symmetric top expression of Eq.

(8); see the. =2 andL =3 cases in Fig. 4. Unlike the states

0 % in group A, the rotational purity of states in this group is not

high. For example, th&=0 component for théD°(1) state

is 61% only. From Table |, th& =1 component for this state

is 39%, with essentially n@d =2 component. Such compo-

sitions can be understood from the nature of nodal surfaces

summarized in Table Il. FofD®, theT=0 component has a

d node, theT=1 has an h or s node, while tie=2 has d

-U. 2~€
01 =0 %6°®) +h or d+s nodes. BotiT=0 andT=1 components have
S S, e 0.70 only one nodal surface such that both modes can be excited
S — 25 %2 Fo7§ with comparable _strength. Th&=2 component has two
m -0.2 O] s 02 nodal surfaces. It is less likely occupied by the lowest state.
0.61 Mﬂ 522 2po) The same reasoning also explains the lack of good purity for
4591 2peqy 078 the 2P®(1) state wherél=1 is 69%, andT=0 is 31%.T
03 1ok 485 =1 has a d node arii=0 has an h node; thus the mixing of
these two components is not negligible. The lack of the well-
behaved rotational level structure of a rigid symmetric top
0 1 2 3 4 for group B is a reflection of the lack of good purity of the

T rotational components. The upper frame of Fig. 4, however,
shows thap1((,) for the indicated dominant components
do have identical shapes, i.e., they vanishfat=/2, and
) _ Hee “pe thus the coplanar geometry is not allowed. The contour den-
t4heeT:O rotational series. For example, th&”, “D®, and ity distributions shown for this group resemble the distribu-
G® states are not allowe@ee Table . _ tion of an ammonia molecule Nf4 However this “mol-
In Fig. 3 we notice that there are twii® states; the first ecule” is very “floppy” and deviation from the prototype

one was assigned fb=4, and the second one 16=2. The  gmmonia molecule is not small due to the lightness of the
imaginary part of bothT components has no nodal surfacesg|ectrons.

(see Table . The lowest state favors high&rand the sec-
ond state occupies the low&rcomponent, in accordance
with the rotor energy formulgsee Eq.(8) abovd. o
The 2G° state in Fig. 3 also shows strong impurity. Since ~ Next we identify states that are classified in grougoC
a smallT implies higher rotational energy, this state acquiresdroupE’ in Ref.[6]) where the dominarif component wave
larger mixing from the higheT=3 andT=4 components, function has one s or h npdal surface, namely,_ one nodal
despite the fact that the nodal surfaces in these componengsrface at the equilateral triangle geometry. The internal ex-
would contribute to higher kinetic energy. In other words, theCitation energies for states with such a nodal surface are
T component distribution is determined by the competitionlikely to be about the same as for those states witl nodal
between the small, which has higher rotational kinetic en- surface in group B.

FIG. 4. Same as Fig. 3 but for group B elements.

D. Group C

ergy with no internal nodal surface, and the lar§ewhich In Fig. 5, states assigned to this group are shown, and the
has one internal nodal surface with higher internal kineticdensity distributionspr({,) of the correspondingl are
energy. given in the upper frame. First we note that fo#=0 the

rotational levels exist in pairs, one for quartet states and one
for doublet states. The states in group C correspond to the
degenerate vibrational modes for a molecule vilt, sym-
After we have exhausted all the states that have nodelessetry, called theE’ mode(see Ref[6]).

rotational components, we turn to the next group, which has The level diagram in Fig. 5 shows that the separation
one nodal surface. We can distinguish the d type from the lbetween rotational levels for a fixell is less regular. Al-
and the s types, but the latter two cannot be distinguishethough for each fixed higherL states still have higher en-
from the density distributiop+(€};). From Table I, we se- ergies, the rotational energy level formula E8) for the

lect states whose components are labeled d and the corregid symmetric top is not followed. This is reflected by the
sponding value off. The results are shown in Fig. 4. The fact that the rotational purity of some of these states is not

C. Group B
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FIG. 5. Same as Fig. 3 but for group C elements. FIG. 6. Same as Fig. 3 but for group Ab elements. For the

) ) 2D®(5) state, the contour surface represents the equidensity surface
good. Furthermore, the density plots for the assighedm-  of 209 of the maximum. For other states, the equidensity surface is
ponents are not all identical as in Figs. 3 and 4. However, thgoy of the maximum. ThéS*1L™ symmetry of the states of the

dissimilarity is not very severe. Note that when the “islands” rotational multiplet follows the pattern of Fig. 3 for group A.
of the contour surfaces have significant overlap, it will ap-

pear as the torus seen in this figure. Recall that the density. . :
plots are surfaces of 60% of the maximum for each plot_gled, as shown by the comparable rotational fractions for the

When the density distribution is less sharply peaked, singléh'rd and fourth states. When mixing is large, the assignment

contour surfaces may show larger differences. For this groupc?]c a singleT for the state is somewhat stretched.

we consider the density plot shown for th@°(1) state as
the prototype.

In constructing the rotational level structure in Fig. 5 we  The classification so far includes states in group A where
encountered some difficulties since the mixing of differént the majorT component wave function has no nodal surfaces
components is quite severe for some states. The assignmesid states in group B and group C where the m&jcom-
has been motivated more based on the symmetry analysis ffonent has one nodal surface. We have assigned states in
Table II, with consideration of the rotational fractiods  group B to have one d-type nodal surface at the coplanar
from Table | for the states assigned. Thassigned for some geometry and states in group C to have one s- or h-type
of the states does not have the largest rotational fraction. Fatodal surface at the equilateral triangle geometry.
example, both the third and fourffD® states have the largest ~ We next consider states where the dominant rotational
T=2 component but the fourth state was assigne@i+d. components have at least two nodal surfaces. Such states can
This is based on the nature of nodal surfaces from Table llbe “obtained” by adding a d-type or an gh-)type nodal
For this symmetry, the lowest state is assigned to group Aurface to the elements in group A. We name these groups
with T=2, which has no nodal surfaces. The second lowesAb and Ac, respectively. In Figs. 6 and 7 we show the rota-
state is assigned to group B wiith=1 for its d nodal surface. tional levels and the density distributions({},) for ele-

The third state can occupy=0 since it has an s nodal ments in group AAc). Note that the states in group Ab and
surface. However, th€ =2 nodeless component can acquirein group Ac appear in parallel. In fact the S, and« states
one dynamical nodal surface which would have comparabléhat form the rotational structure in groups Ab and Ac are
excitation energy. In other words, all threcomponents built from the rotational levels of group A, except with the
have one nodal surface and all thifeeomponents are occu- truncation determined by the shell model.

E. Group Ab and group Ac
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Ac Normalized Density
0 0.5 1.0 0 0.5 1.0
0
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. (@ Ab (b) Bb
FIG. 8. The density distribution v8 when the three electrons
5 form an equilateral trianglez(=2/3 and ¢=0). (a) For theT
0.1 D°(5) =0 component of théP&(2) state, showing that states in group Ab
) W —— 2De(6) have two nodal planegb) Similar plot for theT=0 component of
-~ P (3) 2o —_— the 4S°(2) state, showing that states in group Bb have three nodal
2 0.72 %L ' planes.
R -0.2 that the the dynamical nodal surfaces are of the type in
group B.
The states assigned to group Ac are shown in Fig. 7. The
-03 prototype distribution of this group can be seen from the
density plot of the*P®(3) state. Comparing to the typical

example in group C, say, th&P°(1) state(see Fig. 5, the
0 1 2 outer three “islands” in group Ac resemble the three islands
T in group C. On the other hand, in group Ac the density at the
. center (the coplanar equilateral triangle shage a local
FIG. 7. Same as Fig. 6 but for group Ac. For tB°(5) state, 1 aimim  whereas in group C it is a node. For group Ac
the contour surface represents the equidensity surface of 20% of t%eeparating,] the central maximum and each of the outer “is,-
max@mum. For other states, the equidensity surface is 30% of thFands” is a nodal surface. Note that the density distribution of
maximum. the three “islands” in these plots implies a swifgr hinge
mode. While the three electrons can form a coplanar equilat-
ponents for states in group Ab and group Ac are shown in thg;ﬂ;;?cnﬂfa aallssttjr;g: em sgﬁ) :r\:\(/j?é/uflgorngotg;}zﬁcglrg:]%ug?r?]ci)_n, a

upper framg; of F!g.'6 and Fig. 7, rgspectwely. The vanationg, +4 those for group C appears. The dynamic nodal surface
of the densities within each group is much larger than thos&gan be seen more clearly by plotting the wave function on

shown in groups A, B, and C, but the main features of thethe n-¢ plane atd= /2, which will be addressed later in

nodal surfaces do appear clearly. . .
toe Sec. lll G. Note that we use Ac to designate this group where
sta't::ragr?#g Art(;,tcn/e ;ak_?hg]i;r]gﬁgrsggr\;valéo{s not(i)no dt e rotational level structure follows the pattern of group A,
P ybe. P t the dynamical nodal surface belongs to the type in group

plane as in group B, but rather an antinodal surfa_ce as '%, so that the small letter ¢ was used to designate this Ac
group A. However, d-type nodal surfaces occur twice, one

" : ._group.
above 9=m/2 and the other below it. Thus for states In = o density distributions for the states in group Ac shown
group Ab there are two nodal planes. Since an eqmlatere”1

. Fig. 7 are all very similar except for th#D°(5) state. In
triangle appears to be the preferred shape, we plot the dens : )
distribution p; as a function of at 7= 27/3 and ¢=0 for lFgct, the latter has a shape closer to those in group Ab. How

de g ever, an interchange of the twiD° states between groups
;hed P (%6)' stgte,tajlszhovgnvm FlrgE)@i (\ZAIBeErIy/;heI:]e I?ire tévo Ab and Ac is not desirable since the energy of #i2°(5)
aga(retsfr?)m fpg’(“z)” 2P°?3)0 :ng 4Fg(g) s_taTes. the d%nsity state would become higher than tRE°(5) state, upsetting
distributions for the other three states appear to differ fro the relative energy leveléigherL has higher energy for a

the prototype to a large extent. We attribute this to the mixi Jixed T) as expected from a "rigid” symmetric top. Since the

with other modes, as reflected by the small rotational fractio%iegr']?téc;:] flr)%mst?i élt?;drjlig%ﬁ:”c top is large, neither assign

for the dominantT component in these states. From Fig. 6
we conclude that the rotational level structure of group Ab

follows that of group A, but the dynamical nodal surfaces F. Groups Bb, Cc, CB, Acc, and Cec

acquired belong to the types in group B. We use Ab to des- The next groups consist of excited states built from group
ignate this group where the small letter b is used to implyB or group C. In Fig. 9 we show group Bb, whose elements

The density distributionp+(€,) for the assigned com-

052502-12



CLASSIFICATION AND ROVIBRATIONAL NORMAL . .. PHYSICAL REVIEW A 64 052502

2. ¢ 2 o
3 s D®  “p)
0.1 0.56 4 0.49
L. P 22) 0.62
/:? S (2) 1.00 ’p o(5)
\c-q'/ 1.00 0.93
m -0.2
— 2
-0.3
1 (a) Cc
0 1 2
- PO
S (3 056
-0.1 1.00
2
) D (8) -
S o (2) 0.50 5
-0.1 1.00 T c = 02
P (4)
R 0.68
=
I
-0.3
m -0.2
(b) Ccc
0 1
T
-0.3 : .
FIG. 10. (a) The rotational level pattern of states in group Cc.
(b) The rotational level pattern of states in group Ccc. The number
' of states is limited due to the shell model restriction for the
0 1 3131"31” states.

T

tional level pattern will follow that of group C and we have
FIG. 9. Same as Fig. 3 but for group Bb. For t2°(8) state, identified six elements of this group in Fig. @ Since the

the contour surface represents the equidensity surface of 20% of ttensities for these excited states are not well localized the

maximum. For other states, the equidensity surface is 30% of eackontour surface plots do not reveal the major features. We
maximum. will defer the discussion of nodal structures for this group to

the next subsection.

are built from group B. The designation B explains that We also have group CB and the four elements in this
states in this group have a nodal surfacefatm/2, as in  group are shown in Fig. 11. These elements have nodal sur-
those states in group B. The rotational level structure shoulfhaces of the types s and/or & h in Table Il. Since the
follow that of group B as well. The second b designationnodal surfaces are mainly due to the inherent quantum sym-
implies that the dynamic nodal surface is of the group Bmetry, rather than from the dynamic one, we use CB to des-
type, adding one extra nodal surface above and one beloignate this group. Note that the rotational level structure of
the 6= /2 plane. These nodal surfaces can be seen in ththis group shows the doublet pattern of the elements in group
upper frame of Fig. 9. From the figure, it appears that theC for T+ 0; thus they are designated as group CB according
equilateral triangle is the preferred shape at &nfhus we  to our convention. Compared to the density distribution for
plot the @ dependence of the density distributipr at »  elements in group C, in this group the distribution is obtained
=2/3 and¢=0 for the prototype statéS°(2) in Fig. 8b). by adding an extra nodal plane &t «/2.
The three nodes are clearly seen, onedatw/2, and the We have also identified elements that are classified in
other two at aboutr/6 above and below it. group Acc and and in group Ccc. These are highly excited

Similarly we can build group Cc based on group C bystates within the manifold and their numbers are severely
adding an extra dynamic ¢ nodal surface to the dominanlimited by the truncation imposed by the shell model. For the
rotational components for elements in group C. The rotaCcc group we identified two elements as shown in Fig.
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- 1
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’;- 1.00 P (3) 0.68
“' 0.52
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o ) ) FIG. 12. Gray-scale contour plots of the wave functions of the
FIG. 11. Similar to Fig. 3 but for elements in group CB.  three 2S° states on the@= «r/2 plane. Both the singlet parent and
triplet parent component wave functions are shown. Only the real

10(b). For the Acc group, we identified only one element, Part of the wave function is displayed since the imaginary part

2P°(6) which hasT = 1. Note again that the rotational level vanishes identically. The three states belong to groups C, Cc, and
structure for elements in Ccc follows the pattern for group CCcc, respectively, and the number of nodal lines increases as the
and for elements in Acc follows the pattern for group A ‘excitation energy is increased. The total density is shown to the far
despite the fact that the number of states is quite limited irfight

each case.
plots of the singlet and triplet parent component wave func-
_ tions ¢;5*%(€2;) and the total density distributions(£2,)
G. Nodal surfaces for states in groups C, Cc, Ccc, and groups o e three 2S¢ states on the equatorial plane. Solid vs
A, Ac, Acc at the coplanar geometry dotted contour lines are used to distinguish positive and
We have attempted to display the contour surfaces of thaeegative values of the wave functions. Consider the triplet
density distributions for elements in groups Cc, Acc, andparent component only. For the lowest state in grouppC,
Ccc. As stated earlier, the distributions for these states are 0 [the vertical diagonal line in the figure; see Figc)2 is
not very localized and contour plots do not reveal the majola nodal line, meaning that it does show the motion of a swing
features. For the elements in groups C, Cc, Ccc, Ac, and Acanode. For the second state, which is in group Cc, there is an
the major distinctions can be seen from the wave functionadditional nodal line perpendicular to thie=0 plane atyn
on the equatorial plangd=7/2. Since the thre€S® states =2#/3. This is a hinge mode. For the third state, which
are classified in groups C, Cc, and Ccc, respectively, wéelongs to group Ccc, we can identify three nodal littee
examine the wave functions of these three states. From Tabtaree nodal lines are more clearly seen in the singlet parent
Il, the imaginary part of the wave function f6S° is identi-  component wave functionFrom the figures, we note that,
cally zero; thus we need to show the real part of the wavalthough each singlet parent or triplet parent component
function only. We show both the singlet parent and the tripletwvave function has well-defined nodal structure, the nodal
parent components, even though the triplet parent componesurfaces are not as pronounced in the total density plots.
can be obtained directly from the singlet parent component \We next consider the wave functions for the° states on
via symmetry transformation by the projection operators ofthe equatorial plane. The nodal surfaces for the first and the
the S; group. In any event, in Fig. 12 we show the contourthird states, being in group A and group Ab, respectively, are
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Singlet Parent Triplet Parent
TOTAL

A
/N

Real Imaginary Real Imaginary

Zpogy

FIG. 13. Gray-scale contour
plots for the T=1 component
wave functions for the second,
fourth, fifth, sixth, and seventh
2p° gstates. The real and the
imaginary parts of the wave func-
tions for both the singlet and trip-
let parents are plotted and the
fractional contributions of each
component to thd =1 total den-
sity are shown. These states be-
long to groups C, Ac, Cc, Acc,
and Ccc, respectively. Note the in-
creasing number of nodal lines as
the excitation energy is increased.
The plot is foro= =/2.

Zp o(4) Ac

0.23 4}

quite easy to understand. The remaining five states are bestdal lines and the imaginary part has two nodal lines. For
investigated by examining the nodal structure of the wavehe seventh state, which is a member of group Ccc, both the
functions on thezn-¢ plane até==/2. From Table I, we real part and the imaginary part have three nodal lines. Thus
have assigned the second, fourth, fifth, sixth, and seventthe energy ordering of the second, fourth, fifth, sixth, and
states to groups C, Ac, Cc, Acc, and Ccc, respectively, withseventh states can be understood in terms of the increasing
T=1.In Fig. 13, we show the real part and the imaginarynodal lines on they-¢ plane in theT=1 component. The
part of the glgglet parent and triplet parent component wavenird state is different in that it is characterized by two nodal
functions ¢ ") for each state and the total density planes in the angl@. Since the wave functions for these
p1(Q)) is shown at the far right. The singlet parent compo-excited states are more diffuse, the total density distributions
nents can be obtained through &ntransformation from the do not show pronounced localized structure and contour sur-
triplet parent components in principle. Thus we will focus faces are not illustrative in displaying the internal structure
only on the triplet parent components. In Fig. 13 we showof the states. On the other hand, the relative energy ordering
the rotational fractions decomposed into the real part and thef the model atom can be understood in terms of the increas-
imaginary part as well. For the second state, which is inng number of nodal surfaces in the internal wave functions.
group C, both the real and imaginary parts have one nodal As an additional comment, we compare the wave func-
line. For the fourth state, which is in group Ac, the real parttions of the 2S® states in Fig. 12 with théP° states that
has two nodal lines and the imaginary part has one noddlelong to the C, Cc, and Ccc groups in Fig. 13. Note that the
line, with 10% and 24% fractions, respectively. For the fifthreal parts of the singlet parent and the triplet parent compo-
state, which belongs to group Cc, both the real and th@ent wave functions for th8S°® states are very similar to the
imaginary parts have two nodal lines. For the sixth statecorrespondingl=1 components for the paire@P° states.
which is a member of group Acc, the real part has threeThis forms the basis of the present assignment.
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IV. THE CLASSIFICATION OF INTRASHELL TRIPLY [6], where many states at higher energies were left as “resi-
EXCITED STATES OF ATOMS dues.” In the present classification, every state has been as-
signed(or classifieql.
With the present scheme, the assignment of each calcu-
Based on the analysis of nodal surfaces of the wave fundated state is straightforward. Following Table | and the order
tions we have tentatively classified all the 64 states of thexf the energy levels of each state, the group in which the
model atom and the results are summarized in Table I. Thetate belongs and thEassigned are read off from the table.
present classifications are listed in the second column of thiShe calculated energy levels are then arranged for each
table where each state is denoted by a group such as A, Broup A, B, C, Ab,. . ., separately. The energy level of each
Ab, Acc, etc., and a quantum numbErlt is understood that state within the group is then ordered according to the
some features of the classification may be violated in reassigned to obtain the rotational structure.
atoms. However, it is the regularity that we are looking for We applied such assignment to the thi8I331" triply
and we would like to see to what extent the intrashellexcited states of N\ calculated from Vaeck and Hansg26]
3131"31” triply excited states of atoms can be classified us2nd ordered their energies according to the different groups
ing this scheme. andT. The re§ults are shown in Fig. 14. In.Fig.(a)4we
Before making the comparison, it is appropriate to com-Show the rotational structure of states belonging to groups A,

ment on the connection between the present model atom and:” AC' and Acc. One can See that within each group the
the intrashell states of a real atom. As shown from our pre_relatlve energy IeV(_eIs are similar to f[h(_)se shown for the
vious results on the 121'21” intrashell states of Li using g;(()e%e_:_attﬁg]s‘t'g:g err]]or:idg];irig?ﬁi \avg:]g]ngra(:h 'Iq;:?eufelz rjd
hyperspherical coordinat¢$1,12, the wave functions of the . . ghet gn 9y.

real atom atr;=r,=r3 are essentially identical to those tive energies for states with flxgldbutd|ﬁerentT, however,
from the model atom employed here. In a real atom thed.O hot follow the levels of a rigid s_ymmetnc top. We empha-
radial distances of the three electrons do not have to stag/'ze once again that the states in groups Ab, Ac, and Acc

equal, but each radial distance deviates only slightly from th Ollow Fhe order O.f the states in group A'. except for t_he
. ; . Truncation at the higher states. This truncation is determined
optimum valuer, used here. Meanwhile, the wave function

by the shell model. Similarly, we also show groups B and Bb

should reach near a maximum &g=r,=rj for intrashell Fig. 14b) where the states in the two groups follow the
states. Since each wave function is not expected to change

rapidly as the radial distances are varied, the conclusiofa e pattern as for the model atom. We also list the states

from group CB here for a concise presentation. This is a
based on the present model atom should be a good approxi- .

; . ) . Separate group and has different level structures. We show
mation for the intrashell triply excited states. We comment

that a similar model atom was used successfully earlier t§roups C, Cc, and Ccc in Fig. &) Note the near degen-

. ! . eracy of pairs of states with identicalfor T#0. They are
study the properties of intrashell doubly excited states of 3om the doubly degenerate representation of the symmetry
two-electron atonj31].

groupE’ of groupDg;, (see Watanabe and L[i6]).

A careful examination of the levels in Fig. 14 reveals two
“irregularities” in the relative energies along a fixdd The
first is the inversion of the order betweetD°(3) and

A true test of the validity of the present classification 2P°(3) in group Ab (T=1). The other is betweefiF°(2)
based on the model atom is to check if the energy levels ofind *D°(2) in group C T=1). According to the CI coeffi-
the 331'3l"” triply excited states of atoms and ions indeedcients calculated by Vaeck and Hang&®] the dominant
can be classified by the present scheme. There are very fesonfiguration for the’D°(3) state is 33p(*P°)3d and for
experimental data forI3I’31"” triply excited states for any 2P°(3) is 3s3p(®P°)3d. If the single configuration of
atoms or ions. Likewise, theoretical data obtained by differ-3s3p3d is a correct representation for these two states, then
ent methods are also very limited. The most recent extensivihe energy of the?D°(3) state should be lower than the
calculations where each eigenstate is separately computedP©(3) state in accordance with Hund’s rule, which says that
and optimized are the 11 states reported by Nicolaides andrgerL has lower energy if the spin is the same. Thus the
Piangod 25] for He™. In this calculation, however, they ob- calculated energies for these two states are consistent with
tained only states with parityr=(—1)". No calculations the shell model, even though configuration mixing has been
have been reported for states with= — (—1)\. Fortunately, found to be quite large for both states. In the other pair,
there is at least one calculation where all the 631331” Vaeck and Hansen showed that tH2°(2) state has 88% of
triply excited states have been reported. The data are froe 3d2(3P®)3p configuration and thé'F°(2) has 96% of
Vaeck and Hansef26] for N** based on the configuration- the 3d?(°F®)3p configuration. In this case configuration
interaction approach. It is difficult to assess the accuracy omixing is small and the relative energy order from the cal-
such calculations since only limited configurations can beculation is consist with Hund’s rule for thed33p configu-
included in the calculation. However, their data offer us anration. It should be pointed out, however, that the validity of
opportunity to check how well the present classificationHund’s rule for configurations with more than one open shell
scheme can be applied to théNion. In their paper, Vaeck is quite limited and cannot be expected on general grounds.
and Hansen attempted to classify the states they calculated Vaeck and Hansen have also obtained the energy levels of
using the limited classification scheme of Watanabe and Liris?3131’3I” triply excited states of K. We classify these

A. The classification of the 331’'3|” states of the model atom

B. The classification of triply excited states of K, N2*
and He™
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FIG. 14. Energy levels of intrashelll3I’3|” triply excited
states of M regrouped according to the present classification
scheme. Each group shows the rotational level structure similar to
that of the model atom. The energy levels are taken from the cal- FIG. 15. Similar to Fig. 14 except for thes3131’31” triply
culations of Vaeck and Hans¢g6]. excited states of R
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states also using the scheme for the model atom. The resulitates into different groups. Each group is approximately
are shown in Fig. 15. Note that the relative energy ordeccharacterized as analogous to the specific bending vibration
along each fixed follows the pattern of the model atom. In of an XY5; molecule. Three basic normal modes have been
this case we did not find any “irregularities.” We have also identified and the excitations of these basic modes have been
checked the 11 states calculated by Piangos and Nicolaidemumerated for the 64 states calculated. They have been clas-
[25] for He™. The number of states obtained is too small, butsified into A, B, C, Ab, Ac, Bb, CB, Cc, Acc, and Ccc
their relative pattern is identical to that of the model atom. Ingroups, where the capital letters are used to denote the basic
fact, this is not surprising since the model atom is obtainechormal modes and the small letters are used to denote dy-
for the limit where interelectronic interaction is of paramountnamic excitations in that mode. Each intrashell triply excited
importance. Deviations from the present scheme are exstate is classified to belong to one of the groups, together
pected to be more frequent as the nuclear chngereases. with the projection of its total orbital angular momentum in
However, as shown in Fig. 14, the number of “violations” is the direction perpendicular to the plane of the three elec-
still very few for N**. This shows that the present classifi- trons. These classifications for the 64 intrashéBI331” tri-
cation has a wide region of validity. ply excited states are listed in Table I. These classifications
It should be pointed out that the present classificatiorare to replace the designation based on the independent elec-
scheme is not limited to thel3l’3l” states. In fact, the tron model where strong configuration mixing renders the
present scheme includes the classification of th2l 21" shell model designation meaningless. The classification
states, as shown in our earlier work where the eight statescheme is then shown to classify well the intrash&81331”
can be separated into four states in group A, two states istates of N* and the 5231313|” states of N*. The present
group B, and two states in group C. The groups identified sanethod, similar to what has been achieved for doubly ex-
far will appear in the #41’41” triply excited states; each cited states of aton{d ], derived the classification scheme by
group will include more states with highér There will be  examining the internal wave functions, or, equivalently, the
additional groups, corresponding to states with higher dy<orrelation properties of the electrons. With this classification
namical excitations. These groups can be extracted in a precheme, the seemingly irregular spectra can be regrouped in

cedure similar to the one used here. order. While the classification scheme appears to be com-
plete for the 331'3l1” triply excited states from the present
V. SUMMARY AND DISCUSSION work, additional possible systematic behaviors in the auto-

. ) . ionization widths or radiative rates are waiting to be discov-
In this paper we obtained the accurate wave functions of ared in the future.

model three-electron atom with each electron confined to the
surface of a sphere with radiug. The eigenstates of such a
model atom were calculated and were used to approximate
the 331"31” triply excited states of He whenr, was set T.M. wishes to thank Professor M. Matsuzawa and Pro-
equal to 6.326 a.u. The wave functions of the states thaessor S. Watanabe for their encouragement throughout this
would approximate the 64 intrashell@'3l” triply excited  work. This work was supported in part by Chemical Sci-
states of a real atom were then examined in the body-fixeences, Geosciences and Biosciences Division, Office of Ba-
frame and the rotation-average€ith respect to the sic Energy Sciences, Office of Science, U.S. Department of
laboratory-fixed axesdensity distributions were analyzed. Energy and also in part by a Grant-in-Aid for Scientific Re-
With the aid of symmetry analysis, we assigned all the 64search, Ministry of Education, Science, and Culture, Japan.
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