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We investigated the two-dimensional electron momentum distributions of atomic negative ions in an intense
laser field by solving the time-dependent Schrödinger equation �TDSE� and using the first- and second-order
strong-field approximations �SFAs�. We showed that photoelectron energy spectra and low-energy photoelec-
tron momentum distributions predicted from SFAs are in reasonable agreement with the solutions from the
TDSE. More importantly, we showed that accurate electron-atom elastic scattering cross sections can be
retrieved directly from high-energy electron momentum spectra of atomic negative ions in the laser field. This
opens up the possibility of measuring electron-atom and electron-molecule scattering cross sections from the
photodetachment of atomic and molecular negative ions by intense short lasers, respectively, with temporal
resolutions in the order of femtoseconds.
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I. INTRODUCTION

In the past two decades, the energy and momentum spec-
tra of electrons generated by the ionization of atoms or de-
tachment of negative ions by intense laser pulses have been
widely investigated �1,2�. In particular, the detachments of
negative hydrogen and fluorine ions in intense laser fields
have been reported in experiments �3–7� and in theory
�8–15�, using either the strong-field approximation �SFA� or
by solving the time-dependent Schrödinger equation
�TDSE�. These studies have shown that experimentally ob-
served spectra are largely well reproduced by theoretical cal-
culations. However, the electrons measured in these experi-
ments tend to be restricted to low energies, and SFA and
TDSE calculations are often carried out by separate groups.

In this paper, we studied the photodetachment of H− and
F− negative ions in short intense laser pulses. Our goal is to
examine the electron energy spectra and two-dimensional
�2D� electron momentum distributions over a broad energy
range, from the threshold up to 10 Up, where Up is the pon-
deromotive energy—the kinetic energy of a classical quiver-
ing electron in the laser field, averaged over a laser cycle. We
will use the standard first-order SFA �SFA1� and the second-
order SFA �SFA2� to describe the photodetachment process,
as well as obtaining the same spectra by solving the TDSE
directly. The negative ion will be approximated by a model
potential and the same potential is used in the SFA and TDSE
calculations. We will establish, based on specific numerical
results, the accuracy of the SFA for describing the photode-
tachment of negative ions by lasers. In SFA, it was assumed
that electrons released into the continuum can be described
as a free electron in the laser field, and that there are no
excited states in the target atom. Both approximations are
expected to work better for negative ion targets than for
atomic targets. Indeed our calculations showed that the total
electron energy spectra and the electron momentum distribu-
tions at low energies calculated from the SFA are in quite

good overall agreement with the TDSE results, to within
about a factor of 2. Such agreement has not been seen if the
targets are neutral atoms or positive ions �16�. Our major
goal, however, is to establish that high-energy electron mo-
mentum spectra of negative ions induced by intense short
laser pulses can be used to extract the elastic differential
cross sections of neutral atoms by free electrons. Similar
conclusions have been shown recently for atoms where
electron-ion scattering cross sections can be extracted from
laser-induced high-energy electron momentum spectra of
neutral atoms �17�.

In Sec. II, we summarize the theoretical models used. The
numerical results for H− and F− from SFA and TDSE are
presented and analyzed in Sec. III, for both the energy dis-
tributions and the 2D momentum distributions. From the
high-energy 2D photoelectron momentum distributions we
will extract the e-H and e-F elastic scattering cross sections.
In Section IV we summarize the results and discuss the im-
portant possible applications of using laser-induced photo-
electron spectra for probing time-resolved electron-atom or
electron-molecule collisions. Atomic units are used through-
out, unless otherwise indicated.

II. THEORETICAL METHODS

We will model each negative ion in the single-active elec-
tron �SAE� approximation. In this model, the time-dependent
wave function of the active electron in the laser field is gov-
erned by

i
�

�t
��r,t� = �H0 + H��t����r,t� , �1�

where H0=− 1
2�2+V�r� is the electron Hamiltonian of the

laser-free system, with V�r� being the atomic model poten-
tial, and H��t�=r ·E�t� is the interaction of the electron with
the laser’s electric field E�t�. Equation �1� can be solved
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numerically by using the split-operator method �18,19�. The
electron momentum spectra are obtained by projecting out
the final time-dependent wave function after the laser pulse
is over using the continuum scattering eigenstates of the
laser-free Hamiltonian. For electrons with momentum p in
the direction p̂, with respect to the laser polarization direc-
tion, if the detachment amplitude is f , then the angular dis-
tributions at energy E= p2 /2 is given by

�P

�p
= �f�p��2. �2�

By integrating over the directions of photoelectrons at a fixed
energy E, the energy dependence of the photoelectrons are
calculated from

�P

�E
=� �f�p��2pdp̂ . �3�

In the strong-field approximation, the detachment amplitude
of electrons with momentum p is expressed as �22�

f�p� = f �1� + f �2�, �4�

where the SFA1 amplitude is

f �1� = − i�
−�

�

dt��p�t��H��t���0�t�� �5�

and the SFA2 amplitude is

f �2� = − �
−�

�

dt�
−�

t

dt�� dk��p�t��V��k�t��

���k�t���H��t����0�t��� . �6�

Here �p�t� and �0�t� are the Volkov states of a continuum
electron with momentum p and the initial state, respectively.
Note that there are different versions of formulating the
SFA2 �20,21�. Our version follows the work of Milošević
et al. �9�. The evaluation of the integral �6� has been dis-
cussed in Ref. �22�. In SFA2, we have used the saddle point
approximation in evaluating the integration over dk where k
is the momentum of photoelectron in the intermediate
Volkov state. The procedure is similar to what was used in
Lewenstein et al. �23�. The result of saddle point integration
for the fivefold integral �6� is obtained by setting

k = −
1

t − t�
�

t�

t

dt�A�t�� �7�

and substituting

� dk → 	 2�

� + i�t − t��

3/2

�8�

for the integration over k. When t→ t�, the integral �6� con-
verges for the case of initial state �0 having S symmetry �as
for H−�, while it is divergent for the case of P symmetry �as
for F−�. In general, an “arbitrary” small parameter � is intro-
duced in Eq. �8� to avoid possible divergence of the integral
when t→ t�. It has been verified numerically that, for the
case of H−, the SFA2 amplitude does not change for � in the

range of 0.01 to 0.5. Therefore, the magnitude of SFA2 for
H− in the present work is absolute. This situation is different
for neutral atomic targets. In order to evaluate SFA2, another
damping parameter has to be introduced into the long-range
Coulomb potential to avoid the singularity �22�. This damp-
ing factor does affect the magnitude of the SFA2 amplitude
but not the shape of the photoelectron energy and the 2D
momentum spectra in the high-energy region �22�. Since the
magnitude of SFA1 for neutral atomic target is also grossly
incorrect, for neutral targets the SFA1 and SFA2 are used
only to examine their predictions of the energy and momen-
tum dependence, in the low- and high-energy region, respec-
tively, see Ref. �22�.

It should be noted that, for F− with initial state of
P-symmetry, the SFA2 amplitude does depend on � in Eq.
�8�. For a wavelength of 1800 nm laser pulse considered for
F− in this paper, it has been found that the SFA2 energy
spectra above 4Up remain the same when � varies from 0.1
to 1.0 while the energy spectra below 1Up change about 10
times. In our numerical calculations, we choose �=T /500
�about 0.5�, where T is the period of the laser.

The model potential for H− is taken from Ref. �24�:

V�r� = − �1 +
1

r
�e−2r −

�d

2r4 �1 − e�r/rc�6
� + V0�r� , �9�

where V0�r�= �c0+c1r+c2r2�e−	r. Note that the polarization
of the core �H atom� has been included in Eq. �9�, with �d
and rc being the polarizability and the cutoff constant, re-
spectively. The parameters in Eq. �9� are listed in Ref. �24�.

For F−, we chose the potential to have the form

V�r� = − a1
e−�1r

r
− a2

e−�2r

r
. �10�

From fitting, the parameters a1, a2, �1, and �2 obtained are
5.137, 3.863, 1.288, and 3.545, respectively. This potential
gives the correct ground-state energy, and its lowest p-orbital
eigenfunction agrees well with the tabulated Hartree-Fock
wave function for F−.

III. RESULTS AND DISCUSSION

We used the TDSE and SFA to calculate the energy spec-
tra and the 2D momentum distributions of H− and F− in
intense laser fields. For H−, we took peak laser intensity of
I=1.0�1011 W /cm2, wavelength 
=10 600 nm and pulse
duration of three cycles. The electric field has the form
E�t�=E0F�t�cos��t+��, where � �we chose it to be zero� is
the carrier envelope phase and F�t�=cos2��t /
�, where

=3T ��t��
 /2�. For this laser pulse Up=1.05 eV and it
needs 16 photons ���=0.117 eV� to remove the electron
from H−. The Keldysh parameter is 0.6, thus the electron
detachment is well in the tunneling regime.

In Fig. 1 we show the photoelectron energy spectra in
terms of Up. In the SFA, the low-energy part below about
3.5Up is dominated by SFA1, while the yield above 4Up is
dominated almost entirely by SFA2, i.e., it is due to the
recollision between the detached electrons with the neutral
target H. The figure also shows that the energy spectra ob-

ZHOU et al. PHYSICAL REVIEW A 77, 053410 �2008�

053410-2



tained from SFA are only about a factor of 2 smaller than
those obtained from the TDSE. For neutral atom or positive
ion targets the absolute total ionization yields calculated us-
ing SFA are generally much smaller, close to one order or
more smaller than those obtained from TDSE �16�.

Figure 2 shows the 2D momentum distributions of the
detached electrons at low energies, where p
 refers to the
direction of the laser polarization and p�=�p2− p


2 is perpen-
dicular to it. Here we have normalized the data to the same
peak value in the two graphs. There are several special fea-
tures that should be mentioned. First, the 2D spectra pre-
dicted from SFA1 and from TDSE are very close to each
other. Second, the low-energy 2D electron spectra exhibit
clean structures that are similar to multiphoton detachment
�MPD� spectra, despite the fact that the the laser-ion interac-
tion is in the tunneling regime. It is interesting to compare
these low-energy 2D momentum spectra with those from
neutral atomic targets �18�. To begin with, for atomic targets,
the low-energy momentum spectra show fanlike structure
emanating from the origin. These fanlike structures have
been observed experimentally �25,26�, and are seen only
from the TDSE calculations, not from the SFA1 calculations.
The fanlike structures had been attributed to the long-range
Coulomb interaction between the electron and the positive

atomic ion after the atom is ionized by the laser �18,27�. For
negative ion targets, there is no long-range Coulomb interac-
tion between the electron and the neutral atom following the
detachment of the electron by the laser, thus the fanlike
structure is absent in the TDSE results, as shown in Fig. 2�a�.
Figures 2�a� and 2�b� both show clear MPD peaks. The an-
gular distribution of the lowest MPD peak has a maximum at
90° �even parity�, thus the dominant angular momentum
quantum number should be even. For atomic targets, the
dominant angular momentum of the photoelectrons at low
energies can be calculated from the propensity rule given in
Chen et al. �18�. Since the minimum number of photons
needed to remove the electron at the laser intensity used is 16
and that the ground state of H− is an s orbital, Fig. 8 of Chen
et al. �18� shows that the dominant angular momentum is six,
and thus the parity is even, in agreement with the calculated
results shown in Fig. 2. Note that the next MPD peak would
have odd parity since one more photon is absorbed, as
clearly seen from the calculated spectra.

Low-energy photoelectron angular distributions of H−

have been reported by Reichle et al. �3� using lasers with

=2150 nm ���=0.576 eV�, pulse duration �FWHM� of
250 fs, at two peak intensities I=1.3�1011 W /cm2 and I
=6.5�1011 W /cm2, corresponding to Keldysh parameters
of 2.6 and 1.2, respectively. Unlike the previous example,
this is in the multiphoton regime. In fact, the first low-energy
photoelectron peak can be attributed to two-photon absorp-
tion. In Fig. 3 we show the angular distributions for photo-
electron energy at 0.34 eV for I=1.3�1011 W /cm2 and at
0.12 eV for I=6.5�1011 W /cm2. We compare the experi-
mental data with SFA1 and with TDSE calculations. Both the
SFA1 and the TDSE results agree well with the experimental
results �the actual values from SFA1 shown have been scaled
to agree with the TDSE results at small angles in �a� and at
90° in �b��. Note that it appears that the SFA1 results are in
better agreement with the experimental data in Fig. 3�a� than
the TDSE results. However, the volume effect is not included
in our calculations and we considered the agreement satis-
factory. Our calculations also showed that the angular distri-
butions are independent of the pulse durations.
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FIG. 1. �Color online� Energy spectra of laser-induced photo-
electrons of H− obtained from TDSE and SFA. The laser parameters
are I=1.0�1011 W /cm2 and 
=10 600 nm for a pulse with three
optical cycles �see text�.

0

0.5

1

p ⊥
(a

.u
.)

0

0.1

0.2

(a) TDSE

0

0.5

1

p|| (a.u.)

p ⊥
(a

.u
.)

-0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4
0

0.1

0.2

(b) SFA

FIG. 2. �Color online� 2D momentum distributions of laser-
induced photoelectrons of H− in the low-energy region, obtained
from TDSE �a� and from SFA �b�. The horizontal axis is the elec-
tron momentum along the direction of laser polarization and the
vertical axis is any axis perpendicular to it �the electron spectrum
has cylindrical symmetry.� The laser parameters are the same as in
Fig. 1.
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FIG. 3. �Color online� Angular distributions of laser-induced
photoelectrons of H−, generated by a laser with wavelength 

=2150 nm. �a� Intensity I=1.3�1011 W /cm2 for electron energy
E=0.34 eV. �b� Intensity I=6.5�1011 W /cm2 for electron energy
E=0.12 eV. The experimental data are from Reichle et al. �3�.
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Next we return to the laser parameters used in Figs. 1 and
2, and study the 2D momentum distributions of the detached
electrons in the high-energy region. It is well known that
these high-energy electrons are generated by rescattering
processes. In order to highlight these high-energy features, in
Figs. 4�a� and 4�b� we show the 2D momentum distributions
by renormalizing them such that the total ionization prob-
ability density at each energy is the same. The results from
the TDSE and from SFA appear to be quite similar globally.
Here we focus on the outermost ring of the 2D spectra. The
distributions along this ring have been studied for laser-
generated photoelectrons from neutral atoms recently �17�.
They are called back rescattered ridge �BRR� electrons, rep-
resenting returning electrons that have been rescattered into
the backward directions by the ionized target. The BRR elec-
trons in Fig. 4�a� and 4�b� are electrons that have been res-
cattered into the backward directions by the neutral atomic
hydrogen. In Fig. 4�c�, we depict the electric field and the
vector potential of a three-cycle laser pulse used in the cal-
culation. Electrons that are released at the half-cycle centered
at “a” �see Fig. 4�c�� will return near “b,” with peak kinetic

energy of pr
2 /2=3.17Ūp where Ūp=Ar

2 /4, with Ar being the
vector potential at “b.” An electron that is scattered into the
backward direction with momentum prp̂r at “b” will gain
additional momentum Ar as it emerges from the laser field.
Thus the momentum of the BRR electrons at the end of the
laser pulse is given by p=−Ar+pr, or p
 =−Ar− pr cos �r and
p�= pr sin �r, where pr=1.26Ar. Here �r is the scattering
angle measured from the “incident” direction of the recollid-
ing electrons and for BRR, we consider �r�100° only. The
BRR ring is indicated by an arrow with length from its
shifted center shown in Figs. 4�a� and 4�b�. In Fig. 4�d� we
show the yield of the photoelectrons along the BRR, plotted
against the scattering angle �r. On the same graph we also
show the differential elastic cross sections of electrons scat-
tered by atomic hydrogen. For the laser parameters used in

this example, Ar=0.39 and thus the electron’s kinetic energy
is pr

2 /2=3.28 eV. It can be seen from Fig. 4�d� that the
yields along the BRR obtained from the TDSE calculations
are in very good agreement with the “exact” electron-
hydrogen differential scattering cross sections �normalized�.
In addition, the yields from the SFA2 calculations are also
compared to the differential elastic e-H scattering cross sec-
tions calculated in the first Born approximation �FBA� and
they show good agreement between them as well. The yields
along the BRR obtained from the TDSE and SFA2 are
clearly different. In particular, the extracted elastic differen-
tial cross section from TDSE shows a minimum and be-
comes larger at large angles. The one extracted from SFA2 or
from FBA show that the differential cross sections decrease
monotonically with increasing angles. We thus confirm that
one can extract differential elastic e-H scattering cross sec-
tions in the backward directions from laser-induced photode-
tachment of H− ions by intense short laser pulses.

We have carried out similar studies for F− ions,
using a three-cycle laser pulse with 
=1800 nm and
I=1.3�1013 W /cm2. The ponderomotive energy Up is 3.93
eV. In this case, it needs 11 photons to remove the electron
from F−. The photoelectron energy spectra and the 2D mo-
mentum distributions calculated using TDSE are shown in
Figs. 5�a� and 5�b�, respectively. It can be seen from Fig.
5�b� that the yields along the BRR show a clear minimum.
This minimum is due to the minimum in the differential scat-
tering cross sections between the electrons and neutral fluo-
rine atoms. For the laser parameters used, we calculated that

FIG. 4. �Color online� �a�,�b� 2D momentum distributions of
laser-induced photoelectrons of H− in the high-energy region, ob-
tained from TDSE and SFA, respectively. The laser parameters are
the same as in Fig. 1. �c� The electric field and the vector potential
of a three-cycle pulse with the “born time” of the detached electron
and its return time indicated. �d� Electron yields along the BRR
from the TDSE calculations compared to the electron-H elastic scat-
tering cross sections, and the corresponding results from the SFA
compared with the FBA.
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FIG. 5. �Color online� TDSE results for single ionization
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=1800 nm and
I=1.3�1013 W /cm2. �a� Energy spectra, �b� 2D electron momen-
tum distributions in the high-energy region, �c� electron yields
along the BRR compared to the electron-F elastic scattering cross
sections.
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the returning electron energy is 11.8 eV. In Fig. 5�c� we show
the extracted differential scattering cross sections from laser-
induced momentum distributions along the BRR, and com-
pare the results with the calculated elastic e-F scattering
cross sections. The good agreement between the two demon-
strates once again that one can extract electron-atom scatter-
ing cross sections from laser-induced photoelectron momen-
tum distributions of negative ions.

IV. SUMMARY AND PERSPECTIVE

In this paper we have studied the photodetachment cross
sections of atomic negative ions by an intense laser pulse,
using the SFA1+SFA2, and by the TDSE directly. We estab-
lished that the electron energy spectra and the 2D electron
momentum distributions obtained from SFA and from TDSE
are quite close to each other. On the other hand, there are
important differences in the 2D electron momentum distribu-
tions at high energies. These electrons are identified to be
distributed along the so-called BRR. From the 2D momen-
tum distributions along the BRR, we have shown that elastic
scattering cross sections between free electrons with neutral
atom targets can be accurately extracted. In other words, we
have shown that specific structure information which has
previously been probed with electron scattering can also be
obtained from the photodetachment of the negative ions by
short intense laser pulses.

The results from this work have two important implica-
tions. Since the laser pulses have short durations down to a
few femtoseconds, the present results imply that one can
probe the time evolution of a transient negative ion system
using this method, similar to what one can do with neutral
targets �17,28�. Second, it shows that one can extract
electron-atom or electron-molecule scattering cross sections
by carrying out photodetachment measurements of their
negative ions with intense laser pulses. One can control the
electron scattering energies by changing laser intensity or
wavelength. For many atomic and molecular species, includ-
ing radicals, it may be easier to produce or control their
negative ions than their neutrals. In this case photodetach-
ment of negative ions by intense short laser pulses can po-
tentially offer a much better means for measuring electron
scattering cross sections.

Although we have carried out calculations using negative
atomic ions treated by a model potential, we believe that our

conclusions applies to real many-electron atomic and mo-
lecular systems. In fact, it is well-known that electron scat-
tering off an atom or molecule cannot be accurately de-
scribed using a simple model potential at low incident
energies. At present, it is not possible to obtain accurate 2D
momentum spectra for many-electron atoms or molecules
from TDSE. If accurate laser-generated electron spectra are
available, one would expect the data to reveal many-electron
effects. For example, in electron-hydrogen atom scattering,
in Fig. 4�d� we show that the differential cross section at E
=3.28 eV has a minimum at 120° according to the model
potential we have used. Experimental data by Williams �29�
at E=3.4 eV indicated that the minimum occurs closer to
about 80° �At 8.7 eV the minimum is at about 115°�. To
achieve agreement for electron scattering at such low ener-
gies, more advanced theoretical models which treats both
electrons together, such as the Kohn variational principle
�30�, the polarized orbital method �31� or close-coupling
methods �32� are needed. It remains to be seen if laser-
induced photoelectron spectra can be measured with high
precision such that many-electron effects are revealed. Un-
like electron scattering which is a linear phenomenon, laser-
induced photoelectron yields are nonlinear phenomena. On
the other hand, the present paper shows that the extracted
electron scattering cross sections from the BRR are indepen-
dent of the laser parameters, including their intensity or
wavelength �and the duration �22��, so long that the returning
electron has the same energy. This may provide an added
check on the electron scattering cross sections extracted from
laser-induced photoelectron measurements.
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